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1． Introduction

Itiswell-knownthat, inl892,A.M.Liapunovdiscussedthestabilityofsolutionsofthesystemof

ordinarydifferentialequationsbyutilizingthescalarfunctionsatisfyingcertainconditions.

Liapunov'ssecondmethodisaveryusefulandpowerful instrumentindiscussingthestability.

However,eventhoughtheconstructionoftheLiapunovfunctionV(jjx) isanart, itisdifficulttofind

theLiapunovfunctionsatisfyingsomeconditions. Therefore, it isimportanttoobtaintheweak

Su価cientconditionforthestabilitytheorem.

Thestabilitypropertycanbeconsideredasafamilyofpropertiesdependingonsomeparameters.

Consequently,whenweemployasingleLiapunovfunctiontoproveagivenstabilityproperty, the

Liapunovfunctionusedisassumedtoplaytheroleforeverychoiceoftheseparameters.Asaresult,

ifweutilizeafamilyofLiapunovfunctionsinsteadofone, itisnaturaltoexpectthateachmemberof

thefamilyhastosatisfyweakerconditions.ThisisapreciseideausingafamilyofLiapunovfunctions

andtheadvantageismoreclearlyseeninthecaseofuniformstabilityproperties.(cf.[3],[7],[10])

Thereareseveraldifferentconceptsofstability.Tounifythesevarietiesofstabilitynotionsand

offerageneralframeworkforinvestigation, itisconvenienttointroducestabilityconceptsintermsof
twodifferentmeasures.

In[6],theideaofperturbingLiapunovfunctionsisintroducedwhichisusefulinthestudyofnon
uniformstabilityunderweakerconditions.

Inl989,V・LakschmikanthamandXinZhiLiuhavediscussedthenewnonuniformstability,which

theycalledthe(Po,P)-stabilityandthe(j｡,P)-asymptoticstability,employingperturbingfamiliesof
Liapunovfunctions.

Inthispaper,byusingLiapunov'ssecondmethod,wewillstatesomegeneralizationofthesu伍cient

conditionsforthe('0,P)-asymptoticstabilityofthesystemofordinarydifferentialequations.

2． NotationsandDefinitions

First,wesummarizesomebasicnotationsanddefinitionswewillneedlateron.

LetIdenotetheintervalO≦#<co,R"denoteEuclideann-space.For%ER", let llxllbeanynorm

ofxanddenotebySjthesetofxsuchthat llxll<HH>0.

WeshalldenotebyC(I×R",R") thesetofallcontinuousfunctionsdefinedonI×R"valuedin

R"・

Letuslistthefollowingclassesoffunctionsforconvenience.

K={"EC(I,I) ;o(7') isstrictlyincreasingand"(O)=0}.

CK={"EC(I×I,I) ;O(/,")EKforeach/EI}.
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Z~'={"EC(I×R",R) ;"P(/,")=0foreach#EI}.
尤匡R”

S(,,p)={(t,") ;p(t,")<p}.

Weconsiderthesystemofdifferentialequations

(1) 苑'＝／(ｵ,妬)，

where/EC(S(P,p),R")and/(t,0)=0.

Supposethaげ(/,x) issmoothenoughtoensureexistence,uniquenessandcontinuousdependence
ofsolutionsoftheinitialvalueproblem.

Throughoutthispaper,thesolutionthroughapoint(h,xb)EI×R"willbedenotedbysuchaform

as"(#, jb,xb).

[Dehitionl] Letpo,per. T"""es〃肋α/poお伽gγ肋α"，が肋27'g"s#zzp>0α"〃α〃"c加犯

jEKs"c〃肋α"｡(t,")<ﾉoi"ゆ"esp(t,x)≦め(p｡(t,")).

[De伽ition2] T"Sys花加(1) fssα〃功6e(,0,,)-sizz肋がα岬e>0"""α岬九El;"27'EMSis"

6(h,e)>Os"c〃肋α"o(h,%b)<6(h,e)""eSP(t,X(t,h,Xb))<Eんγα〃＃≧妬．

[Definition3] T"eSyW''z (1) iSsa趣如62 (p｡, p)-LzsMM伽加吻卿肋，が肋eSyS彪加(1) fs

(p｡,p)-s如肱α”が肋e""iS応αdb(Zb)>Os"C〃肋αオグカ｡(h,xb)<d6(h),'(t,"(t,h,xb))→0as
ｵｰﾅ“．

[De伽ition4] T"eze''ひSOﾉ""0"qf(1) jSsa脇加6g卿肋がたγα"ye>0""""yhEI;ｵﾙg7'eemis

"6(h, e)>Os"C〃肋αt llxbll<6(h, e)""es llx(ｶﾒb,%b) ||<Eんγα/〃≧jb.

