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SpinPolarizedAtomicStructureCalculationsfor3d-TransitionAtoms
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Thespinpolarizedatomicstructurecalculationsarenumericallyperformedfor3d-

transitionatomswiththeconfigurationconsistentwiththeexperimentsbyusesofthe

exchangepotentialsduetoSlaterandKohn-Shamandtheexchange-correlationonesdueto

Barth-HedinandGunnarsson-Lundqvist・ Inthesecalculations,theenergylevels,thepotentials

andthesurfacechargedensitiesarecomputedintheself-consistentway,andcomparedforthe

varioustypeexchangepotentials. Thefollowingsarefound、 1)Theenergylevelsarevery

sensitivetothepotentialsandalsotheeffectsofexchange-correlationenergiesarelarge. 2)

Thespinpolarizationmakesthetotalenergylower,andthereforethissupportsthestrong

magnetismduetothecrystallizationoftheatom. 3)Thefrozencoreapproximationmaybe

goodforthelsto3pelectronswhentheseatomsmakethesolids,butthespinpolarized3dto

4selectronsextendandwillbecometobandelectrons.

atomic structure calculations for the 3d-

transitionatoms. Inthecalculations, thespin

polarizationsaretakenintoaccountandthe

effects of the various type exchange and

exchange-correlationpotentialsduetoSlater,

Kohn-Sham, Barth-HedinandGunnarsson-

Lundqvistontheenergylevelsandthewave

functionsareinvestigatedandcompared[4-6,9,

10].

1． Introduction

It isveryuseful tograsptheelectronic

energybandstructuresforunderstandingthe

physicalpropertiesofthesolids.Weareinter-

ested in calculating the band structures.

Althoughtherearesomecalculatingmethodsfor

them,weadopttheAPWmethodsinceitgives

thebetteragreementwiththeexperiments[1,2].

Itisveryconvenienttoknowthephysicalprop-

ertiesofatomsconstitutingthesolid,beforewe

proceedtothebandstructurecalculations. By

knowingthepropertiessuchastheenergylevels

andthewavefunctions,weshallhaveahelpful

directionforunderstandingthepropertiesofthe

solidsandforcalculatingtheirbandstructures.

Forthisreason,wehereconcentrateonthe

atomicstructurecalculations [4, 5, 13]. The

resultswillbeusedforthebandstructurecalcu-

lations,whichwillbecarriedout inanother

papers. The3d-transitionatomsfromSctoCu

arechosenforthepurposebecausetheyshow

strongmagneticproperties.Accordingly,apur-

poseofthispaperistodotheself-consistent

2． Theory

2.I Loc"/庇"s伽z〃γnW"α伽"

Weherefirstdescribethetotalenergy.The

totalenergyoftheelectronsysteminanatomis

givenby[8]

/"Ww(r)知"('）＆｡t"==
i α

＋告ﾉ伽(7)I/b(7)

ん叩(F)E蕊悠(p! (r),p! (r)),＋ （1）

where

デー－〃2-型 （2）
γ フ
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ogy 得學｢"，=ノ恥(7） (3)
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istheradial partandtheprincipal quantum

numberisomitted,andYl",(8,j) isthespherical

harmonics.TheSchr6dingerequationfor&(")

isgivenby

（γ祭)+(恥(,)+'(禁'))＆=肌。
1α

γ2αγ

(10)

jo｡(r)=Z|哩耐(F)12, （4）
i

β(『）＝β↑ (r)+ﾉo! (r), （5）

Zistheatomicnumber, I/b(y･) istheCoulomb

energy, /o'(y･) isthechargedensitywithspinC,

andexc(/o, (y･), p! (y･)) is the spinpolarized

exchange-correlationenergyperoneelectronand

itsformwillbegivenlater. Below,weusethe

abbreviatednotationspandp｡ (o=1, J)

