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Ontheerrorbounds fbrtheordinary
diffErentialequationsofthefirstorder
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1． Introduction

Whenwedealwithadifferentialequationofany type,it frequentlyhappens that its
solutionisnotexpressibleinclosedform,andevenifagiVendifferential equationposse-

●■

ssesaclosedformsolutionintermsofknownfunctions, it｢alsohappensthatthesolution
isrepresentedbylittletabulatedfunctions.

Inthesecases,anumericalapproachisthemostconvenientwayforsolvingthedifferen-
tialequation.Manymethodsareavailablefor solving it numerically, soit is important
forustochoosethebestoneamongthem・AnindeXofitistheerror,fortheerroranalysis
givesaqualitativebasisforanestimationofthecomputationValueandit servestogive

●

theguaranteeofaccuracyforacomputedsolution・Whenweget 'someapplnoXimatesolution
●

ofthedifferentialequation,wewishtoknowsomethingabout thesizeoftheerror・Butthe
estimationoftheerrorissocomplicated that it ishardtogetapractical andefficient
estimate.

W・UhlmanninHamburgdeveloPestheerx:orbound function,correspondingtotheerror,of
thesystemoftheordinarydifferentialequationsofthefirstorder, consideringsomekind
of 6ぐmajorant".

Ontheotherhand,G、G・Dahlquist inStockholmisworkinginthesamelineandheintrG
ducestheconceptofmajorantfunctionsinhisessentialstep.
Weareinterestedinbothmethods,butunfortunatelythe[Publications referring to them
arelittle,consequentlynumericalexperiments onpr:acticalexamplesareneededbefore
successfuluseofit・Especiallyonlattermethod, thealgorithms arenotyet completely
specified,ashesays.

WeshallcomparetheUhlmann'smethodwithsomerudeoneof theestimationof the
errorboundsoftheabovetypeofthedifferentialequation.

Forsimplicityweshall ignoreroundingerrorinobtainingthefollowingerrorestimates,
i､e,,weestimateonlytheinherentortruncationerror:s.Roundingerrorwill,ofcourse,be
propagatedthroughoutthecalculation,butwetaketheviewthat,knowinganupperboundfor
theinherenterrorfromoneoftheestimate,wecancalculatewithanumber ofdecimal
sufficienttoensurethattberoundingerrorremainwithinthisbound・ Inprincipleitwould
notbedifficulttoderivesimilarestimatesfortheroundingerrors.

2． EfficieDterrorDound

WeconsidertheinitialValueproblemsofasystemof s ordinarydifferential equations
ofthefirstorder
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(2.1) yiノ=fi(X,y,(X),････,ys(X)), yi(Xo)=yio(i=1,2,…． ,s),

whe]gethefunctionsf!possess(r+1)-thcontinuouspartialderivativeswithrespectto(s+1)

variables.

Wesetxn=xo+nh(histhesteplength,n=0,1,…･,N+1)． Inthefollowing theeXistence

ofthesolutionwillbeassumed・Wecalculateapproximatevaluesyinto thevaluesyi(xn)

oftheexactsolutionsatthepointsX, bythewayof ther-thorderAdams interpolation

methodform+1三,三N+1(m≧r-1).

Weabbreviatefintofi(xn,y,n,…･,ysn).

LetPin(x)bethepolynomialofdegreersuchthatPin(Xk)=fik(k=n+1－r,････,n+1),

then

ノ壹峠'Pin(t)dt.yi,n+1=yin+

For恥≦X≦xn+,(n=m, ･…,N)wedefinethefunctionsyi (x);

",｡(胴。(2.2) yi*(x)=yin+

andthedefectdi(x):

di(x)=yi¥;ﾉ(x)一fi(x,y,*(x), ･…,ys*(X)).

From(2.2)

di(X)=Pin(X)-fi(X,y,*(X),….,ys*(x)), forXn≦X≦Xn+1･

WecalculatethebounddiMofldi(x)l.

