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Concerningtothestudyoftheclosedgraphtheorem,T.Husain[1]discussedthe

B(E)-spacesdefinedasfOlloWS:

Definitionl． LerCdMo彪αjZxedcIzzssqfんαz〃α〕""e"HMs"'ガZ"0ﾉﾛg宛ロノ

|(@zb6"e""fedro/.c. )"zzces.A〃ノ.C.妙αcgEissa鰯加be @zB(E)－功α""jb"eα的

J.c.""cEFEc， α〃"eαγ“"＃伽"o"sα"‘α〃osfole"""""g/qfEo""FiSope"

〃r応o"9-〃－O"e, ＃舵〃Efscα"eddzB7(E)-功α“・

Inparticular,WhenCistheclassofall l.c・spaces, aB(C)-spaceisnothing

morethanaB-complete(fullycomdete) space[4]. In[1]T.Husamdiscussedthe

propertiesofB(Z:)-spaces,whereZdenotestheClassofallbarrenedspaces.

ThepurposeofthisnoteistoJlowhowthetheorems㎡[1]and[2]canbe

moreextensivelyapdiedtothecasewhereCisaclassof2-symmetricspaces.

Firstweneedsomedefmitionsandsimderesults.

1. Leta&bealinearspaceEendowedwiththetopology"andlet2beaClass

ofboundedsubsetsofa!whoseunionisELetE'denotethetopdOgicaldualofa4.

andletE'ZbethelinearspaceE'withthel.c.topOlOgyofuniformconvergenceon

allmembers"2(abbreviatedto2-topdogy)． E', consideredasanl.c・Wace,

denotesthedualofEwitho(E',E)-topology.

Definition2. A"J.cb妙α彫勵issa脇加be2-sM""e"'jbがα〃qf"e九ﾉん""@g

“""αん"メα〕"雌勿"s加脇：

(1) EzﾉeW伽γ''eJ伽勵”〃b〃αbsw'bsezﾉe""ze"2beγ〃Zis""g電力肋"油00"qf

Zg'℃．

（2）＆ﾉe〃加況"伽as"bse#qfE'zis〃"伽"伽"O"S.

(3) T"e麺加jOgyj"伽”αo〃EムyMes"o"g"zzJqfE'Z恋肋eoγ域"αJ"加ﾉﾛ部ノ

ofa.

（4）励加s肋e〃〃吻吻sfm"g#"o必醐で(E',E), α"αe"ely"""〃伽""〃‘

s"bsetqfE'亙加Scひ加加cﾒ伽s"γe"E'.

Theequivalenceoftheseconditionswasprovedin[5]. If2,C22, itisClear

that2,-symmetryimPlies22-symmetry;thestrongestrestrictionona4 isobtamedby

takingfOrgtheclassofallsUbsetsofa#consistingofasmglepomt, andthen2-

symmetryissimPlythepropertyofbemgbarrelled. IfZistheclassofallbounded

subsetsofE4, the2-topologyiscanedthestrongtopologyonE' andwehavethe

weakest2－副rmmetricproperty,whichisthatofbeingquasi-barrelled.

LetacandRbetwol.c・spaces. Let/､bealmearcontinuousmappingofa&

ontoR. Then, ifZisadassofboundedsubsetsofa#whoseunionisatheclass

/(2)ofalM(S), SEZisalsothatofboundedsubsetsofFBwhoseunionisR

ThereforewecandefmeonF' the/(2)-topOIogy.
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Lemmal. Le#動α"dE,69"oJ.c.功α"s. Le//beα〃"“γ“""""0"sα"α

α〃os#"e""""zgq/.E"o"加勵． 〃E"is2-Sy""ze"でタ勵応r(2)-sy"wwe"必

乃'DQfLetBbeabarrelinRwhichabsorbseverymernberofr(2). Smce/

islmear, .f'(B) isconvexandcirCled,anditabsorbseverymemberof2.Further,

as/iscontinuous/-'(B) isalsoCIosed. Therefore.f-'(B) isa"-neighbourhoodof

0, becausea# isa2－副rmmetricspacebyhypothesis. Nowas/isalmostopen,

／『rrFT)=F=Bisa"-neighbourhoodofO. Thisprovesthelemma.

