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1． INTRODUCTION

Let(",9,ノ)beaHermitianmanifoldofdimension2",wheregisaRiemannianmetricandノan

almostcomplexstructure・ ItisknownthatthereisauniquelinearconnectionDof"suchthatDg=

Oand"=0andthatthetorsiontensorTsatisfiesT(lX,Y)=T(X,ノY),whereX,Yareany

vectorfieldson"(cf. [7]). ThelinearconnectionDiscalledtheHermitianconnection. The

HermitianconnectionDisgivenby

(1) 29(DxY,Z)=29(vxY,Z)+9(T(X,Y),Z)-9(T(Y,Z),X)+9(T(Z,X),Y),

whereVistheLevi-Civitaconnectionof9(cf. [5], [8]).Let{Xi,…,Xh,ﾉXi,…,ﾉ潟,}beanorthonormal

basisofzM.AHermitianmanifold(",9,ノ) issaidtohaveanEinstein-Hermitianstructureif
n

(2) R/cD(X,Y) :=nRD(X,ノY,XI,JX)="9(X,Y),
j＝l

wherecrisafunctionon"(cf. [4]).

Wedefinethefundamental2-formObyQ(X,Y)=9(X,ノY). LetのbetheLeeform, i.e.,の＝

z=I'QoﾉandBtheLeevectorfielddualtod)withrespecttog.WedefinetheWeylconnecti･o
Dof(9,ノ)by

③ DxY=▽灘Y-昔の(X)Y一昔の(Y)X+#(X,Y)B
TheWeylconnectionDisindependentofthechoiceofgintheconformalclass[9]. AHermitian

manifold(", [g],ノ,D)withtheWeylconnectionDiscalledaHermitian-Weylmanifold. AWeyl

manifold(",[9],D)issaidtobeEinstein-Weylif

(4) RiCo(X,Y)+RicD(Y,X)="9(X,Y),

wherePisafunctiononMandR/cD(X,Y)=traceofmapZ'→RD(Z,X)Y.

Itisknownthatthereisauniquemetric9,uptoaconstant,intheconformalstructureofacompact

Einstein-Weylmanifoldwithrespecttowhichthecorrespondingl-formのisco-closed. Furthermore,

Toddemonstratedthatthisco-closedl-formturnsouttobethedualofaKillingvectorfield(cf. [14]).

In[4],GauduchonandlvanovprovedthefollowingtwofactsforHermitianmanifold(",9,ノ)of

dimension4:

1. (9,ノ) isanEinstein-Hermitianstructureifandonlyif([9],ノ,D)isanEinstein-Weylstructure.

2.If(",9,ノ) isacompactEinstein-Hermitianmanifold,then:

(i)either(",9,ノ) isEinstein-Kahler,or

(ii)(",9) islocallyisometrictoR×S3.

Inthispaper,weconsideraHermitianmanifold(",9,ノ)ofdimension2〃≧4.Andweprovethe

followingresults.
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Theoreml． L〃(", [9],ノ,D)6e"He""j伽"-WEy/w@α"加脇Q/""e"sio"2〃≧4α〃”ｵ域esM=

0. TWe"(g,ノ)iSα〃母"s〃"-H""j伽〃sj〃c如形がα"α0"ly"([9],ノ,D)たα"母"s花加-Wey/s""c如形．

Theorem2. Let (", [9],ノ,D) 62"cow@"c#Hどγ加加"-WEyノ〃’‘z"腕〃qf""e"sio"2"Z4α"a

sα"s/fes"=0."(9,ノ) jSα〃E"s〃"-He7'w@/伽〃sか〃c伽で,肋g〃：

(i)e""(",9,ノ) jSEizs彪加-K"〃ん必0γ

(ii)〃加s"e/f湾ｵM鰯〃""627'6,(")=1"""e""j"27'sαﾉCO"g沌"g〃､α"脆〃Qf(",9)た畑"@GMc

加R×Ⅳ2"-1, 2"""e"2"-1 jS"S"PlyCO""“たα〃cc"osj伽g厩"s趣〃〃2α"加勉”0〃0"“(",9,ノ)is

"ge"g7tz""Hoが〃0α"加脇α"αⅣ2"-1 iS"MSZ〃わ〃”､α"加〃．

Remark. If(", [9],ノ,D)isaHermitian-Weylmanifoldofdimension4,thenwehavecIQ=の八Q

andsoM=0butのisnotnecessarilyclosed(cf. [17]).