Owingtothefactthefunctionsyi*(X)andfi(X,y,*(X), ･…,ys*(x)) areI(r+1)-thcontinu-

ouslydifferentiable, thereexist(r+1)-thcontinuouslydifferentiable functionsdefined in

theinterval[xn+,_r,xn+"suchthat

gi(x)=fi(X,W!%(x),…･ ,yai(X)) for Xn≦x≦Xn+1

gi(Xk)=fikand gi(xIE)=fik for k=n+1-r, ･…,n+2.

Bythewell-knownformulaoninterpolationpolynomial,

ldi(x)|≦Mr+,hr+1 ． Max Igi(r+1)(x)l for動≦X≦Xn+,(n=m, ･…,N),
Xn+1－r≦X≦Xn+1

’
(t-1)(t-2)･…(t-r)

Mr=MaX
r!

r－1≦t≦r

where

Wedefinetheerrorei(X)suchthat

ei(X)=yi.(x)-yi(x),

andweputtheinitialerrorboundE! : |si(xm)|≦Ei.

Inadditiontothese,wedefinetheLipschitzquotientLik(X)suchthat

（2.3）

Lit(x)=fi(x,y,(x), .…,yk-,(X),ykw:(X),….,ys*(x))-fi(x,y,(x),…･ ,yk(X),yk+,*(X),.
yk*(X)-yk(X)

･,ys¥:(x))
●
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Byinduction,wehavez(I)(X)≧0, andit follows thatzik(x)≧0.
Wedenotethesolutionsof(2.5)withconditionsui｡(xm)=gi(xm)andUi(xm)=E! by

andUi(x)respectiVely・ Inaddition, let

rX(3L|k(t)ukp(t)+(L,!(t)+")uip(t)+e"(t~xm)d!(t))d[Ui,p+,(X)=gi(Xm)+ ﾉ::(皇

ui｡(x)

：
for p=0,1,2, ． ． ･ ･ and Xm≦x≦xN・

Weeasilyverify, byinduction, that

luip(x)|≦Ui(X) (i=1,2, ･ . ･ . ,s;p=0,1,2, ･ ･ ･ ･).

AgainapplyingthePicard-LindelOff theorem,

limUip(X)=Ui(X), andalSO IUi(X)|≦Ui(x).
p->m

Weput

Ei(x)=e一α(X-Xm)Ui(x),

thenEi(X)satisfies (2.4),and

lei(x)|=lui(x)e一α(x-Xm)|≦Ui(x)e一α(x-xm)=Ei(x).

NeXtresultwlllbeusedlater.

【COROLLARY】

FW' Xm≦X≦XN,

｜‘(幻』≦E(x)=IE.｡a－鼠輌)LM"･(x-¥L-｣%T
IE+dM(X-xm), !fL=q

PROOF・ Takingi:=1in(2.4),wecanproveimmediately.

3. Errorboundfortheimprovedpolygonmethod
Hereafterwerestrictourattentiontothefirstorderdifferentialequation

(3.1) yノ=f(x,y), y(x｡)=y｡.

Weassumethat thefunctionf(x,y)

(a) iscontinuous inadomainDof thereal (x,y)plane,

(b) isboundedasIf(x,y)|≦Mforany(x,y)=D,

(c) satisfiestheLipschitzcondition

lf(x,y)-f(x,y*)|≦KIy-y*| forany(x)y)and(x,y*)ED

(d) possessesboundedd…tive｡ '*'≦Nk(k=1,2).

Byynwedenotetheapproximationsof theValuesy(xn)of theexact solutionof (3.1) at
thepointsm,(n=1,2,････).

NowwecalculatetheneXtyn+, fromynbytheformula
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yn+1=yn+hfn+÷，

whereh=X畔,_Xh, fn+÷=f(xn+昔伽+÷),恥÷=翫+ h, ｡nd州÷-yh+ hf"

TheerrorintheapproXimateValuesyhmeansthequantity

(3.2) en=yn-y(X,).