Corollaryl. Leｵ〃α"α〃加加oノ.cJepoﾉひgieso〃as""e"zeαγ功αcgEα"。〃

fbe"eク〃"吻"""zgqfa&o"加勵. F沈γ幼eγ〃ibeco"伽"o"sα"‘α〃osfqpe".

Z物e"，が勵妬2-Sy""""'jbi soisE｡.

Corollary2. Z,〃M比αcJOseds"岬α""α〃J.c・”α“風α”〃砂加娩e

”α〃j'@z/"@""zgqfabo"加勵/MTWe〃が風fs2-Sy""f@e/池勤/Mたり(2)-sy""we"血

"NowwedefmetheB(2)-spacesaSfOnows:

Definition3. L〃風加α〃I.c・功aceα"‘〃野加αcIZzssqf加""〃"s"bsetsqf

JEC""ose〃"""isET"e〃助jSsα〃んbe"B(2)-功α”がα"〃o"〃がe"g〃”"－

"""o"sα"αα〃os/"e""""j"g/qfE"o犯加α〃/(2)-Sy""we"施功α“凡isqpe".

".ffso"e-#0-0"e"e"a4 jsc""”αB''(2)－幼ace・

Inparticular,whenZistheclassofallsUbsetsofEconsistmgofasinglepomt,
thenobviouJyaB(2)-spaceisnothmgmorethanaB(Z)-space・ TherefOreour

notionOfB(2)-spacescontamsasaparticularcasethatofB(Z:)-spaces.

2． In[4],aCharacterizatiOnOfa3completespaceintermsofthesubspaceof

itsdualwasgiven・WegivemthissectionasimmarCharacterizationofaB(2)-space.

AsetHmthedualEﾉofanl.C.spacea4 isequicontinuousifandmllyifthereis

a"-neighbourhoodUofOma' suchthatHEZU｡. LetQbeasubspaceofE'

withtherdativeo(E',E)-topOlogy. AsetHinQissaidtobeequicontmuousifit

isequiContmuousmE'・

Definition4.As"bSP""QofE',""e"QiSe"伽"ed""んオルe"e"""eo(E',E)-

”加J哩y,issα〃如加2-加""〃"IycD"ゆ〃gがﾒ〃ん肋""gco"f棚り"s""s"Med:

(a) Qisα〃ostCIOsed, '.e.九γgaC〃〃-"e妙加"γ肋OdUQfOi"a,. QnUoiS
cﾉ0sed"E'．

(b) Ezﾉgが肋""dedse/QfQ""''eSpec＃加勉eγg〃"ひg2-t"0ﾉﾛ"(α肋〃〃”/鰄加

α2－伽""〃ase#) jse9"伽"伽"o"s、

Thenit iseasytoshowthatevery2-boundedlycompletesubspaceisquasi-

complete. Nowwegetthefollowingtheorems.

Theoreml.A"ecessα〃α"dsO〃ﾂb彪卯オ”"伽加〃んγα〃ノ.c.Sp""E" jobe"

勘'(2)-妙α”た肋α〃α吻叱"se2-加""叱吻”"Z此彪s"姉α"QofE'co"cMes""んE'・

月'0砿Forthe<necessary' part, assumethata, isaa'(2)~space・Thedensity

ofQimPliesQ'=ELet"denotetheG-topologyongwheregconsistsofaU

2-boundedsetsofQ. FirstweShowthat"=r(EQ). Smcethetopologyo(Q,E)

coincideswitho(E',E)onQj ao(Q,E)-compactconvexcirCledsubsetCofQis

"(E',E)-compactinE'@ ThereforeCisstronglyboundedmE' (see, forexamde,

[3]p.170, 18.5)andhence2-bounded. Inotherwords, theClassofallo(Q,E)-
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compactconvexcircledsubsetsofQismcludedme. Hence〃．で(EQ). Onthe

otherhand,accordmgtO(a)ofDefmition3,foreachconvexCircled"-neighbOurhood

UofO, (QnUo)o isar(EQ)4neighbourhoodofO. Butaccordingto (b)of

Defmition3, foreach2-boundedsetBofQ,BCQnUo impliesBo．(QnU｡)｡.