insteadofp(J･) andp@(y･). Hereweusethe

approximationthatthechargedensityp｡isonly

afunctionof 7' anddoesnotdependonthe

angularcoordinates.Then, I/&(7')becomestothe

functionofonly7'.Theone-electronSchr6dinger

equationisgivenby

（－〃2+Vb("))W"(")=E,"i｡(7), （6）

where

VB(")=－塑+1/b(")+WB("). (7)
γ

Equation(6) isderivedfromthevariationof

Et｡t@I-E"JVwithrespecttoWM(y･), inwhichZVis

thetotalnumberofelectronsgivenbyintegrating

pandEl｡istheLagrangemultiplier[5]andthe

meaningisanenergyeigenvalue.Theexchange-

correlationpotential isgivenby

-且[ﾉoExc(ﾉ｡↑, ﾉo,)]. (8)IW(r)=
即‘

Thus,weregardtheCoulombandtheexchange-

correlationenergiesasthefunctionalsofp･,and

theSchr6dingerequationisderivedfromvaria-

tionoccurredthroughthevirtualsmallchangeof

wavefunction・ Inthenumericalcalculations,we

solvetheequation. There,weusethelocally

varyingchargedensity・Thismethodisknownas

the local densityapproximation [7, 14]. Of

course,weusethisapproximationinthispaper.

Using(1), (6)and(7)wegetthetotalenergyas

follows[5]

1

／伽(F)Vb(7)EM｡t@I=Z]'",｡E;｡－すノ ぴ

2.2Exc肋"配-COγγE""22"27gy

We adopt four kinds of exchange and

exchange-correlationpotentialsforexc(pi,jo,),

thatis,SlaterandKohn-Shamexchangepoten-

tials, and Barth-Hedin andGunnarsson-

Lundqvistexchange-correlationpotentials[5,6,

9,10].Below,weusetheabbreviatednotationsS

andK-SinsteadofSlaterandKohn-Sham,and

similarlyuseB-HandG-LinsteadofBarth-

HedinandGunnarsson-Lundqvist.

First,weshouldrefertoSandK-Sexchange

potentialssincetheyhavethesimilarform. S

andK-Sexchangepotentialsarewell-knownand

givenby

（か(,))‘胸， （'1）I/甥(")=W)(7)=-6"

wherecM=1forSandQI=2/3forK-S・ From

eqs.(8)and(11),ex(pi,p!) canbewrittenas

follows

e"(,",!)=-*[('+g)"'｡+('-,)"], ('2)
whereg=(4/9")[/3=0.52106176, 7'bisdefinedby

4"7t3/3=1/p,andS=(β↑－p,)/ﾉo. ForS=0,

theparamagneticstate isrealizedandex=

EIF)=-9"/(4"g7'@). For 5=1, the fer-

romagnetic state is realizedandthenex=

どい＝－9α･24/3/(8噸γs)=2!ﾉ3Eg).Usingeg)and

EY), ex(pi,β↓)becomesto

ex(ﾉo｡ ,p,)=eg)+(e蜂一er))/(e), （13）

with

l

／(ぐ）＝2(α－，)［(1＋ぐ)4/3＋(1－ぐ)413-2], (14)
where"=2'/3, andelf)=(e鱒一EP)/(α－1) is

used.

NextweconsiderB-Hexchange-correlation

energy. Itisgivenby

exc(pi,p,)=E"(7b)+"(rs)/(F), （15）

〃(7b)=E"(7b)-EMI(rs), （16）

-ﾉ"亭p｡(F)WF(r)

+ﾉ伽(7)exc(p､〃) (9)

ThewavefunctionWib(y･)canbewritteninthe

formWi"(7)=&(")yl"(8,｡), inwhich凡｡(γ）
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elil=ey)+EW) (/=p,r), （17）

whereelf)(7b) istheK-Sexchangeenergyandthe

valueof"is2/3,and/=Pandi=/meanthe

paramagnetic and the ferromagnetic states,

respectively. Here, EW)(7b) isthecorrelation

energyamongmanyelectrons,andcanbewritten

as

EF)(rs)=-cjG(xi), （18）

wherexi=7fs/", Cp=0.045,"=21andC,=Cp/

2＝0.0225, 〃＝24/3筋＝2α恥are chosen, and

G(") is

('+÷)一灘2+=-÷(19)G(")=(1+"3) ln

Notethatthecorrelationenergyec(pt,p4)isalso

givenbythesameformasex(pi,p,)denotedby

eq. (13).Fortheparamagneticstate,thisreduces

toHedin-Lundqvistexchange-correlationenergy

[11].Afteralongcalculation,wegetthefollow-

ingB-Hexchangepotential

V甥(7G)=1/6(7t)+Vi(7G)[(1+")｣ﾉ3-1]

+I/､7b)/(く), （20）

2

('+*), (2')1/6(7G)=－7厩一Cpln 恥

vM)=-Zz+3('4,)[c･G(x,)-yGM,
4

（22）

（('+*)-4!｡ ｣＋封脇(7t)=cpln
恥

一昔hG("p)-“(刺， （23）

where"=1forupspinandO=-1fordown

spin[10].

