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The maximum principle introduced by L.S.Pontryagin et al,offers us an effective
means for solving optimal control problems, but it is not an algorithm for getting
optimal controls and their syntheses, Therefore, solving a given optimal control
problem, we must take some suitable devices for it using the maximum principle.

We shall take the so-called minimum effort control problem and apply the maxi-
mum principle,

PROBLEM:

Suppose that the object’s law of motion is written by a differential equation of

the second order
X()=u(t), ' (1)
and a control u(t) is satisfied the constraint |u(t) | <M.

Seek to find an optimal control u(t) which transfers the object from x(0) to the
origin so as to minimize an effort

=T luwia, (2)

where T is not fixed.
SOLUTION:
We don’t deal with the equation (1) immediately, but the system of two differen-
tial equations of the first order:

() =x(t), x(t)=u(t). (3
In order to solve the problem at hand, it is convenient to consider the transition of
the phase point (x!(t),x%(t)) on the phase space (in this case, it is two dimensional
Euclidean space). we put the initial conditions

x1(0)=xY%, x2(0)=x?%, (4)
and the terminal conditions

x(T)=0, x*T)=0. (5

We introduce an additional function x°(t) of t and translate the equation (2) into

(D= u®], x(0)=x%=0. (6)

The problem under consideration is therefore equivalent to that of selecting an admi-

ssible control u(t) so as to minimize x°(T) satisfying the system (3) and the boundary
conditions (4) and (5), and consequently we can apply the maximum principle,

Using auxiliary variables py(t), pi(t) and p,(t), the Hamiltonian function H
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is written in the form

H(p(t), x(t),u) —ppx+ p1;<‘+pz>2’=po| u| +pix*+ pou.

7

According to the Pontryagin maximum principle, if our control process (u(t),x(t)) is

optimal, it is necessary that there exist a constant p,=2<0 and a non-trivial solution

of the system
. oH .
pi()=- - 5 1=1.2,

being satisfied the maximum value condition

max H(p(t),x(t), w) =H(p(t),x(t), u(t)) =0

with respect to u at all regular points of u(t). Hence

po=0, pi=0, p.= -pi.

From the maximum value condition, control u(t) must be satisfied

—'M if p2<21
u)=1 0 if 2<p,<2,
M if p,>-4,

(8)

9)

10)

an

because of the constraint |u(t)|< M (Rf.Fig. 1). Moreover, from (10) we obtain

. m(t)=a, p(t)= -at+b,
where a and b are constants.

b uit) u=-M 1
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From the system (3) we obtain using integration constants,
if u=M, x(t) = —%— Mt ct+c, x2(t)=Mt+c,

and the corresponding trajectory is

X! = %/f { &= } +¢,

if u=0, ‘xlct) =C3t+C4, Xz(t) =CSa
i‘e. X2=Ca,
if u= -M, x(t)=— % Mt?+cst+c5, x*(t) =—Mt+cs,

. 1
Le. . Xl=— oM { xH2—cf } +Cq.

12)

as)

a4

(15)
(16)

an

as)
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The trajectories of (14), (16) and (18) are shown in Fig. 2,

Judging from the direction of motion of the phase point, the switching curve
is x! =—(x2/2M, if x2>0, and x'= (x)?/2M, if x?<0. By the curve and a
straight line x?=0, the phase space is divided into four regions as follows '
(Rf.Fig.3):

%2 gy GO %<0, (9) s

I x>—ppr G5 020, (20) i .

