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OnQuadraticConvergence
ofSuccessivelterativeMethod

NonlinearTwo-PointBoundaryValueProblem
Miki Kudo

Takashi Yoshimura
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1n

1．

Letusexaminethelinearequation

u"=0 , u(0)=a, u(b)=a2 （1.1）

atwo-pointboundaryvalueproblem.

Letu,andu2bethetwoprincipalsolutionsof thehomogeneousequational､ove, definedby
theinitialconditions

u,(0)=1 u2(0)=0 uﾉ,(0)=0 u&(0)=1.

Then,byvirtueofthelinearityof(1.1),wehave

u(t)=a,u,(t)+a2毛滞ulu2(t).
Bytheinitialconditions(1.2),wehave

Ul=1 U2=t.

Hence,wecanseethat

u=a,+a2=a｣t.
Wenowturnourattentiontotheinhomogeneousequation

u"+r(t)=0

withthetwo-pointboundaryconditions

u(0)=a] u(b)=a2.

Takingadvantageoflinearity,wewrite

u＝V＋W

wherewandvarechosen,respectively,tosatisfytheequations

w"+r(t)=0, w(0)=0 wﾉ(0)=0

and v"=0, v(0)=a, v(b)=a2-w(b).

Letu,andu2beparticularsolutionsofthehomogeneousequation(1.1),andwrite

W=S1Ul+S2U2

wheres,ands2arefunctionsoft tobedetexmipedatourconvenience.

Then

Wノ=S1uﾉ,+S2U"+Sﾉlul+Sﾉ2U2.

Tosimplify, set

sﾉlul+Sﾉ2U2=0.

Sincewノ==S1uﾉ,+s2u&,withthisconditiononsﾉ,ands&,wehave

W"=S,U",+S2Uﾉ&+sﾉ1uﾉ1+Sﾉ2U&.

(1.2）

(1.3）

(1.4）

(1.5）
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Sinceu,andu2aretheprincipal solutionsofthehomogeneousequation(1.1),

u",=0 and uﾉら=0.

Hence, combiningwith(1.4),

sﾉluﾉ,+s&u&=-r(t).

Combiningthiswith(1.5),wehavetwosimultaneouslinearalgebraicequations

ands&.

Asolutionexists,providedthat thedeterminant

Ul U2
W(t)=

uﾉ]u&

isnonzero.From(1.3)wehave

w(t)-|; I|-:
and

0 U2 1

O t
-r(t) u&

sﾉ,=' ¥#%､-"=| _,+､ , |=tr(t)
WW(t) -|-r(t) 1

ul O

1 0
uﾉ,-r(t)

s&=' "¥x7,f､･/! =| ,､ _,+､ |=-r(t).
W(t) -| 0-r(t)

Hence,
t

塊t,r(t,)dt!S1==

"r(t,).塊[(t’)｡，S2 ；＝一

choosings,(0)=s2(0)=0,sincewewant tosatisfytheconditionsw(0)=wﾉ(0)=0.

Thus,

4[r(w-t)dt-f&G(
t

4‘(Ⅷ』-川一塊G(ぃ伽(t,)d。W二＝

whereG(t, t,)=t,-t.

Nowweshallsolvetheequation

u"+r(t)=0, u(0)=u(b)=0.

Thegeneralsolutionof(1.7)hastheform

t

兵G(t, t,)r(t,)dt,U=C2U2(t)+

wherec2isaconstant tobedetermined・Settingt=b,weseethat

bG(b, L"(t')dt,.f｡G(ut｡SC2 ニーー

forsﾉ，

(1.6）

(1.7）

Hence,

ﾛｰ毛鶏LLbG(b,…d叶兵tG(ぃ伽(⑱d，

蒜LZbG(b,…)d叶〃G(t, #4)--gg G(b, t,)!r(t,)dt,.
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Thus,

．①-"(t, ("b)r(n)･，
1% 1 ，

where 3 1 ; 、

1 ．

rG(t, t,)-器手G(b, t,) ｡≦tl≦i
l紗｡｡】 ｛4』K(t, t,,b)=

By(1.6)
1 1

t(b-t,)/b t≦tl≦b

{:MI: o≦tⅢ≦tK(t, t,,b)=

2．

Nowweapplyquasilinearizationtothetwo-pointboundaryvalueproblem,

u"+f(uﾉ,u,X)=0

u(0)=u(b)=0.

Letuo(x)besomeinitial approximationandconsiderthesequence<un)determinedbythe
recurrencerelation

un+,"+fuﾉ(Unﾉ,Un,X)(Un+,ノーUnﾉ)+fu(unﾉ,Un,X)(Un+,-Un)+f(Unﾉ,Un,X)=0
（2.1）

un+,(0)=un+,(b)=0.