WePUt 4en=en+,-en

sothat

鳶識圃(加4en=hf(x,+÷, yh+ hfn)-

withF(X)=f(X,y(X)).

Weset

（3.3） 49n=In+hJn,

Ⅷe ln=hF(璽崎)-蕊畔卜(x)dx,and Jn=f(恥÷伽÷告畑-f(恥÷"(恥告)).
Forthequadratureerlorln,thenextwell-knowninequalityholds:

（3.4） IInl≦h3N2/24.

UsingtheLipschitzcondition(c),weobtain

(3.5) IJhl≦Kly叶寺+ hfh-y("叶号) |≦K.((,+4hK)l｡｡|+昔肌)
From(3.3), (3.4)and(3.5), itfollows that

|．叶! |≦lOnl (1+hK+:hW)+=b:(KN'+=M
Thus,weobtain theindependent errorbound flomthis recursiVeerrorestimate・ The
resultobtainedisstatedintheoremformasfollows.
【THEOREMII】

Lefen6eオ"geγγ0γ‘蛾"edhy(3.2)"'7dEi,*6ef"ee"0γ加況噸qfen,"e"

E卿鶏==h'(N｣+¥)=川崎w)｡~】
Ⅲ+ hK

●

4. Numericalexamples

AsthefirsteXample,weconsidertheinitalvalueproblem

yノ=y-x, y(0)=2.

Wecomputethevaluesynwhicharetheapproximations oftheexactsolutiony(x)at the
pointsxn,usingtheLunge-Kuttamethodof thefourtholderwithh=0.1.Tablelshows the
valuesoftheerrorboundscorrespondingtothemethods insec、2and3.
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Tablel

’’’’。 ’
En*E(Xn)dMynXn

0.001007

0.001774

0.002760

0.004007

0．005564

0．007489

0.009851

0．012735

0．016239

0.000041

0.000054

0:000071

0．000092

0．000118

0.000151

0．000192

0．000242

0．000304

0.000071

0.000079

0.000087

0.000096

0．000106

0．000117

0．000130

0．000143

0．000158

403

858

824

721

118

752

540

601

2.421

2.649

2.891

3.148

3.422

3.713

4.025

4.359

4.718
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Asanotherexample, let'sdiscusstheinitialvalueproblem

yノ=2Xy, y(2)=1.

Theapproximationsyn arecalculatedby thesecondorderAdams interpolationmethod
withthesteplengthh=0.01.Werepresent theresultcalculatedforE(X,)andEn"inTable
II

Tablell

’’’’。 ’ E(xn) ETfIdMyh函］

0.000019

0.000055

0.000122

0.000240

0．000452

0．000829

0.001499

0．002698

0．004860

0．008789

0.000004

0.000010

0.000019

0.000034

0．000056

0．000088

0.000135

0．000205

0．000307

0．000455

0.000074

0.000098

0.000130

0.000174

0．000234

0．000315

0.000425

0．000577

0．000787

0．001077

1.224461

1.506820

1.863587

2.316377

2．893613

3．632813

4.583710

5．812498

7．407642

9．487869
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5． Comment

Theseexamples showthat thevalueof theerrorboundE(x)introducedbyUhlmannis

smallerthanE*,anditincreasesslowlyasndoes.Incomparingothermethodsitmaybe

surethat theUhlmann'smethodisVeryefficient.Hisprocedureconsistsintakingtheerror

boundfunctionE(x), correspondingtotheerrorfunctione(X), which is thesolutionofthe

firstorderlineardifferentialequationwithconstant coefficients・ Generallyspeaking,it

isnoteasytoseekbounds ofLipschitzquotients.Moreover,evenif thefunctionE(X) is

eXpressedineXactform,wemustcalculatethevalueofitnumerically.

Whenthesystemof thedifferentialequationsisgiven, thenumericalprocedureof the

errorboundfunctionE(X)ismorecomplicated.
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