TheG-Lexchange-correlationpotential is

thesameformastheB-Hexchange-correlation

potentialonlywiththedifferentconstantsgiven

bycb=0.0666,"=11.4andcf=0.0406,andlff=

15.9［9]．

precisionforverysmall 7' inordertoguarantee

sufficientaccuracyforthewhole7'ofthenumeri-

calsolutions[5]. PuttingY(x)=7']ﾉ2R("),We

getthenextequationinsteadof(10) [15]

Y''(")=y(")Y("), （24）

y(")=e"[v(,)-E]+(ﾉ+ )3 (25）

Theasymptoticbehaviorsofthesolutionare

Y(x)"g('+'/2)xforsmallxandY(x)"exp(x/

2－ｲ宅ｾx)forlarge%.Theequationissolvedfor

apotential intwomanners. That is, foran

arbitrarygivennegativeenergyE,oneisstarted

atthesmallrStakentobexS=-lnZ-10using

Y(xS)=g(I+'/2)x" andanotherisatthelargeXL

equal to ln7'L,where 7'L=25/(-E)]ﾉ2, USing

Y("L)=exp(XL/2-25).Whenthelogarithmic

derivativesofthesetwosolutionsataappropri-

atepositionxbconnectcontinuously,theEisthe

energyeigenvalueforthepotential.Thexbisthe

largeroneoftwo",atwhichy(") changesthe

sign. For%<xb,theradialwavefunctionY(x)

oscillatesbecauseofpresenceofnegativeregion

of7'(x),andforx>ntheyshowtheexponential

dampingwithaconstantsignbecauseofy(")>

0.ThexbistheinHectionpoint.Forthecontinu-

ousconnection, itisconvenienttousethelogar-

ithmicderivativesincethenormalizationsof

wavefunctionsarenotneeded. Forthenumeri-

calcalculationsofthederivative, thefollowing

formulaisused.

dY l

［'6(1－号"γi)Yi-'6('-号"γL｣)K』伽－60"

]，+7(YZ-YE2) (26）

where"isthemeshintervaland"=0.03,Y=

Y("),K"=Y(兀士w@")andγ士,=y("士").

Theacceptableenergyeigenvaluesandthe

wavefunctionsaredeterminedfromtheiteration

intheself-consistentmethod.Thatis, iftheyare

onceobtainedforthepotentialVI(7') ini-th

iteration,thenewpotentialVI+,(7') forthenext

step iteration is constructedfromamixing

betweentheoldpotentialVl(7') andtheoutput

potentialW)(7')calculatedusingthewavefunc-

tionsobtainedfromVI(7').Vi+,(7')isgivenby

VI+,(")="1/I(")+(1_")W)("). (27)

3． Calculationmethod

TheSchr6dingerequationgivenby(10)must

besolvednumerically. Forthenumericalcalcu-

lations,thewell-knownNumerovmethodisused.

It isconvenient to introducethe logarithmic

variablegivenbyx=ln7'intherealcalculations

becausetheequationmustbesolvedwithhigh
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accuraciesofourcalculationsareverynluch

good.

InTablel, theenergylevelsandthetotal

energyaretabulatedforthecaseofnoinclusion

ofspinpolarization, inwhichtheelectronnum-

berswiththeupanddownspinsareequalfor

eachstate・ Thiscaseisreferredtoasthepar-

amagneticcasebelow.Thesameconfigurations

asthosedeterminedfromtheexperimentsare

usedinthecalculations. Furthermore, thevari-

ous exchange and the exchange-correlation

effectsarecompared.Wecanimmediatelyreal-

izefromTablelandFig.lthatthedepthofeach

energy level depends on the exchange

(-correlation) energies and isdeepest forS

exchangepotentialandmostshallowforK-Sone.

