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Expansion of a Wave Function in Terms of the 
Spherical Harmonics at a Different Site 
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1. Intr叫Dction

We need very often tbe calculations of the malrix 

elemenLS given by the two cenler integraJ in the solid 

state theory. Tbe malrix elemenLS are given by <φ| 

VIψ>. in wh凶 V is the operator of a pbysical 

quantity， and ψand φare the atornic wave functions 

of an electron baving the centers at山edi宵erent

positions given byλand ん， and therefore ψ= 

ψ(rーλ) and φ=φ(rーん). Tbe posilions 

speci自edbyλand λo are denoted by A and 0， 

respectively， and generaJly the position 0 can be 

taken to be the origin (ん =0). This malrix element 

is the two center integral since it includes tbe wave 

functions baving the different centers. Wben V is山e

difference between the atomic and the crystaJ periodic 

barmonics. The expansion of φis easy since the 

center coincides witb the orlgin. However， the exp加-

sion ofψis not soωsy because the center is deviated 

from the origin. 

My aim in this note is to expandψ(rーλ)around 

the origin using the spherical harmonics having tbe 

center tbere. Below， we adopt the two following 

assumptions. 1)ψ(r) is in the / state， in whicb the 

vaJues of / = 0， 1. 2. 3 correspond to s， P. d aod f 

states， respectively. 2)ψ(r) is a linear combination 

of tbe spherical barmonics Yt..(8，φ)， wbicb refiects 

the symmetry of tbe crystal field due to tbe surround-

ing ions. Wben tbe crystaJ bas the cubic symmetry， 

ψ(r) denotes one of the cubic barmooics for the 

given J. 

potentials. the matrix element m伺 nsthe overlap 2. Formulat.ioD 

integral between the sites A and O. and plays an 

important role for calculations of the band s町ucture The four coordinate systems are needed to argue 

in LCAO method [1]. On the other band， when V tbe expansion of ψ(r-λ). We put forward出e

is the momentum P. it is the transition probability arg凶 nentby defining tb民ecoordinate systems in tbe 

between the two states at the differeot sites io tbe suitable sequence. The first kind of the system. 

absorption of a photon [2]. O-xyz， is an arbitrary system， in whicb tbe origin 

As is well known. an idea of calculating the matrix coincides with the position O. The vector r indicates 

element given by the two center integral is to expand the position of an electron in the O-xyz system and λ 

ψ(rーλ)aod φ(r) in terms of tbe spherical har- denotes the position A which is the center of the 

monics centered at tbe origin. As a result of it. when wavefunctionψ. We put r = (x， y. z) = r(sinθ∞s 

V is an 0戸ratorwith the s-s戸nmetry，only tbe φ， sin 8 sin φ，∞s 8)姐 dλ =λ(sinβ ∞sa. sin β 

componenLS of the spheriωharmonics with tbe same sin a.∞sβ)， in which (r. 8，φ) and (λ，β， a)紅 etbe

/ and m in the expansions ofψand φcan contribute polar coordinates of r and λ. resμ怠tively，in this 

to the matrix element， which leads to the selection system. The second kind of tbe coordinate system is 

rule of AJ = 0 and Am =干 O. For V with the p- that tbe origin is the position A and each axis is 

symmetry， the selection rule is AJ = :t 1姐 dAm = paraJlel to the coπesponding one in白e0-.勾IZsystem 

0，土1.lt is aJso easy to obtain tbe similar selection mentioned above. This system is denoted by A-x'〆
rules for V ~itb the olher symmetries of such.as d. f z'. The vector R( = r-λ) gives the position vector 

and so on. Therefore， the problem is to expandψof the eleclron in this system. The polar coordinates 

and φaround the origin in terms of the spherical R， 8' and φ， are defined by R = R(sin 8' cos t/J'， sin 
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。，sin φ" cos 8'). From the assumptions for lhe ψsystem is given by r，θand (t. 

described in 9 1，ψ(R) is purely in the I state in this The fourth kind of the sySlem is obtained by the 

system， and is given by par必lelmovement of the 0・XYZby λand is de-

ψ(R)=Qt(R)3E，GtmYtm(8'.φ1 
noted by the A・X'Y'Z'， in which the origin is the 

(1) position A. The polar coordinates of R in this 

syslem are R，θ'and(t'. Sinceeachaxisin山eA-X'

where Q，(R) is the radial part， Y'm(グ.φ')is the Y' Z' is parallel to one i n白eO-XYZ， we obtain 

spherical harmonics and 0 1• is the expansion 

coe飽cient. We use the definition in ref. [3] for 

Y1..(8，φ)姐 dit is given by 

Y'm川)= e"，k，..p，m(cos 8サ7州

(t = (t'， r sin θ= Rsinθ' (4) 

R2 = r2+λ2-2λrcosθ， (5a) 

(5b) r2 = R2+λ2+2λRcosθ， 

The relation between the O-xyz and lhe O-XYZ 

(3a) systems is very similar to山eone between the A・x'y'

z' and the A-X' Y'Z' systerns. 

