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AnOptimalControlbyThe

PontryaginMaximumPrinciple

-Terminal Control Problem-

Shoichi Seino

SaburoMinato

Letusconsiderthesystemofdifferentialequations

｝ 《‘）
●

Xl(t)=X2(t),
●

X2(t)=-X'(t)-X2(t)+U(t),

underthehypothesisthattheinitialconditionis

xi(0)=x: (i=1,2). (2)

Inaddition, letthecontrolregionUbedefinedbytheinequality

lu(t)|≦1. （3）

Wewanttodeterminetheoptimalcontrolu*(t)whichminimizesthedeviation

e(T)=|x'(T)| , （4）

attheterminalpointofthetrajectory,whereTisfixed.

Weshallconsidertheapplicationof thePontryaginmaximumprinciple tothe

solutionoftheaboveproblem.

Nowweintroduceanewvariable

xo(t)=e(t)=|x'(t)l. (5)

Theproblemwhichminimizese(T) isequivalent tominimizingxo(T)=|x'(T)|

underconditions(1)and(3).

Thesystemofdifferentialequationswiththeadditionalvariableistheform

l雑勤似 :割宕≧： ㈹

●

xO(t)=

●

x'(t)=x2(t),
●

x2(t)=-x'(t)-x2(t)+u(t),

wheretheinitialconditionsare:

xo(O)=e, , x'(O)=x: , (i=1,2). (7)

TheHamiltonianfunctionHinthiscasehastheform

H(p,x,u)=一pzx'+(±pO+p,_p2)X2+P2U. （8）

From(8), theconditionwhichmaximizesHwithrespecttouis

p2U>0. （9）

Taking(9)andthecondition(3)intoaccount,wehave
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1 ， if p2>0,

｛-, , 1,脚く0u(t)=

Furthermore,weobtainthesystemofequations

3H

1－＝0 ，
●－
－一

pO 3xo

3H●
一ー 一一 ==p2 ,
p' 3x' i

l
3H
=¥Po-P,+P2 ,

●

＝一

p2 3X2

fortheauxiliaryvariablespo,p,andp2,wheretheboundaryconditionis

pi(T)=0, (i=1,2) .

Wesolve(11) : po(t)=ｽ，

whereス isanonpositiveconstant, and

(p,±入)｡．－(p｣±入)｡+(p!±ｽ)=0 .

Thegeneralsolutionofthisequationcanbewrittenintheform

p,(t)=e-a-t(C,C｡S噌〔+c,sinV=t)千』 ，

P2(t)=:e昔t(c,(c･s甥ﾋｰ､/3sin弓上)+c,(､/3~cos'Z､/=t+sin,/gt))
Byvirtueof(12),wedeterminec,andc2 :

‘,=土為e一昔T(州℃｡SV:T+singT) , ’
1

。-千冷陰_Z_T(c・svgT-v'3珈噌T) .
Consequently

p,(t)=干肖eZ-(t-T)sin(VEZ(t-T)J
Taking(10)andス≦Ointoaccount,wehavetwocasesasfollows.

Case(I).Whenx' (t)>0 ,

1【 ､in(vLg<t-T))>0 ,u*(t)= 1 ,

i[ ｡in(･(t_T))<0 ,u*(t)=-1 ,

1㎡何mm+T<t<v=(加+1)叶T,
4

i､e、 ， u*(t)= 1 ,

㎡岩(2m-1)叶T<t<gm"+T" ｜u*(t)==-1 ,

Case(II).Whenx'(t)<0,

if ｡in(g(t-T))<0,.u*(t)= 1 ,

p*(t)__, , !f ｡in(g(t_T))>0 ,

(10）

(11）

(12）

(13）

(14）

１
１
(15）

(16）

(17)‘

(18）
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2冗

Aswehaveseenabove, !t isobviousthattheswitchingoccurOevery#unit&

oftime.

Letussolvethesystemofequations(6) andstudy.thesegmentsof trajectory

correspondingtoacertaintimeintervalonwhichu*(t)=1andu*(t)=－1.

Nextweshallconsiderthesynthesizingtheoptimal trajectoryofthesystem(6).

From(6),weobtain

(x':F1)･･+(x!千1).+(x'¥1)=0, (20)

correspondingtou*(t)=±1 .

Wecanimmediatelyfindthegeneralsolutionofthissystem:

Iふ×,(t)_e一昔t(c’cos毎t+c,．iu噂t)±1 , ､* ､■-
.. ｡ ､ 1J . . ｡

, 4 △ 4

｜x,(t)__e-=t(c,sin(gt+f)_c,c｡､､L､+:,

Accordingtotheinitialconditionxf(0)=X;,(i=1,2),wedecidec,andc2

c,=x;千' , @-=(2X:+x:干1) ？(22)
SinCeit isdifficulttogetthesynthesisbymeansofeliminatingth6Parameter

t,weshalldiscussthesolutionwhichistransformedintothepolarcoodinate.･

一Firstofallweconsiderthehomogeneoussystem

l 』”
●

x'(t)=x2(t) ,
●

X2(t)=一X1(t)-X2(t) .