TheorderofdepthisarrangedaccordingtoS,

G-L,B-HandK-S. TheresultsduetoB-Hand

G-Lareveryclose. ForCrandCu, theenergy

levelsof3dand4sstatesareveryshallow

comparedtotheneighboringatoms.Thisisdue

totheconfiguration. Whentheconfigurations

3d44s2forCrand3d94"forCuareused, these

strangebehaviorsdisappear. Furthermore, for

atomsexceptforSc,TiandCr,theenergylevels

for3dstatearedeeperthan4sstate.ForScand

Themixingparameter istakentobe"=0.7．

Theconvergenceof iterationisjudgedbythe

condition l"[VI(")-W)(")] |<ewithe=5x

10-4. Astheinitialpotential initeration, the

Hydrogen-likepotential-2Z/" isused. For

theseparameters, it takesabout 34 iteration

timesforconvergence.

4． Numericallycalculatedresultsand

discussions

4.ZE"27gyE鯉""α〃gs

Theaccuraciesofthenumericalcalculations

arefirstdescribed. Forthischeck,weusedthe

resultsduetoMoruzzi,JanakandWilliams[8].

TheycalculatedthetotalenergyusingtheB-H

exchangecorrelationenergy,and, forexample,

forFeatom, theyobtainedthe lowest total

energyEt｡taj=-2522.369Ryd for the

configuration3d,53d,'･44sT'4s｣0･6. Weobtained

Et｡#αj－ -2522.367Ryd for the same

configuration. Theagreement isverymuch

excellent. ForotheratomsfromSctoCu,we

alsodidthecheck. Theagreementwerevery

muchexcellentforallatoms. Therefore, the

TableI Theenergylevelsof3d-transitionatomsforthepar-

amagnetic states are compared for various exchange

(-correlation)potentials・ SandK-SmeanSlaterandKohn-Sham

exchangepotentials,andB-HandG-L,respectively,Barth-Hedin

andGunnarsson-Lundqvistexchange-correlationpotentials.

ENERGY(Ryd)
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Fig.1 Theenergylevelsfortheparamagnetic3dand4sstatesare
plottedasafunctionof3d-transitionatomseries,andcompared

forthevariousexchange(-correlation)potentials.DatainTable

lareused．
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Cr,therelationisreversedalthoughitisdifferent

forSexchangepotential・ForTi,bothlevelsare

almostsame.

Nextletusconsidertheenergylevelsandthe

totalenergyforthecaseincludingthespinpolari-

zation・ Below, thiscaseisreferredtoasthe

ferromagneticcase・TheseareshowninTablell

and Fig.2. There, the same atomic

configurationsastheparamagneticcaseareused.

However, theelectronnumbers in3dand4s

statesdependonthespin, althoughtheequal

numbersareassumedforthestatesfromlsto3p.

Thenumbersaredistributedsoastohavethe

maximumtotalspinfor3dand4sstateswithin

theabovegivenconfiguration,whichisoneofthe

Hundrule. Forexample,theconfigurationofCr

is3df53d,04s,'4s,0． InTablell, theexchange

(-correlation)potentialeffectsarecompared. In

Fig.2(a),theenergylevelsfor3dand4sstatesare

indicatedonlyfortheB-Hexchange-correlation

energy. Itcanberealizedforall atomsby

comparingTableslandllthatthetotalenergies

getlowerbytakingintoaccountthespinpolari-

zation. Thisfactmeansthatthe3dtransition

atomswillhaveamagneticcharacter,andsup-

portthattheseatomshaveastrongmagnetic

propertiesbythecrystallization. Itfollowsfrom

comparisonbetweenFig.1andFig.2(a)thatthe

splittingsduetothespinoccurforboth3dand4s

states, and, asnaturallypredicted, thespinup

levelsbecomedeeperthantheparamagneticcase

andthespindownlevelsbecomemoreshallow.

Themagnitudeofthesplittingsmainlydependon

thedifferencebetweentheelectronnumbersof

thespinupanddownin3dstates・ Therefore,

theyarelargeforatomsnearCr・Forthisreason,

forCr,thespindown3dstateispushedupward

andthisisnomoreaboundstate.However,this

isnotcontradictwiththeconfigurationofCr

becauseitsstateisempty. Theenergylevels

showninFi9.2(a)arealsoconsistentwiththe

atomicconfigurationsassumedforall atoms.

Thatis, foratomshavingtheemptystate, the

statesaremostshallow.

Fig.2(b) indicates theresult obtainedby

addingtheeffectofLattercorrectiononFi9.2(a).