(3b) The quantization axis in the repr問 ntation of 

れ，.(8'，φ')in eq. (1) is chosen to be the z'-axis in the 

εm = (ー1)何+lmlm，

山
…

where P，"'(cos 8) is the associated Legendre function. 

The third kind of the coordinate system is made from 

the O-x戸 systemin the foUowing way. We rotate the 

O-xyz system around the z-axis by the angleαand 

g鉱 山eO-ξYZsystem. Next， we rotate the 0-ξyz 

system around the Y -axis by β. The system obtained 

from these twice rotations is referred to as the 0・

XYZ， for which the dir伐 tionof the Z-axis is in the 

same one asλ. The polar ∞ordinates of r in this 

Ylm(8'，φ') = 玄 t子Im'(θ"(þ')R~~.(αβ)・ ，

A・x'yγsystem.Here we change山equantization 

axis to the Z'-axis in lhe A-X' Y'Z' system. Then， as 

the basis set for the angular part of lhe wave function， 

the spherical harmonics Y LM(θ" (t') in the A-X' Y' 

Z' system can be taken. Therefore， Ylm(8'，φ') can 
be represented by tbe linear combioation of 

Ylm.(θ" (t') in the following way [3]， 

(6) 

R~~.(αβ) = <1m I exp( -iaJ..)exp(ーiβι)11m'>= exp(-iam)r，!2.(β)， 

r品臼)= <Imlexp(ー伊ゐ)11m'> 

(7) 

J(/+m)l(/ m)I(/+m'jf(F-m')I ..:11+ 

=手(ーl)t(/.{;， ::'~)'l(i _';;，r::: t)!仰 (8) 

where R!~.(αβ) is the rotation matrix， and Jy and Jz are the y and z components of the angular momentum 

operator， respωtively， and the summation wilh respect 10 t is carried out under the non-negative for all 

factorials and ξ= cos(β/2) and η= sin(β/2). The explicit forms of印刷出崎川(β)for I = 0， 1， 2， 3 and 

4 are given io Appendix A. Using eq. (6)， eq. (1) can be written as follows， 

ψ閣=ふ主，川広州・QI(R)Y1m'(θ: (9) 

According to Lowdin [4]， QI(R)Y1m.(θ" (t') in eq. (9) can be expanded using the spherical harmonics in the 

O-XYZ system. 
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田 ι

Q / (R) Y'm'(θ'，O') =ヱ玄 1t:，'M(r，λ)YI.M(θ" O)， 
ι~O .11=・ι

(10) 

witb 

fル(r，A) = f Q / (R) Y/m.(θ" O') YLM(θ， O). sinθdθdO 、‘，，l
 

l
 

(
 

For the integrations in eq. (11)， we must use eqs. (4) and (5). Using o' = o and叫.(2) and performing the 

O-integra1 in eq. (11)， we easily see that/t:，'M(r，λ) is not zero only for m' = M， and we can put 1 t:，'M(r，λ)= 

ft~.(r， λ)15'， 
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fU仏 ド k，μ九Ia'Q，(R附(吋'附(叫)sinθdθ， (13a) 

k，u kl.u ().+， • ~ ~ ~ ' M ~ ..lr2 -R2ーλ2\~..lr2+λ 2- Rヘ
=苛fMdRR QF(R)Ptq寸ÁR 一)九〆{ーづ工~) (13b) 

wbere I~~(r， λ) = IS~I(r， λ) and Iμ1:孟min(1， L)(= A). When Iμ1.孟Ais not satisfied， I~;(r， λ) = O. 

Using eq. (12)， eq. (9) becomes to 

I ^ 骨ψ(R) = ヱヱ a，mR~2.(αβ)・ ~fl~仏 λ)Yj.m・(θ， O). 
m::-I m'e-A L=O 

(14) 

Here we cbange again the quantization axis to the z-axis in the 0・xyzsystem. Then， Y j.m.((3， O) can be 

expanded using the spherical harmonics in the 0・，xy宮 system，which is similar to eq. (6). 