Bymeansofalineartransformation
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system(23)

(25）
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Itsgeneralsolutionis :

山 ⑳
x(t)_ce-a-tc｡s(gt+cI) ,

×2(t)_ce-=tSin(gt+") ,
wherecandafareconstantsofintegration.

weput x'＝pcosP ，
（27）

X2＝pSinP ，

P=ce-告tthen(26)is : ツ

（28）

,-gt+α
Eliminatingtheparametert,wehavethepolarequationofthephase trajectory

l

p=Ke－術ID , （29）

1
－－－α

whereK=Ce,/g .
Nextweconsiderthenonhomogeneoussystem

Ⅲ
M)--Jx'(t)-gx2(t)+v' ,

i'(t)-､gxL(f)-x'(t)+v' ，

where v'=0, 1
（31）v2=u . l

Itfollowsfrom(31)thatthepointv=(v',v2)describesasegmentVwiththe

endpointSe,ande2whosecoordinatesare :

e,､0,-1), e2=(0,1) . (32)

Weshall denotebyw=g(v) thepointwhosecoordinate (w',w2) satisfiesthe

relations

L ㈹
－とw"-gw,+vL-d,

gw!-w'+v｡-0 ，

foranypointv=(v',v2) inthephaseplane.

TheaffinetransformationgtranslatesfromthesegmentVto thesegmentW

withtheendpointsh,andh2.

Fromtherelations

-昔h}-号h；+e1‐0 ，
（34）

写hI-告h:+e夢=0 ，
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thecoordinate(h},h:)oftheendpointh'(i=1,2)isdeterminedj

Weget

h,-(g, ‐妾) ， ｡,-(-厚, 妾） （35）
Iftheoptimalcontrolvtakesonthevalueei (i=1,2) onacertaintime inter-

val, thenthesystemofequationsoftheobject istheform

l ⑳
i1(t)--Jx'(t)-gx｡(t)+｡

1

0 1

(i=1,2)

yl2(t)=,/Zx'(t)-x'(t)+｡
2

j

Itfollowsfrom(34)and(36)thatthesystem(30) isdescribedbytheequations

l(x'(t)-h:)･--34-h:)-g(x'(t)-h:) "
（37)‘

｜(x'(t)-h:).-q(x"(t)-h:)-'-(x'(t)-h!)
Wedrawtwohalf-lineswhichisperpendiculartothesegmentVpassingthrough

theorigin.Letaf'(=7r)betheangleformedbytheselines・Wedenotebypjanynon

zerovectorwhichliesintheregiondefinedbytheangle.

InthiscasetheHamiltonianHtothesystem(30) istheform

H､-p,+gp,)x+(-M/pl-#,)x'+p'v!+p2v｡ , （38）

sothatit isobviousthatHattainsitsmaximumsimultaneouslywithp,v1+p2v2 .

Thesystemofequationsfortheauxiliaryvariablepj isthefollowingform:

3H

b,=-g¥-"'-vSp｡ , lb,----昔p’-丁p’ ’3x’

（39）

｜b,－－－号p』+芸Ⅲ
3H

6X2

Itsgeneralsolutionis :

1 M)p(t)-ke*tc｡s(gt+6) ,

｜p2(t)=kef-ts加(gt+') ,
wherekandPareconstantsofintegration.

2元

Itfollowsimmediatelyfrom(40)thattheswitchingoccursevery,7T

Nowwecanconstructtheswitchingcurvesinthephaseplanewhichdetermine

thesynthesisoftheoptimalcontrol.
α

LetPf be thesimilaritytransformationwithcenterathj andratioe、/g- ,

accompaniedbyaclockwiserotationabouthf throughtheangleclld.

LetAjObethearcof thetrajectoryofsystem(37),whichterminatesat the
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pointO, andwhichiSspanedtowardtheequilibriumpointbytheangle".

ThenthearcB'_,Ai_] canbeobtainedfromthearcAiOwiththeaidofa

transformationPf_,､

Proceedinginthisway, let usdrawthe twocurvesOAzBjCf……, (i=1,2),

piecewisesmoothingcurveS,whichstartattheorigin, andwhichrepresentthelocus

oftheswitchingpoints.

Thus, thesynthesisoftheoptimalcontrolandtheformof theoptimal trajec_

toryareshoweninthenextfigure.

X2

A2

比
．

●

X!hl0

A1

Everythingthatwassaidaboverefers tothesynthesisof theoptimal control
intheplanetransformedby(24), sothatthepictureofthesynthesisoftheoptimal
controloftheoriginalx', x2planeisobtainedbythisaffinetransformtion.

ThanksareduetoourcollaegueMr・TakashiYoshimura, inOurcollegewhohas
helpeduswithconstructivesuggestions.
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