ThisJ]owsthat〃こて(EQ). Combiningthetwomclusionrelationswehave"=

て(EQ). SinceQisquasi-comPlete, itfollowsby(4)ofDefinition2thatE｡ isa

2-symmetricspace. Nowweshowthat〃．〃・ Foreach"一neighbourhoodVofO,

thereexistsaZ-boundedsetBofQsuchthatBo匡咳ButasQisz-boundedly

complete, (b)ofDefmitiml4impliesBCUoforsome"-neighbourhoodUofOmE

ButthenV．BoコUoo．Uimplies〃．〃・ThisShowsthecontmuityoftheidentity

mappingiofa4ontoE". Furthrmore, foreachconvexcix℃led〃-ndghhouxhoodU

ofO, '(U) isabarl℃ImE"whjchabsorbsevrymemberof2, andisth""efor℃a

2ﾉ-neighbour加odofObythe2-symmetryofE". Thisshowsthealmostopennessof

i.Consequentlyjisacontmuousandalmostopenmappmgofa,ontoa2-symmetxic

spaceE".HenceiisopenbecauseE"isaa'(2)-space. Therefm℃〃="andhence

Q=a'=風'． The @sufficient' part isanobviousmodificationof theproofof

Theoremlof[1].

AsimilarcharactaeizationforB(2)-spacesisasfOllows.

Theorem2. A"gcessaがα"ds2〃耐e"""α"わ〃んγα〃/.cb功α“風勿加α

B(2)-”α""メ〃オezc"2－肋""""なα)"@p/eies"6幼αceQQfメ加""JE' QfEfs

o(E',E)-clOsed.

ルリq/： Forthe‘necessary，part， let？bethenaturalmapUngofEontoQ'＝

E/Qo. Let"denotetheG-topologyonQ',wheregconsistsofall2-boundedsets

ofQ. AsShownmThem･eml,Q'⑳is砂(2)-symmetxicbecauseQisquasi-complete

and"=r(Q',Q). Thecmltmuityofthemapping":EL-→Q'ひcanbeshowninthe

samewayasintheproofofTheorem2of[1].Furthermore,foreachcmlvexcircled

"-neighbourhoodUofO， ？（U） isabarTelinQ'沙whichabsorbseverymemberof

砂（2）andisthereforea〃-neighbourhoodofObythe？(2)-symmetryofQ'砂． This

Showstheahnostopennessof？、Then， asE秘isaB(2)-space， ？isopen， Inother

words,Q=Qoo・ ThisimpliesQiso(E'.E)-closed. The @ufficient'part isagajn

anobviousmodificationoftheproofofTheorem2of[1].

3. Inthis lastsectionweshanshowtheClosedgraphtheoremfora'(2)-

spaces,Firstwestatethefollowmgthememf"･atime.

Theorem3. Leメハ比α〃ノ.c.S"ECα"d風a2-Sy""we"允脚(2)-”α“・ Leﾒ／

比α肋@e""""zgqfFbi伽加E@&, オ舵gγ"""""b〃たcﾉりsed"F×且〃r"

a伽ostco"伽Z'OWS, オ"e"/jSco""""o"s・

Pｼ,0砿Mal血guseoftheCoronarytoLemmal,wegettheprcofasanObvious

mpdificationOfthepmofofTheorem5of[1].

ButthisthemeemismerelyadifferentversionofTheorem3､8of[4]asis

ShownbythenextLemma2.Thecix℃umstanceisthesameaswaspomtedoutm[2].

Lemma2. A"'.C.”αceE""〃吻応加地α2-Sy"@"@e加b功α”α"〃α〃(2)-

幼α“た励生”畑p彫彪．
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丑吻りq/: LetQbeanalmostCloseddensesubspaceofthedualE(.㎡風ざ '-LetB

bea.2~boundedsubsetofQ"wher℃Qisendowedwiththerelativeo(E',E)-topo-

logy. …ThalBiso(E',E)‐boundedinE' andhenceequicontinuoussmce.Eis

2-symmetric. ThisshowsthatQis2-boundedlycomplete. ButthenEbeinga

Bｿ'(2)-space, itfollowsthatQis"(E',E)-closed, andthereforeE"isa'-complete

duetothecharactenzationofthelatterspacein[4].