L 

Y j.m'(θ， O) = ヱ YI.M(8， φ)R~~.(αβ).
/tJ:-L 

(15) 

Eq. (15) is inserted to eq. (14)， then we obtain 

ψ(rー λ)=20M三ιfi/1(r，λ)YI.M(8，φ)， (16) 

F-1lt(r，λ)= ヱ会 a/mexp(i(m -M)α)r~伊) r協(β)1¥ι仏 λ).
m=-/ m':-A 

(17) 

Thls is the final result for tbe expansion of ψ(rーλ).

3. Examples of expansioDs and φ， are the polar coordinates in the A-x' yγ 

system. We use aom =品。 andtbe matrices r ~2・(β) in 

In this section， we give the examples of the Appendix A in eq. (17). The coe筋cientsof l<fl(r，λ) 
expansions for the wave functions ψ(r-λ) with the in Ff1t(r，λ) are tabu1ated for the states YLM(8，φ) 
s and p symmetries. (= I LM >) until L = 4 in Appendix B. 

1) 仇(r-λ) 2)ψ阿 (r-λ)(m = 0， ::!:: 1) 

The wave function with the s-syrnmetry is assumed The wave functions with 'the p-symmetry are given 

to be ψ，.(r一λ)=仏(R)Yoo(グ， φ')，in wbich R， 8' by t/t'pm(r-λ) = Q，(R)Y，m(8'，φ') (m=O， ::!::1)， 
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and therefore al" = d，川 ineq. (17). The coefficients in agreement with the ones by Slaler and Koster [1，5]. 

of f以(r，λ)(m = 0， 1) in f<!1(r， λ) are tabulated 

for the states I LM > unlil L = 4 in Appendix C. 4. Summary 

3) Energy integrals 
The energy integrals ElJ.v introduced by Slater and It bas been considered that lhe alomic wavefunc-

Koster[ 1) a問 givenby the matrix element ElJ.u = tion ce附 redat a di仔'erentsite from the origin is 

くれ(r)1V(r)1れ(rーλ)>，1n which V(r) has the expanded using the spherical harmonics having the 

s-symmetry. When れ(r)and れ(rーλ)are the center at the origin. The general formula for由e

cubic harmonics for the s and p stat民 Eωaree.asi1y expansion is given， and the expanded forms until 

calcu1ated using Appendiωs B and C， The resu1ts are L = 4 for the s and p wavefunctions are tabulated， 

Appendix A : Rotation matrices rω(β) for J = 0， 1， 2， 3 and 4 

Using the re1ations for rω(β) given by rMW(β) = r~!M(ーβ)= (ー1)M-M' r -M(!.l，.，.(β) [3)， the matrix 

elements which are not sbown for tbe cases of J = 3， 4 can be easily calcu1ated from tbe given ones， 

c = cosβ: s = sin β 

0) 川 (β)詰 1

1) r~'Mβ) 2) r~~.(β) 

。 2 。 -・2

11 (l+c)/2 -l'1s/2 (l-c)/2 ー(l+c)s/2 17>s'/4 ー(l-c)s/2 (1ーのき/4

。I'1s/2 c -l'1s/2 11(I+c)s/2ー(1+c)(I-2c)/2 -l7>cs/2 (l-c)(1+2c)/2 一(l-c)s/2

-11 (l-c)/2 I'1s/2 (1 +c)/2 01 17>s'/4 17>cs/2 一(1-3c')/2 -l7>cs/2 17>s'/4 

(l-c)s/2 (t-c)(1+2c)/2 17>cs/2 一(1+c)(1-2c)/2 -(1 +c)s/2 

-21 (l-c)'/4 (l-c)s/2 17>s'/4 (l+c)s/2 (1 +c)'/4 

3) r~';，.(β) 

M' 
3 2 。

M 

31 (I+c)・/8
21 17>(1 + c)'s/8 -(1 +c)'(2-3c)/4 

11パヲ(l+c)s'/8 -打破1+c)(1-3c)s/8 -(1 +c)(1 + IOc-15c')/8 

。I .ss'/4 ./Jdcs'/4 1l(5c'-I)s/4 (5c'-3)c/2 

-11刀事(l-c)s'/8 打'd(1-C)(1+ 3c)s/8 ー (l-c)(1-10c-15c')/8

-2117>(I-c)'s/8 (ト c)'(2+3c)/4

-31 (l-c)'/8 
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4) rit2.伊)