2. PREMMINARIEs

Let(", [9],ノ,D)beaHermitian-Weylmanifold. From(1)and(3),weobtain

(5) 29(Dxr;Z)=29(DxY,Z)+の(X)9(Y,Z)+(IJ(Y)9(X,Z)－の(Z)9(X,Y)

+9(T(X,Y),Z)-9(T(Y,Z),X)+9(T(Z,X),Y).

Sincethealmostcomplexstructureノhasnotorsion,using"=0andT(JX,Y)=T(X,ノY),we

obtainT(XX,Y)="(X,Y).

Thus,from(5),wehave

(6) (DxQ)(Y,Z)=(DxQ)(Y,Z)+d)(X)Q(Y,Z)-昔の(Y)9(IX,Z)-号の(ﾉZ)g(X,Y)

‐告の(Z)9(X,JY)+昔の(ﾉY)9(X,Z)+9(T(Y,Z),ZX).

Lemmal． O〃αHMw"z"-WEyノ加α"加脇(", [9],ノ,D),"g〃ん"'昭CO"戊加"sα”〃"んαん"#:

(i)DJ=0,

(ii)"Q=の八Q,

(iii)DxQ=Q)(X)Q,

(iv)DxY=DxY+告の(X)Y一昔の側〃
P'Wf. ByaTheoremofVaisman[16],wehavetheequivalenceof(i), (ii)and(iii).

Now,weprovetheequivalenceof(iii)and(iv).

WeassumethatDxQ=の(X)Q. SinceDg=0and"=0,weobtainDxQ=0.Hence,from(6)
wehave

(7) 9(T(Y,Z),X)=告の(Y)9(X,Z)-号の(ﾉZ)9(M,Y)-昔の(Z)9(X,Y)

＋告の(ﾉY)9(IX,Z).
Byusing(5),from(7)weobtain

(8) DxY=DxY+告の(X)Y一昔の似)〃
Conversely,assumethecondition(8). SinceT(X,Y)=DxY-DyX-[X,Y]andDistorsion-

free,weobtain(7). From(6),wehaveDxQ=の(X)Q.D
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ThecurvaturetensorRoftheLevi-CivitaconnectionVdefinedbyR(X,Y)Z=[Vx,Vy]Z－▽tx,y]Z

WesetR(V,Z,X,Y)=9(R(X,Y)Z,V). LetRDandRDbethecurvaturetensorsofDandD

respectively. Byasimplecalculation,from(1)and(3),wehave

Lemma2. (i)RD(V,Z,X,Y)=-RD(V,Z,Y,X),

(ii)RD(V,Z,X,Y)+RD(Z,V,X,Y)=-2d位ﾉ(X,Y)g(Z,V),

(iii)RD(V,Z,X,Y)+RD(V,X,Y,Z)+RD(V,Y,Z,X)=0,

(iV)RD(V,Z,X,Y)=-RD(V,Z,Y,X)'

(v)RD(V,Z,X,Y)=-RD(Z,V,X,Y),

(iv)RD(",ﾉZ,X,Y)=RD(V,Z,ZX,ノY)=RD(V,Z,X,Y),

z""27'EMa)(X,Y)=Xnﾉ(Y)-Ydﾉ(X)－の([X,Y]).

3． PROOFS

ProofofTheoreml. From(iv)ofLemmal,weobtain

(9) RD(V,Z,X,Y)=RD(V,Z,X,Y)+9(V,Z)"ﾉ(X,Y)-Q(V,Z)"(X,Y),

where8=の○ノ(cf. [17]). Since"=0,wehaveRD(",JZ,X,Y)=RD(V,Z,X,Y).