ThefOllowingtheoremisanimprovedone.

Theorem4. Lej勤加a2-Sy""we"じゆα“α"α必αBｿ' (/(2))-功αce.Le〃"

αJ伽eαγ'"""Wqfa&O"加Fﾙﾒﾙe〃""Qfz""jMjScIOsedi"E×R〃／恋α〃os#

妙e〃α”α加伽”""""0"s肋g〃／滝”""""0"s、

Bりq/: Wegiveanoutheoftheproof. Forthedetail, seetheCOn℃sponding
moofofThemsem3of[2]・ Let {V}denotesafundamentalsystemofclosedconvex

器一

andcircledneighbourhoodsofOmE,.ForeachVin{V), letr=/(P(V)).Then
器

{V}fmmsafundamentalsystemofneighbourhoodsofOinFunderanl.c.topOlOgy

"(Theclosednessofthegraphof/impHesthat"isHausdoIff).Sincethemapping

／：風→F"isknowntobecontmuousandalmostopen,F"isa/(2)-symmetric

spacebyLemmal.Ontheotherhand,theidentitymappingi:脇→E｡ isalso

continuousandalmostopen. Therefore, itfollowsthat jisopen, becausemisa

〃(ﾉe(2))-space.Hence"=2". Since/:風→E"hasbeenprovedtobecontinuons,

／：風-→E, iscontmuous.

Wegetfmmthistheoremthefonowingone.

Theorem5.Leta,bezz2-sW""e"ibS'"ce"""g比α〃"e"""""os/co"""”"s

α“α加剛"e""z""@gqfα〃ノ.α功α“凡o"ん助z"肋メ"ecIbsedgｿ'”"． 〃
ハ/g-'(O) fsα〃(2)-Sp"","e"gisqpe".

B'0砿Itcanbeassumedthatgisone-to-one・ Henceg-' :a,-→ハexistsand

itisalmostcontinuousandalmostopen, becausegisalmostopenandalmostcon-

tinuous・ Thaefor℃Theorem4isappmedandhenceg-' iscontinuous・ ThisShows

thatgisopen.

ThefOnowmgtheoremsof[2]areimmediatecorollaxiesofTheorems4and5.

Theorem8. Le＃助be".伽γ''膠肋d妙αccα"αハα〃(筵)‐功α“・ Le//比α

ﾉ〃eαγ"""j"g〆励o"加Fル”"〃娩ecJbsed9Mp". "g商α〃os/"e", ＃"g〃／恋
cひ""""o"s.

Fortheproof,noticethatannearmappingofabrrelledspaceontoanl.c・space
isalwaysalmostcontinuous.

Theorem7． L〃風beα伽〃c此‘功α”α"d凡αBｼ'(X)-功α". T"〃α〃"eα'．

α〃ost"""""o"sw@""zggqfFBo"わふ”"ん肋cc！ひsedgmp"jSOpe"・

Forthepmof, noticethatalinearmappingofanl.c.spaceEontoaban･elled

spaceFisalwaysalmostopenandthataquotientspaceofaa'(X)-spaceisalso
a〃(E) ."ace.

ThelasttheoremisanothercharacterizationofB"(2)-spaces.

Theorem8. Leｵ風be"2-Sjwzw@e加じゆα". T"e〃勵恋αBｼ'(2)-功α“がα"α

o卿がα雄yO"e-加－0"e〃加αγα"αα〃osfqpe"""""g/QfEo"加α/(2)-Wz"ze"'jb
ゆα“勵加"〃肋ecjりsedgy""iS"e".
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Bりq/: Assumea&isaa'(2)-space.ThenaccmdingtoLemnma2andTheaem

(3.6)of[4],/isopen. Ontheothahand, if/isamle-to-mlecmltinuousand

ahnostopenmapping㎡E&mltoanyjF(2)-Wmmetricspacem, thenthegraphof

/isdosedinE×Fandth"efm℃/isopenbyassumption・ Tha杖orea4 isa

"(2)-"ace.
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