Weobtainthelinearintegralequation

"K(Mxf(u"川洲卿(un/,un,y)(un+1-un)+fu/(Uh/,un,y)(un+,/-unl)fidyUn+1=

（2.2）

whereK(x,y)istheGreen'sfunction

(b-x)y/b o≦y≦x
｛K(x,y)=
(b-y)x/b x≦y≦b・

Wecaneasilyseethat

"K(x,y)--¥
X,y

wherethemaXimizationisovertheregionO≦x,y≦b.
Let

maxmax(If(uﾉ,u,x)| , |fu(uﾉ,u,x)| , lfuﾉ(uﾉ,u,x)I)=m,
|ul≦1

assumingthatm<m,andchooseuo(x)sothat

|Uo(X)|≦1, forO≦X≦b.

Turningto(2.2),wehave

fu'K(x,'〃K(x,y川f(un/,un,y)|+|fu(un/,｡n,y)||州|+|fu(un/,ﾛn,y)llUnllun+,|=

+|fuﾉ(Unﾉ,Un,y)llUn+!ﾉ|+|fuﾉ(Unﾉ,Un,y)llUnﾉにdy.

Hence,writingm,=maX_lu,(X)landassuminglunﾉ(x)I二clun(x)I (n=0, 1,2, ･…）
o≦x≦b

forsomefinitenumberc,wehave, forn=0
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ル兼､…+rnC…棚-伽(洲半朏…rnl≦-皇 4 ， 4

ProVided, therefore, that b'('=c)m<1,weobtainthebomd
b@m(2+c)

4
n1l=

，一b2(1+c)m･
4

4

Theupperboundis itselflessthanl ifb2≦m(j=2c),andwecanestablishtheuniform
boundednessofthesequence<un(x))forbsufficientlysmall.

Wehavethusdemonstratedthat theinductivedefinitionofthesequence(un(x))ismean-

ingful.

Weshallshowthatthissequence<un)convergesquadratically.

Returningtotherecurrencerelationof(2.1),1etussubtract then-thequationfromthe
(n+1)st

(un+,-un)"+f(unﾉ,Un,X)一f(un_,ﾉ,Un-1,X)

-(un-Un-1)fu(un-,ﾉ,Un-,,X)一(UnノーUn-1ﾉ)fuﾉ(Un~1ﾉ,Un-',X)

+(un+,-un)fu(unﾉ,Un,X)+(Un+1/-Unﾉ)fuﾉ(Unﾉ,un,x)==0.

Regardingthisasadifferentialequationforun+1一unandconVertingintoanintegralequa-
tionasbefore,wehave

"K(Mxu,y)-f(u"-|'兵K"洲(‘胴', ﾛ"y)-f(u風-‘',Ⅲ皿-',y)Un+1-Un=

-(un-un_1)fu(un_1ﾉ,Un_1,y)-(Un/-Un_1ﾉ)fuﾉ(Un-1ﾉ,Un-1,y)

+(un+,-un)fu(unﾉ, Un,y)+(Un+1ノーunﾉ)fuﾉ(unﾉ,un,y)]dy.

Themean-valuetheoremtellsusthat

f(unﾉ,un,x)-f(un-1ﾉ,Un-1,X)

-(un-un_1)fu(un-1ﾉ, Un_1,X)-(UnノーUn-1ﾉ)fuﾉ(Un-1ﾉ, un_1,X)

= ((u｡-じ｡_,/grf(｡"G,,x)H(um_u._,)(un,_u._'り蒜面rf(el,e2,x)

≠(Un/-Un-1り"$,f(．』,92,x))
wheree,liesbetweenun_1andun,ande21iest,etweenun-1ノandunﾉ．

Hence, letting

k-maX_max](I_:frf(u,,u,X)| , |念｢f(｡,,u,x)| , |ff(u1,u,X)|),
|ul≦1

wehave,verymuchasbefore,

":(w)叫加-Un-'/’岫-Unl≦－号
+C2(Un-Un_1/)+mlUn+1-Unl+mCiUn+1-Unl]dy.

卜？
、

LE式

Hence,
t,2k(1+c/

8

b,=(1+c)(mixlun-un_,|/.maXlUn+,-Unl=
X 1－

4
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Thisshows that ther:eisquadraticconvergenceif thereisconvergenceatall.
Thisconvergencedependsuponthequantity

げk(1+c)2
8

b'm+c)(mixlu,-u｡l)1－
4

whichbythestandardprocedurescanbeshowntobelessthanoneforbsufficiently
small.

Andit isalsoseenthateven if the interval [0,bl appearstobetoolargeinitially, it
issufficientforconvergencethatmaxlu,(x)-uo(x)lissufficientlysmall.

X
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