Lemma2and(9),weobtain

〃

R/cD(X,Y)=Z(RD(Xi,Y,XI,X)+RD(XXI,Y,JXI,X))
i＝l

〃

=Z(RD(","t,X,X)+RD(",XMX,X))+2"ﾉ(X,Y)
i＝1

〃

＝一zRD(JY,X,X,Ⅸ》)+2Q)(X,Y)
j＝1

〃

=Z(RD(X,ノY,XI,MI)+Q)(X,〃》)9(X,ノY)+"(XI,ⅨjQ(X,ノY))
i＝1

+2"Q)(X,Y)

Using

〃 宛

=R/cD(XY)+Ecja)(X,Ⅸj9(X,ノY)-2"(XI,ﾉX)9(X,Y)+2d)(X,Y).
i＝1 j＝1

Thusweobtain

⑩

Therefore(9,ノ）

strucuture.

、

R/cD(X,Y)+Rico(Y,X)=2R/cD(X,Y)-2函〃(私,ZX)9(X,Y).
i＝l

isanEinstein-Hermitianstructureifandonlyif ([9],ノ,D) isanEinstein-Weyl

ProofofTheorem2・ FromTheoreml,(",[9],ノ,D)isacompactEinstein-Weylmanifold,thuswe

canchooseaRiemannianmetricgsuchthat6αノ=0andLeevectorfieldBisKilling・ Inthecasewhere

dimensionof"is4,thisTheoremhasbeengavebyGauduchonandlvanov(cf. [4]).Weassumethat

dim"Z6. From(ii)ofLemmalanddimM≧6,のisclosed. Sod)isharmonicandparallelwith

respecttotheLevi-CivitaconnectionVofg. Since▽の=0,ld)lisconstant.Since(",[9],ノ,D)isan

Einstein-WeylmanifoldwiththeKillingvectorfieldBand lのl isconstant,soisconstant,whereso

isthescalarcurvatureoftheWeylconneCtionD(cf. [3], [6]).

Since(",[9],ノ,D)isanEinstein-Weylmanifoldfrom(3),wehave

zLs｡9(x,Y)+』芋(IQ)|29(X,Y)-Q)(X)d)(Y)),01) RjC(X,Y)=
2〃

whereRicistheRiccicurvatureoftheLevi-CivitaconnectionV(cf. [12]).ThusweobtainRic(の)=
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*soQJSincethedualofqjisKilling,wehaveV*▽の=R/c(d)) (cf. [1]p.41). SowehaveV*▽の＝2〃

4s'の.Weintegrateover"thescalarproductofV*▽のwitha).Thenweobtain/"|▽の|2U"@=2〃

か,|の|，/"4"b,wherec"bdenotesthevolumeelementwithrespecttog. Sinced)isparallel,we
obtainの=OorsD=0.

Inthecasewhereの=0,since▽ノ=QJ=0, (",9,ノ)isanEinstein-Kahlermanifold.

InthecasewheresD=0,from(11),foranytangentvectorfieldXorthogonaltoB,weobtain

Ric(B,B)=0, R/c(B,X)=0

and

学'の|29(X,X).R/c(X,X)=

BythesplittingtheoremonnonnegativeRiccicurvature(cf. [1], [2]),theuniversalcoveringmanifold

of(",9)isisometrictoR×Ⅳ2"-',where"2"-'isasimplyconnectedRiccipositiveEinsteinmanifold.

Since(IjisharmonicandtheRiccicurvatureisnonnegative,usingtheWeizenb6ckformula,we

obtain6,(")=1(cf. [12], [6]).

SincecIQ=の八Oandのisparallel, (",9,ノ) isageneralizedHopfmanifold(interminologyof

Vaisman). SinceJV2"-' isorthogonaltotheLeevectorfieldB,N2"-' istheuniversalcoveringspace

ofaleafofthecanonicalfoliationdefinedbyの=0.FromaTheoremofVaisman[15],"2"-'isa

Sasakianmanifold.
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