[Definition5] T"z"oso〃伽〃Qf(1) iSsq〃加6e〃"伽γ"@な吻肋〃6QfDe/i"伽〃4走加jW"-

伽"オQfh.

ForVEC(I×R",I),wedefinethefunction

I}(")(|,='iMwpz{v('+","+"(',"))-v(',"
Incase,V(/,x)hascontinuouspartialderivativeofthefirstorder, itisevidentthat

ウ(“)("=普十署ゾ(“)，
where"･''denotesaninnerproduct.

[De伽ition6] Le/VEC(I×R",I) zz"ciper. TW"Vhssα湿加62z"eα鮒p-""escg"tが肋gγE

鍬蹴ap0>0""α〃"C"0〃域ECKs"c〃肋〃

p(#,")<p｡""esV(/,")≦め(/,p(#,x)).

Remark:IfP(t,x)=||"||,Po(/,x)=II%|| ,"2e〃肋e(,0,')-stabilityreducestothewell-knownstability

ofthezerosolution,andthe(P｡,,)-asymptoticstabilityreducestoasymptoticstabilityofthezero

solution.

AIso, ifP(/,x)=llxll"(1≦ル＜〃;息〃:positiveintegers),Po(t,")=llxll,thenthe(Po,P)-stability

isthepartialstabilityofthezerosolution,where llxll"isanormofsomepartialcomponentsof%.
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3. PreliminaryResults

Inl989,V.LakschmikanthamandXinZhiLiugaveasufficientconditionforthe(Po,P)-stability
andthe(jO,')-asymptoticstability.Werepeatthesetheorems.

【Theorem3､ 11 Ass""e肋αオ

(A1)po,,EI~'α"apo走伽gγ肋α〃p,

(A2)ViEC(S(', ﾉ0),I),Vi(t,") jSんαzﾉ〃Z,"sc〃だね〃加鬼”gα〃lyp｡-dec7''esce砿α"α

V,(t,")(1)≦gi(t, J/i(#,")),

""e7'egiEC(I×I,R)""gi(#,0)三O,

(A3)/b7'""y">0,"27'e"fs応α脇"EC(S(P,p)nSc(jO,"),I),"""eSC(ん〃）た肋ecowzp/gw@e"t
"S(jb,"),恥"(t,x)た/OCaﾉIyZ,"sc〃炊”〃加",

α(，(ｵ,妬)）≦脇"(j,妬）≦6(p｡(t,x)) 0"S(p,p)nSc(jo,"),
”"gγELz, 6EKα"α

V,(t,")(,)+恥"(ｵ,x)(,)≦&(#, I/i(t,x)+VZ"(t,x)) 0"S(', ﾉ0)nSc(pO,"),

""g7'E&EC(I×I,R)""&(#,0)=0,

(A4)"ez"osO〃伽〃”ｵ〃Scα〃γ‘〃を""伽ノ〃"α伽〃

〃'=gi(/,"),"(h,h, zzo)="｡≧O

おsZzz6jg,〃"団娩gZe70SO如加〃Qf"escα"γα城γE"伽／〃"α"0〃

〃'＝段(t, 2ﾉ), "(tb,%, 2ﾉb)=zﾉb≧O

お〃"伽7'w@lys如肋．

Zｿte〃肋eS)ﾉS彪刀zqf6〃をγE"伽／〃"α伽"s (1) iS(p｡,p)-s"6JE.

【Theorem3.21 Ass"wzgｵ肋j

(B1)'o,'EFα"aAiS/f"gγ＃肋〃，，

(B2)ViEC(S(',p),I),Vi(#,")たわcα〃Z,"sc〃吃れ〃加妬α"α”gα納jo-"c7''esce"

(B3)んγα"y">0,""e"たおα昭"EC(S(p, ﾉ0)nSc(p｡,"),I),

脇"(#,") iSjOcα〃Z,秒Sc〃た”〃加節α"α

α(力(ｵ,妬)）≦Vi"(t,")≦6(p｡(t,x)) 0"S(', ﾉ0)nSC(pO'")'
”〃γE", 6EKα"α

V,(j,")(,)+聰"(t,x)(,)≦g(t, J/i(#,")+恥"(#,x)) 0"S(p, ﾉo)nSc(p｡,"),

""g7'egEC(I×I,R)""g(/,0)=0,

(B4)"tezeγりsoﾉ"伽〃〆肋gSCα"γα城”"伽！〃"α"0〃

〃'=g(t,"),"(h,h,"o)="o≧o

応〃"枕7'Wysm"g,

(B5) "27'c"蹴加0〃"c"0"sl/5EC(S(p, ﾉ0),R), I/ZEC(S(',p),R)

s"c〃肋arVi=1/5+Vl, z"""el/5(t,")たり伽Sj伽ede/f"舵α"α

V,(t,")(,)≦－入(r)c(I/S(#,x))0"S(', ﾉ0), z""27'iecEKLz"入EC(I,I) jS加勉l/'(r,")(')≦－入(t)c(VS(/,x))0"S(',p), z"〃"cEKα"α入EC(I,I)お伽/噌畑/砂加s航zﾉg,