4 3 2 。
41 (I+c)・/16
31 J1(I+c}'s/8 ー (1+c)'(3-4c}/8 

21 11(I+c)ザ /8 ー打耳(1+ c)'( 1-2c}s/8 (1 + c)叩 ー7c+7c2}/4

11パ4(I+c}s'/8 -/7(I+c}(ト 4C}S2/8-J1(1 +c}(1 +7c-14c2}s/8 (1 +c}(3-6c-2Ic2+28c'}/8 

01 I'i百s・/16 .{scs'/4 1id(7c2-I)s2/8 .{S(7c2-3)cs/4 (35c'-30c'+3)/8 

-11打破トc)1'/8 /7(I-c)(1 +4c)s'/8 -J1(I-c}(1-7c-14c2)s/8 -(I-c)(3+6c-21c'-28c')/8 

-2111(I-c)ザ /8 パ耳(1-c)'(1 +2c}s/8 (1-c)'(1 +7c+ 7c2)/4 

-31刀(l-c)'s/8 (I-c)・(3+4c}/8
-41 (I-c)・/16

Appe目dixB: Expansion o( tbe s-wave(unctionψ.(r-λ). 

The coefficients of f!fl，(r，λ) in F}!(r，λ) are shown for the states Y凶 (8，φ)(= ILM  >). (l m， n) = (sio β 

cos a， sin βsin α， cosβ): X念 =I土im:fιo=f也(r.λ)

恥 (r-λ)

L=O 10> 

f明

L = 1 11> 10> 1-1> 

ん -J1X_f2 n J1X./2 

L = 2 12> 11> 10> 1-1> 1-2> 

f抽 .{oX_ '/4 -.{onX_/2 (3n'-1)/2 .{onX./2 .{oX. '/4 

L=3 13> 12> 11> 10> 1-1> 

f輔 -.f5X_'/4 /'S(jnX_2/4 -15(5ポーI)X_/4 n(5n'-3}/2 Jき(5n2-l)X./4

1-2> 1-3> 

f .. /'S(jnXφ'/4 .{SX. '/4 

L=4 14> 13 > 12> 11> 10> 

f“ 刀百X_'/16 -lsnX_'/4 江百(7n'-I)X_2/8 -.{Sn(7ポ ー3)X_f4 (35n・-30n'+3)/8

1-1> 1-2> 1-3> 1-4> 

J.. .{Sn(7n'-3}X./4 パ百(7n2-I)X.2/8 Jτ"3nX.'/4 打もX.'/Iも
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Appe回di.xC: Expansions of tbe p-wavefunctions恥m(r一λ)(m = 0， :tl). 

The coefficients of fl.j_J(r，λ) and Jrl(r，λ) ;n Fill(r，λ) are shown for the states Y LM(8，φ) (= ILM >). 

a m， n) = (sin βcos a， sin βsin a， cosβ): X:念 =J:t加 :fLM=f以(r，λ)

1)ψ削 (r一λ)

L =0 10> 

f明 -1'1れ/2

L=I 11> 10> 1-1> 

1.. (I-n勺/2 -l'1nX./2 -X.'/2 

1.， (1 +n')/2 I'1n)じ/2 X.'/2 

L=2 12> 11> 10> 1-1> 1-2> 

f胡 -J!(Iーが)X_/4 J!n(1ーが)/2 1'1(1-3が)X./4 -J!nX.2/2 -J!X.'/4 

1.， 一(l+n')X_f2 n' an'X./2 nX.2 X.'/2 

L=3 13> 12> 11> 10> 1-1> 

f .. 打O{1-n')X_'/8 一打吉川lーが)X_f4 a(Sn'-I)(Iーが)/8 -l'1n(Sn2-3)X./4 -.{6(Sn'-I)X.2/8 

1.， 刀τ(1+n')X_ '/8 ーパ百n(I+3n2)X_/8 -(1+6ポーISn・)/8 J!n(Sn'-I)X./4 一(1-ISn2)X.'/8

1-2> 1-3> 

1.. 一打!nX.'/4 -Ii百X。・/8

1.， 3刀ちnX.'/8 Ii吉X.‘/8

L=4 14> 13> 12> 11> 10> 

f明 -J!吉(l-n')X_'/16 /7dn(l-n')X_2/8 -s{7n'-I)(1ーが)X_f8 IIon(1ーが)(7ポー3)/8-liosが-30が+3)X.!16

f叫 -/i4(1 + n')X_ '/8 I'fn(1刊 が)X_2/4 1'1(1+ポー14n・)X_f8 n'(7 n' -5)/2 Jヲn2(7n'-3)X./4