TableII Theenergylevelsof3d.transitionatomswiththespin

polarizationsarecomparedforvariousexchange(-correlation)

potentials.ThemeaningsofS,K-S,B-HandG-Larethesameas

inTablel．

Em -Ez -E" -E" -E" -Esd -E4s ･E"J
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Itseffectmakeseachlevel low. Other large

effectsarenotobserved.

4．2〃た〃"Zs

Herewedescribethepotentialgivenby(7),

whichisthesumofthenucleus, theelectronic

Coulomb (Hartree) and the exchange

(-correlation)potentials.Thisisobtainedfinally

bytheconvergenceof iteration intheself-

consistentcalculation.Thepotentialsareshown
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Fi9.2Theenergylevelsfortheferromagnetic3dand4sstatesareshownasafunctionofthe3d.transitionatomseries,andcomparedto
theparamagneticcase.TheenergyleveldatafortheB-Hexchange-correlationpotentialinTablelandTablellareused.(a)withoutLatter
correction､b)withLattercorrection

4.3S"/tzcec加増E庇"s的

Thespindependentsurfacechargedensityis

givenby

inFig.3forSc,Cr,FeandCu. InFig.3, the

potentialsfortheparamagneticcaseandforthe

spinupanddownintheferromagneticcaseare

compared. Theyareverydifferentfromthe

initialpotential-2Z/7intheiteration. Fig.3

tellsusthatthedeviationsofthepotentialsfor

theferromagneticcasefromthoseforthepar-

amagneticcasearenotsolargecomparedtoour

prediction・ Butasmentionedabove, thisnotso

largechangeofthepotentialmakesthelarge

changeontheenergylevels. Therefore, the

energy levelsareverymuchsensitivetothe

potential. Particularly, thedifferencebetween

thepotentialsfortheparamagneticandthefer-

romagneticcasesisverysmallforFe. Onthe

otherhand,exceptforSc, thedifferencesinthe

regionofsmallγbetweenbothcasesalmostdo

notexist,andtheirdifferencesoccurintheregion

γ＞1．5a.u. ForSc, thepotential forthepar-

amagneticcaseisdeepestinthethreekindsof

potentialsfor7'>la.u・However,for7'<1a.u､，

thepotentialismostshallow.Thedeepestchar-

acterforγ＞1a.u､ iscompensatedbythismost

shallowpotentialfor7'<1a.u.Thisbehavioris

notobservedforotheratoms.

ぴ(γ）＝4元γ2仇(7)=Z"",｡γ2凡"2(") (28)
〃／

whereR","(7') isasolutionofeq.(10)and""!cis

theoccupationelectronnumbers・Thecomputed

densityO(7) isshowninFig.4asafunctionof7

forSc,Cr,FeandCu・ Sumwithrespecttospin

followedbyintegrationwithrespectto"ofa(")

givesthetotalelectronnumbersZ・ Thetotal

densityO(7') isdecomposed into twoparts

Ols-3p(7') and ojd_4s("), inwhich O(7')=

Ols-3p(7')+obd-4s(7'). Cis-3p(7') isthedensitydue

totheelectronsoccupyingthestatesfromlsto

3p,andoEd_4s(7') isfrom3dto4s. Thesequan-

titiesdependonthespin. InFig.4, thesethree

kindsofdensitiesareindicated,andthecorre-

spondingdensitiesfortheparamagneticcaseper

spinarealsoshownforcomparison．Alldensities

are calculated using the B-Hexchange-

correlationpotential.

Atfirst,wemustnotethatO,s_3p(7")almost

doesnotdependonthespinanddampsrapidly.

Theirvaluesarezerofor7'>2.7a.u.evenforSc

showingthemostslowlydamping.Whenthese

atomsmakethecrystal,themuffin-tinradius7'"T

平成8年2月
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Fig.SThepotentialsobtainedfromtheself.consistentcalculations, inwhichtheB.Hpotentialisusedfortheexchange-correlationpotential,
“H-like” istheareshownasafunctionof 7'. !4ferro''and"para"meantheferromagneticandtheparamagneticcases, respectively.

Hydrogen-likepotential -2Z/r. (a)Sc, (b)Cr, (c)Feand(d)Cu.

intheAPWtheory,equaltohalfofthenearest

neighbordistance, is3a.uforSc,2.3a.uforCr,

2.23forFeand2.39forCu.Forthesefouratoms,

Ois-3p(7')arealmOStZerOfOr7'>γ"T.Therefore,

whentheymakethesolid, theelectronsfromls

to3pstayinsideofthemuffin-tinsphere.