肋αオな

"(s)cMs="""…〃=且[αf,"2],
αf<"2<"+,α"αβi－ai≧6>0,

(B6)jb"eりげん"c"0"yEC(I,R"),"ig〃"c伽〃

八' [J>4(s,y(s))]4cis
iS〃"伽7'w'lyco""""0"so"Z;"""e[･]土沈gα"S肋α＃g肋gγ肋g加Sj伽goγ〃電城"g"γMSco"s/"7'M
允γα〃sEZ
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T乃e〃肋2ｺ城γg"伽ﾉSyWwz (1) jS(p｡,p)-tzsw@mpわ"cα〃s"6/C.

Forproofofthesetheorems,see[1].

In2001,weprovedthefollowingtheorem.

【Theorem3.31 S"加Sg肋at

(C1)jo,,EI~'α"αp｡fs/f""t加〃，，

(C2)/bγα〃〃>0,"27'e"S応α""c"0"W@"EC(S(',p)nSc(jo,"),I)

s"c〃肋αオW2"(',") jSんcα〃Z,"sc〃た”〃加兀α"α

"(t,p(t,x))≦W2"(t,x)≦6(Po(t,")) 0"S(P,P)nSc(Po,"),

”〃”α(‘γ) jSco"が""0"si"(#, 7'),"c7'"sj囎加伽〃幼“/功//W"c〃"”γ，

α(/,γ）＞0んγγ≠0α”α(#,0)=0,6(") isco""""0"s,"c"tzs"zg6(7')>0

/bγγ>0, 6(0)=0α"JSc(p｡,") iS"2co,"jgwze"QfS(p｡,"),

(C3)"27'e"Sおα〃"C伽〃VEC(S(p,p),I) sMS〃囎勉g〃/0伽囎かりM'jies;

V(t,x)たんcα〃Z,"sc〃だわ〃加鬼”gα肋po-""esce"〃"α

V(t,")(,)≦gi(t,V(t,")),

”"g7'egiEC(I×I,R)α"αgi(t,0)=O,α"α

V(t,")(,)+Wi"(t,x)(,)≦段(t,V(t,")+W2"(t,X)) 0"S(P,P)nSC(P｡,"),

”"g7'E&EC(I×I,R)α"α段(t,0)=0.

〃肋eZe"OSO〃伽〃〃=0qr"es"ﾉﾋzγ6〃を”"伽ノ〃"〃0〃

〃'=gi(#,"), "(h,h,"o)="o,"o≧O

fss"6尾α"〃肋eZe"OSO如加〃zノ=0Qf"escα〃γ‘〃を”"伽ノe9""0"

2ﾉ'＝段(ｵ,"), "(h, jb, zﾉb)=zb, 2b≧0

応〃"肋7'wzIys如況g,"e刀娩esyW"zQf[〃を姥"伽ノg〃α"0"s (1) jS (p｡,')-s"6Je.

Forproofofthistheorem,see[2].

4． MainResult

WeutilizetheideasofL.Hatvani. (cf[3], [4])

【Theorem41 S@"ose＃加/

(i)jo,pEJ~'α"αpo iS/f"eγ肋α〃p,

(ii)/bγα岬〃>0,"27'E"Sおα""C加犯W2"EC(S(P, ﾉ0)nSc(po,"),I),”〃72Sc(Po,") fS"g

cOγ"此沈g"tq/S(po,"),W@"(t,") iS/ocα/〃Z,"sc〃虎ね〃加妬α"α

α(t,p(#,%))≦W2"(#,x)≦6(jO(tl")) 0"S(''p)nSc(pO,"),

”"gγEα(ｵ,γ) fsco"だ""0"s"（＃, 7'), i"c形卿"gz""7忽s力“j功〃bγeac〃/加団必

a(t,7)>0允γγ≠Oα"αα(t,0)=0,6(7) jSco""""0"S, 2"C"eaS/"g6(")>0

/bγγ≠Oα"α6(O)=0,

(iii)""gg"おα〃"c"0"VEC(S(P,p),I) s"M//"g"g/b"0伽昭pmpe7'ties;V(t,x)たノoca的

Z,"sc〃たjtz〃加期”e戚妙介庇C"eSCe加α"α

V(/,")(,)+WI"(j,")(,)≦g(/,V(#,")+肌"(t,x)) 0"S(",p)nSc(po,"),

2""e7'cgEC(I×I,R)α"αg(t,0)=0,

(iv)"te〃〃蹴伽0〃"c伽"sViEC(S(p, ﾉ0),R),ZEC(S(',p),R) s"c〃肋α＃V=Vi+VZ,

a,(/,p(/,x))≦Vi(#,x),"""g",(#, 7') jScO"伽"0"s伽（ｵ, 7'),/"""s"gz"""esject加γ允γgac吻

加gaAa,(/,γ）＞0んγγ≠Oα"αα,(t,0)=0,α"α

V(#,x)(,)≦－入(t)c(Vi(t,x))0"S(',p),"""gcEKα"α入EC(I,I) iS加蝿7tz/ly加s"2ﾉe,

/加t心
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"(s)!zs=""""=g[α蝉,"2],
α#＜β‘＜α＃+』 α"αβj－ai≧6>0,

