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1． IntrOductiOn

Liapunov'ssecondmethodiswidelyrecognizedasanindispensabletool instudyingnotonlythe

theoryofstabilitybutalsomanyotherqualitativepropertiesofsolutionsofdifferentialequations.

Indifferenceequations, stabilityandboundednessareveryimportantproblems. Toapply

Liapunov'ssecondmethodtodifferenceequations,onemustactuallyuseaLiapunovfunctionalanda

Liapunovfunction.ByusingLiapunovfunctionalandLiapunovfunction,onecanextendtodifference

equationsmostofthewell-knownresultsforfunctionaldifferentialequations.

Inthispaper,westudystabilitytheoremwhichuseaLiapunovfunctionalandaLiapunovfunction

satisfyingweakerconditions.

2． DefinitionsandNotations

LetZdenotethesetofallintegersandZ+denotethesetofnonnegativeintegers.LetR+denote

theinterval [O,oo)andR"denoteEuclideank.space. For"ER", |xl isthenormofx.Weconsider

thedifferencesystemswithfinitedelay,

%("+1)=F(","("),"(〃－両(")),x(〃－zb(")),…,x(〃一恥("))),(1)

whereriEZ+isdefinedonZ+,0≦でi(")≦γ(/=1,2,…,"),forsomepositiveinteger".Wesuppose

F(",0,0,…,0)=0

forall"EZ+sothat(1)alwayshasthezerosolutionx=0for"EZ+.LetL={－γ,－γ+1,…,-1,

0}. Foragivenfunction9,ER"whichisdefinedonL, | |の||=s"{ |｡(/)| :ノEIf}. ForanyH>0,

Sjdenotethesetof9,suchthat l l9, | |<H. Foranyfunction"(w@)definedon"≧－γ,foranyfixed

"EZ+,thesymbolx>zdenotetherestrictionof"("to〃－γ≦〃'三〃・

Inthispaper,afunction%("0, 9,) issaidtobeasolutionof(1)withinitialfunctionのESJ, if

x("0, 9,) isafunctionfrom"UZ+intoR"withthefollowingproperties;

（i） ”("0,の）ESjfor〃≧〃0，

(ii) %"｡＋j("｡,の）＝の(ﾉ) for/EL,

(iii) x("｡,9,) sα/域es(1)for〃≧〃0．

Weshalldenoteby妬("）三％(",〃0,の） thevalueof妬("0,の）at〃．

Dehnitionl・ T72eze7,ひso/"伽〃qr(1)iss"6んがたγα岬eα"αα岬〃oEZ+,""eMS応α6("o,E)>

Os"c〃肋αオグ||の||＜α＃"e〃 |妬(","o,の)|<e/bγα〃〃≧〃0．

Definition2． Tｿ'ez"oso〃伽〃Qf(1) is〃"加γ"zlysjzz6たが6QfD或"/伽〃Zis""pe"〃〃〆〃0．

Definition3． T"z"oso/"伽〃qf(1) is〃"肋""lyzzsw〃わ"cα/lysjzz6ルグガ応〃"伽""zlys"6んα"

ｵﾙg7'Wsα〃〃>Os"c〃幼〃んγ“c〃γ＞0,肋gγE“おおα〃"/"EγⅣ(7)>0/Mepe"庇"tqf"｡s"c〃幼α＃
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が||の| |＜〃,伽〃|苑(",〃0,の)|<e/bγα〃〃≧〃o+JV(7,).

Definition4. K〃"0花s＃hgjiz加加gsQ/co""""o"s/"c""si"g加s""e6〃"娩血"c伽"s、

3． PreliminaryResults

Theoreml． S""osgｵ加耐"gγE“た応α""""02ﾉ〃"c伽"αノV:Z+×鋤→R+sMSMzg/〃〃ﾉ0伽"g

cO"〃伽"S;

（,主‘‘('の(j)'))〃(i) "(I9,(0)l)三V(",｡)≦6(|9'(o)|)+c

""gγc",6, cα"ααEK

(ii) △頂,)(",">z("｡,の))≦－e(|"(")l),
”"g7'EgEKα"α

△頂,)(",x>z("｡,9'))=V("+1,x>z+,("0, 9'))-V(",x>z("0,9')).