1-1> 1-2> -3> 1-4> 

f哨 ー打百n(7がー3)X.'/8 -.[5(7ポーI)X.'/8 -./7百nX.・/8 -./3吉X../16

/.， -n(3-14n2)X. 2/4 -1'1(1-14が)X.'/8 I'fnX. '/2 パ4X.'/8
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2)ψ帥 (rーλ)

L=O 10> 

f情 n 

L = 1 11> 10> |ー1>

五. -./'}.nX_/2 n2 ./inX./2 

f、、 J主nX_f2 1ーが 司 ./'}.nX./2

L=2 12> 11> 10> ー1> 1-2> 

[，. .[7，nX_'/4 -.[7，n2X_/2 -n(I-3が)/2 .[7，n'Xφ/2 .[7，nX.'/4 

[" -./inX_'/2 -./'}.(1-2n2)X_/2 JJn(1ーが)/2 ./'}.(1-2が)X./2 -./'}.nX.2/2 

L=3 13> 12> 11> 10> |一1>

f抽 -.snX_'/4 J苅n2X_2/4 -JJn(5ポーI)X_/4 n'(5が-3)/2 JJn(5n2-I)X./4 

[，. /JonX_'/8 Jち(1-3内 X_2/4 一./'}.n(ll-15n')X_/8 .[7，( 1ーが)(5n2-1)/4 ./in(1ト 15n2)X./8

1-2> 1-3> 

1抽 /Jon'X.2/4 .snX.>/4 

fs， .s(1-3n')X.'/4 -/JonX.>/8 

L=4 14> 13> 12> 11> 10> 

f叫 川百nX_'/16 -/'sn2X_>/4 打百n(7n'-I)X_'/8 -.fきが(7n'-3)X_/4 n(35n・-30n斗 3)/8

f帆 -./7nX_ '/4 ーパ4(1-4n')X_./8 n(4-7n')X_2j2 ./'1(3-27が+28が)X_/8 !rnn(1ーが)(7n2-3)/4

1-1> 1-2> 1-3> 1-4> 

/.. .sがりが-3)X./4 J而n(7n2-I)X.2'8 刀言n2X.>/4 n百nXφ・/16
/.， -/1(3-27n'ム28が)X./8 n(4-7n')X.2/2 パ互い-4n')X.'/8 -.f7nX.・/4
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3) ψρ・.(r-λ)

L =0 10> 

f柚 /2X_j2 

L=I 11> 10> |ー1>

1.. -X_'/2 /2nX_/2 (I-n勺/2

ん X_'j2 -l'1nX_f2 (1+が)/2

L=2 12> 11> 10> |ー1> 1-2> 

f踊 ./3X_'j4 -./JnX_'/2 -1'1(1-3的 X_/4 ，fjn(1ーが)/2 ./3(1ーが}ム/4

1.， -X_'j2 nX_' -/On2X_/2 n' (1+が)X./2

L=3 13> 12> 11> 10> |ー1>

1.. ー打百X_4/8 刀吉nX_'/4 -/O(5n2-I)X_'/8 I'1n(5が-3)Xj4 16(5n'-I)(1ーが)/8

1.， 打3x_γs -3刀百nX_'/8 一(1-15n')X_'/8 -，fjn(5n'-I)X_/4 ー(1+6n'-15が)/8

1-2> 1-3> 

1.. パ吉n(l-n')X./4 打破l-n')X.'/8

f‘1 
ITon(1 + 3n')X./8 打吉(l+n')X.'/8

L=4 14> 13> 12> 11> 10> 

f‘' .f'EX_'/16 -/7百nX_4/8 ，s(7n'-I)X_'/8 ーパ百n(7n'-3)X_'/8 n(35n'-30n'+ 3)X_/16 

/.， 一打4X_'/8 I7nX_‘/2 1'1(1-14n')X_'/8 -n(3-14n')X_'/4 ー，sn'(7n'-3)X_/4

1-1> 1-2> 1-3> 1-4> 

ぷ. 打'dn(1ーが)(7n'-3)/8ß(7~ト 1)(1ーが)X./8 ndn(1 ーが)X.'/8 A(Iーが)X.'/16

/.， が(7n'-5)/2 -n(l+n'-14n・)X./8 I'1n(I+2が)X.'/4 パ耳(1+n')X+'/8 
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