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1. Introduction

Liapunov’s second method is widely recognized as an indispensable tool in studying not only the
theory of stability but also many other qualitative properties of solutions of differential equations.

In difference equations, stability and boundedness are very important problems. To apply
Liapunov’s second method to difference equations, one must actually use a Liapunov functional and a
Liapunov function. By using Liapunov functional and Liapunov function, one can extend to difference
equations most of the well-known results for functional differential equations.

In this paper, we study stability theorem which use a Liapunov functional and a Liapunov function
satisfying weaker conditions.

2. Definitions and Notations

Let Z denote the set of all integers and Z* denote the set of non negative integers. Let R* denote
the interval [0, o©) and R* denote Euclidean k-space. For x € R*, |x| is the norm of x. We consider
the difference systems with finite delay,

1) x(n+l) =Fn,xn), x(n—m(n), x(n—n(n)), .. x(n—1,(%))),

where 7; € Z*isdefinedon Z+,0 < 7;(n) < v (i = 1, 2, ..., m), for some positive integer ». We suppose
F(n00,.,0 =0

for all » € Z* so that (1) always has the zero solutionx =0 for n € Z+. Let I, = {—r, —r+1, ..., —1,
0}. For a given function ¢ € R* which is defined on I, ||@|| = sup {|@ (/)| : 7 € L;}. For any H > 0,
S+ denote the set of @ such that || @ || < H. For any function x (m) defined on m > —7, for any fixed
n € Z*, the symbol x, denote the restriction of x(m) to n—7» < m < »n.

In this paper, a function x(#,, @) is said to be a solution of (1) with initial function ¢ € Sy, if
x(n,, @) is a function from I, U Z* into R* with the following properties ;

Q)  x(n, @) € Sy for n > ny,

(i) Xwei(no, @) = @ (j) for j € L,

(iii)  x(n0, @) satisfies (1) for n > n,.
We shall denote by x(n) = x(n, n,, @) the value of x(n, @) at x.

Definition 1. T%e zero solution of (1) is stable if for any & and any n, € Z*, there exists a & (no, €) >
0 such that if ||@|| < 6, then |x(n, n, @) < & for all n > n,.

Definition 2. The zero solution of (1) is uniformly stable if & of Definition 1 is independent of .

Definition 3. The zero solution of (1) is uniformly asymptotically stable if it is uniformly stable and
theve is an n > 0 such that for each y > 0, there exists an integer N (y) > 0 independent of ny such that
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i llell <au then |x(n, n, @)l < & for all n> n+N (y).
Definition 4. K denotes the families of continuous increasing, positive definite functions.
3. Preliminary Results

Theorem 1. Suppose that there exists a Liapunov functional V : Z*X Sy — R* satisfying the following
conditions ;

0 alleO) < Vin, @) <b(eO)+c(X dlo (),

where a, b, ¢ and d € K,
(i) AV, t.(n, @) < —e(|x(n)]),
where e € K and
AV (1, %2 (10, @) = V (n+1, Xnss (10, @) — V (1, 2 (0, @)).
Then the zero solution of (1) is uniformly asymptotically stable.

See, reference [1].

Theorem 2. Suppose that there exists a Liapunov function V : ZX By — R*,
where By = {|x| < H ; x € R*}, such that ;

@O a(lx]) < Vn x) <b(x]),

(i) AViym, x(n) < —c(lx(m)]) if PV (n+1, x(n+1))] > V (s, 2(s)) for n—r < s < n,
where a, b and ¢ € K, and P: R* — R* is a continuous function with P(u) > u if u > 0.
Then the zero solution of (1) is uniformly asymptotically stable. Moreover, if H = o and a(u) — oo as
u — 0o,

then the zevo solution of (1) is a global attractor.
See, references [1] and [2].
4. Main Results

Theorem 3. Suppose that there exists a Liapunov functional V (n, @) defined on Z* X Su, which satisfies
the following conditions ;

D aln o)) < Vin @) <b(e0)),
where a(t, u) is continuous in (¢, u), increases monotonically with respect to t and u, a(t, u) > 0 for
u+0,a(t,0) =0and bE K,

() AV (n, 2.(no, @) <0.
Then the zero solution of (1) is uniformly stable.

(Proof) For any ¢ (0 < & < H), we can choose a (&) (> 0) such that 5(8) < a(0, &). Let any
@ €S and any n, € Z*. Suppose that there exists a #n*(#, < n*) such that |x(%*)] > & and
|x(n)| < & for n(m, < n < n*). By (i) and (ii),
a(0, &) < a0, |x(n*)])
< a(n*, |x(n*)])
< V(n*, 2 (00, @)
< V(no, (10, @)
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<b(leO))

< b(9)

< a(0, &).
This is a contradiction, and hence, if ¢ € S;, then |x (%) < & for any # > #,.
This completes the proof of the theorem.

Theorem 4. Suppose that there exists a Liapunov function V (n, x) defined on Z X Bu, which satisfies
the following conditions ;

() aln, |z]) < Vin x) <b(x]),
where a(t, u) is continuous in (¢, u), increases monotonically with respect to t for each fixed u,
a(t, u) >0 for u+0, a(t,0) =0 and b € K,

(i) AVy(n, x(xn) <0.
Then the zevo solution of (1) is uniformly stable.

(Proof) For a given ¢ > 0 (¢ < H), we can choose a ¢ (&) (> 0) such that 5(d) < a(0, ). Let any
@ € S and any n, € Z*. From the condition (ii), there exists a j* (#,—#» < j* < #,) such that
Vin, x(n)) < V{G* ¢G*) for n = n,
because,
Vin, x(n)) < V(nt+i* x(n+5*) = V(mts* ¢(G*) < V(G* @(*)) for —» < j* <0.
By condition (i),
a(0, |x(n)]) < a(n, |x(n))

< Vn x(n))

SV oG*)

<b(leG*

< b(0)

hence, if ¢ € S;, then |x(n)| < & for any # > #,.
Therefore, the zero solution of (1) is uniformly stable.
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