(v)/Wew@y〃"c加犯yEC(I,R"),"e""c加犯

1' [I>､s,y(s))]±ぬ
ZS〃"肋γｿ"かCO"だ""0"so"Z;〃""e[･]±”“"sｵ加jg伽gγ肋g加s"/〃eOγ〃昭zz"2ﾉg"γMSco"sj〃”団
允γα〃sEZ

〃肋eZe"OSOﾉ況加〃〃=Oqf"escα〃γα城γE"伽ノ〃"α伽〃 、

(2)〃'=g(/,"),"(h,h,"o)="o,"o≧O

isuniformlystable, thenthesystemofdifferentialequations(1) jS(PO,")-zzsM"加"“ﾉなsZzz6jg.

Proof・ Since(iv) impliesthatV(t,x)(,)≦OonS(',p),

allassumptionsofTheorem3.3aresatisfied. Thenthesystemofdifferential equations (1) is

(p｡,p)､able.

ChoosingE=panddesignating妙db=db(p,h)>0, itisclearthat

(3),0(h,"b)<dbimpliesP(t,"(#,h,%b))<Eforallオ≧九・

Let%(/, jb,xb)beanysolutionof(1)satisfying(3).Difinethefunctionswz(r)=V(jjx(#, jb,xb)),

wz,(t)=I/i(t,"(#,h,xb))andw@z(t)=I/Z(t,x(#,i,xb)),sothatwz(t)="z,(t)+"z2(t).

Assumptions(iii)and(iv)yieldthat"@(r) isnonincreasingandboundedfrombelow, therefore

limwz(/)=O<oo.
j ･→m

Weclaimthatliminf"(t)=0.
j－→m

Ifthiswerefalse,therewouldexista">0andaT>hsuchthat

(4)棚(ｵ）≧βforall /≧盃

By(iv)and(4), itfollowsthat

〃(ｵ）≦－入(t)c("(#))≦－入(/)c(")んγα/〃≧王
OO

ThuS,forノ=U[α‘,β#]suchthatT<α‘<"i<"i+]and"i－aj≧β>0,
i＝l

weget

I塑郷(’1≦'"(T)-c(,8)"'(杣≦州T)-c(I@)"(s)ozs=-"
whichisacontradiction.

Next,weclaimthatlimsupwz,(r)=0.
！･→m

Sincew@,(r)≧O,supposethatlimsupwz,(t)>0． Thenthereexistsay>Osuchthat
f－｡α〕

limsupwz,(#)>37,.
ﾉｰﾀm

Sincelim"'(/)=o<ooandllz(r) iscontinuousandnonincreasing,thereexistsan">Osuch
ノ→“

that

(5)ぴ≦〃z(/)≦ぴ+yforallオ≧ら＋M

Fordefiniteness,supposethatassumption(v)holdswith[･]+.

Sincew@,(t) iscontinuous,wecanchooseasequence{a}and{元i}suchthat,fori=1,2, ． ． ．

jb+"<&<7ri<&+,,

(6)"(&)=3y,",(")=yandγ≦恥(ｵ）≦37'forall /E[ごf,元].

From(5)and(6),itiseasytoseethat

(7)加(畠)一伽(畠）≦ぴ－2γ,”(鰯)－疵,(")≧ぴ－γ・

Sincew@2(t)="@(r)－池,(t), itfollowsfrom(7) that

〃九(s)].血0<γ≦雌("i)－伽(&)=

平成14年2月



－101－

Onthe(jb,')-AsymptoticStabilityoftheSystemofDifferentialEquations

whichshowsby(v) thatthereexistsazI>Osuchthat

(8)汀2－皇>">0, j=1,2, ･ ･ ･

By(6),(8)and(iv),weget

妬"入(s肱≦,"(､+")-c(y)"(s)cIs=-..,lim"c(t)≦"z(h+")-c(y)
／一・四

○．

where ノ=U[&,"2],
i＝l

whichleadstoacontradiction.

Thenwehavelim"(r)=0.
f一伊m

SincepropertiesofafunctionVi(t,x),wegetP(t,"(t,h,xb))→O as#→oo

Thuswecanconcludethesystemofdifferentialequations(1) is(,0,P)-asymptoticallystable.
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