T〃〃肋gzg”soﾉ"だ0"qf(1) iS〃"純γ"@I)ﾉaSW"加""/Iys"6/e.

See,reference[1].

Theorem2. S""oseｵ肋/肋gγE"js応αZ,j"""ozﾉ〃"c加刀V:Z×B肘→R+,

z""e"eB"={ |"|<H;"ER"}, s"c〃肋at；

(i) "(IJrl)≦V(",x)≦6(|"|),

(ii) △頂,)(","("))≦－c(|"(")I)"P[V("+1,"("+1))]>V(s,"(s))んγ〃－γ三s≦〃，

"〃〃α’6α"αcEKα"αP:R+→R+′S"CO"だ""0"s〃"c伽〃z""P(")>〃が〃>0.

rｿ2g""ez"oso/"伽〃Q/(1)is〃"加γ"Iwzswzpわ"“/lys"6/e.〃り〃0"""H=oOα"〃α(")→ooas
〃→“

，

幼g〃肋eZe7'10SO加加〃Qf(1) is"g/0"ノα"7'nC加γも

See,references[1]and[2]

4． MainResultS

Theorem3・ S@"ose肋α〃"g7'E"is応αZ,”""0"ん"c伽"αノV(",｡)"i""0"Z+×Sf,""c"sα/域9s
肋gん"0伽囎CO"伽加"S;

（i） α(", ｜の(O)|）≦V(",の）≦6(|｡(o)| ),

z"""e"(/,") jSco"伽"0"s/"(t,"),""etzses"@0"0加"j""y""""gcｵ加tα"α〃,α(/,")>0んγ
〃≠O,"(/,0)=0α"a6EX

(ii) △咳,)(",">m("0, 9'))≦0.

Tｿ2e〃肋eZe"OSOﾉ"加刀Qf(1) is〃"加γ"lys如況9．

(Proof) Foranye (0<E

のES, andany"oEZ+.

|x(")|<efor"("o<"<

<H),wecanchoosea6(e)(>0) suchthat6(6)<"(0, E). Letany

Supposethat thereexistsa"*("o<"*) suchthatl"("*)|≧Eand

"*). By(i)and(ii),

"(0, E)≦α(0, |"("*)l)

≦α("*, |妬("*)| ）

≦V("*,""･("｡,の))

≦V("｡,","("｡,｡))
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≦6(|の(0)|）

＜6(6)

<"(0,e).

Thisisacontradiction,andhence, ifのES,,thenl妬(")|＜eforany〃≧〃・

Thiscompletestheproofofthetheorem.

Theorem4． S""oser加／肋g7'EMSおαLi"""0〃ん"c伽〃V(",x)"f""o"Z×B",""c"sαｵ城9s

"e/b"oz"/噸CO"〃"0"S;

(i) [z(", |"l )≦V(",x)≦6(|"| ),

"〃gγE"(#, ") isco"伽"0"s伽（ｵ, "), j"c7'msesw@0"oio"/ca/な”"〃γeSbecj加オ允γ“c〃伽gα〃，

α(ｵ,")>0/bγ〃≠O,"(t,0)=0α"a6EX

(ii) AIf,)(","("))≦0.

Z伽刀娩eZe"OSO/"伽〃qf(1) jS〃"伽γ"zlys"6ﾉ9．

(Proof) Foragivene>0 (e<H),wecanchoosea6(e)(>0)suchthat6(6)<"(0,E). Letany

のES,andany"oEZ+. Fromthecondition(ii),thereexistsaノ*("｡－γ≦ノ＊≦〃0)suchthat

V(",x("))三V(/*,の(ﾉ*)) for〃≧〃｡，

because,

V(","("))三V("｡+/*,x("｡+/*))=V('z｡+/*,の(/*))三V(ﾉ*,｡(/*)) for－γ≦ノ＊≦0.

Bycondition(i),

α(0, |妬(")| ）≦α(", |苑(")| ）

三V(",x("))

三V(ﾉ*, 9'(/*))

≦6(|の(ﾉ*)|）

＜6(6)

<"(0,e),

hence, if9,ES,,then l"(")|<eforany〃≧〃0．

Therefore,thezerosolutionof(1) isuniformlystable.
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