Nextletusconsiderobd_4s(").ForCu,since

theelectronnumbersin3dstatesarefiveforboth

upanddownspins, itsspindependenceisvery

weakparticularlyforsmall".However,for">

2a.u, itsdependenceappearsclearly. Forother

atoms, thespindependencesarealmostdeter-

minedbythedifferencebetweentheelectron

numberswiththespinupanddownforthegiven

atomicconfiguration. Notethatthereareno

electronswiththespindownforCr・ Itisimpor-

tanttonotethatthe3dand4selectronswiththe

spinpolarizationexistbeyondthemuffin-tin

radius・ Thisleadsthattheseelectronsformthe

conductionbandsbythecrystallizationandtheir

spinpolarizationsgiveanoriginofthestrong

magnetismobservedintheexperiments.

Sincethetotalsurfacedensitiesarethesum

ofO,s_3p(7') andohd_4s("), theirbehaviorsare

easilyunderstoodfromFig.4.

Last,wegiveacomment. It isthatthe
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thestrongmagneticpropertiesbythecrystalliza-

tions.Theassumptionsthatthelsto3pelectrons

canbetreatedasthefrozencorestateandthe3d

to4selectronsbecomethebandelectronsare

justified.Accordingly,these3dand4selectrons

canmakethespinpolarizedenergybandstruc-

turebythecrystallizations.

surfacechargedensitiesarenotsosensitiveto

thepotentialcomparedtotheenergyeigenvalues

mentionedabove.Thiscanberoughlyseenfrom

thecomparisonbetweenFig.3andFig.4.

5． Conclusion

Wefoundthattheenergylevelsandpoten-

tials are sensitive to both the exchange-

correlationenergies and the spinpolarized

configuration・ Thetotalenergiesbecomelower

bytakingintoaccountthespinpolarizations.

Thissupportthatthe3d-transitionatomsshow

Appendix:ElectronicCoulombPotential

inAPWtheory

Oneofauthorswrotethewrongexpressions

inref. [3]・ Theyareeqs.(43)and(44). Theeq.

平成8年2月



－122－

AkiraNARITAandHideoKoBAYAsHI

ｊＯｉ侭晒２
Ｓα

，
Ｓｗ
ｌ
叩
５

ｍ
４
＋

ｌＯ孤
礫

Ｓα

剛
Ｑ
Ｓ

配
国
＄

ｒ

Ｓ

ｒ

Ｑ

ＯＣｅ
ｌ
Ｚ

ｂ

Ｑ

ｔＳｕ

一
一

伽
岡

４ （1963)．

[5] J.C.Slater, @@TheCalculationofMolecular

Orbitals",JohnWiley&Sons, Inc. (1979).

[6]W.KohnandL.J.Sham,Phys.Rev. 140

(1965)A1133.

[7] P.HohenbergandW・Kohn,Phys.Rev.136

(1964)B864.

[8] V.L.Moruzzi,F､F. JanakandA.R.Wil-

liamS,"CalculatedElectronicPropertiesof

Metals'',PergamonPresslnc. (1978).

[9] O.GunnarssonandB.I.Lundqvist,Phys.

Rev.B13(1976)4274.

[10] O.v.BarthandL.Hedin,J.Phys.C5(1972)

1629．

[11] LHedinandB.I.Lundqvist, J.Phys.C4

（1971)2064．

[12] K.S.SingwiandA.Sjolander,M.P.Tosi,

R.H.Land,Phys.Rev.B1(1970)1044.

[13] J.B・Mann,LosAlamosScientificLabora-

toryReport,LA-3690(1967).

[14] V.Kumar,O.K.Anderson,A.Mookerjee,

4GLecturesonMethodsofElectricStructure

Calculations'', ICTP(1992).

[15] T.LLoucks, "AugmentedPlaneWave

Method",Benjamin(1967).

）
(A1)

Thisexpressioncanbederivedinthefollowing

way. Theaveragepotential I/b outsidethe

muffin-tinspherescanbecalculatedby

l

人…V(r)", (A2)J/b=n－zQs
S

whereV(y･) isthepotentialoutsidethespheres.

BecauseV(y･) isthesameforbothA-chargeand

fictiouschargemodels, itiseasytouseV(y･)due

tothefictiousmodel.Thefollowingcalculations

arestraightforwardalthoughlong.
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