I Xs—gyp GO >0, @D . °%{
VX< g G075 00, (22) Fig. 3

From the equation (11), we obtain that the optimal control u(t) switches its value
as follows: '
D if Kex) e [, 0—M
2) if x4h,x%) € 1, - M—0—M,
3 if xip) e I, 0—-—M,
4 if xh,x%) € |, M—s(0—-—M.
We shall consider in each case,

1) If (x4,x%) € |, the phase point starts with u = 0. We put the switching
time t;. From (15) and (16), we obtain
when 0<t<t,,

X)) =xht+xY, xX(t)=x%, (23)
and the first segment of the corresponding trajectory is
x2=Xx%, 249
hence, the switching point is ((x%)?/2M, x%) and the switching time is
X Xy '
t=onM — I, (25)
When t; < t < T, the phase point moves with u = M, therefore
X! = % Mt?+ct+c, x*(t)=Mt+c, (26)
and the last segment of the corresponding trajectory is
Xi= 53 GO @n
From the continuity conditions of the trajectory, we obtain
—;_ Mttt +c=x3t+xYy, Mti+c=x%, (28)
and from the terminal conditions,
A MTHcT+6-0, MT+c—0. @9
It follows that
x% X}

T=—2M ~ = (0



and
min J = SZ Mdt =—x?,. (31)

The trajectory corresponding to the optimal control has the form in Fig.4.

In addition, it is evident that the segment of the straight line x? = x% included
in | consists of the initial points (x%,x%) € | from which the phase point moves
to the origin with the minimum value J that equals -x% constantly. Moreover, it is
an interesting fact that the initial points (x!, x%) which is transferred with the
optimal control to the origin in time k exist on the curve(Rf, Fig.5):

1 1 o
1 L x2(y? 1> T 2)2 K
X oM X (x*4+2kM), (x'z OM x»?). (32)
N %z A xz
0 w= M z’l o ”7l
w=0 (xb,23) 2oL a0 2RM)

—fM [-----T 1
Fig.4 Fig.s

2) If (x4,x%) €1, u switches as -M—0—>M. We put the switching times t,
and tp, (t,<ty).
When 0 < t < t;, from (17) with initial conditions (4),

X = — 2 ME+xht+xl, xH(t)=—Mt+xh, (33)
then
x1=— ol { G- Gay b+ 340
2M 0 o
Similarly when t; < t < t,,
x1(t) =ct+cy, x%(t) =c;, (35>
ie. Xi=q,, 36)
and when t, < t < T,
X! (t) = % Mti+ct+c, x()=Mt+c, @an
ie xi= L { (xP—c? b +c (38)
C. 2M 1 I 25

and from the continuity conditions of the trajectory, we obtain

- ,%_ Mt +x%t+ Xy =Cti+¢;,  — Mt +x% =0, C))

—%— Mt22+C1 t2+Cz =C3tg+C4, Mtz+C| =C3, (40)



and the terminal conditions of the trajectory take the forms

.}24 MT?+ ¢, T+¢=0, MT+¢,=0. 41

Moreover, since the switching times are t; and t,,
—at;+b=2, —at,+b=—21, L 4

and from the maximum value condition we obtain
M+ ax%—Mb=0. ' 43)

If there were an optimal process, there would be a unique solution of a, b, ¢,
Gy, C; C ty, t, and T satisfying the system of nine equations (39), (40), (41), (42)
and (43). But the last three equations lead t; = x?%,/M because of existence of a
non-trivial solution of (8), and then ¢; = 0 from (39). This implies x'(t) = ¢, =
constant with u(t) = 0, which contradicts the terminal conditions. It follows that
there is not any optimal process.

As a matter of fact, when we suppose that the point (p,q) is the switching
point at time t,, there is no optimal control if q =0, and if the point: (p,q) is
included in region |, min J decreases as g—>0 , on the other hand the time corres-
ponding to the optimal control which transfers the phase point from (p,q) to the
origin tends to infinity (Rf.Fig.5). ‘

3 If (x%,x%) €[l , as in the case 1), we obtain the next results,
When 0 < t < t;, u = 0 and the first segment of the trajectory is

x?=x%, (44)
and when t, < t < T, u =—M, and then the last segment of the trajectory is
X!=— M (x%)?, (45)
where
N ST )
tl'—' 2M X20 > (46)
- X Xy
T= 2M x% “n
therefore
. T
min J = St1 Mdt =x?, (48)

the trajectory corresponding to the optimal control has the form shown in
Fig.6.
4 If (x4,%x% €[V, there is not any optimal control.
Furthermore, we can find the regions which consist of the initial points trans.-
ferred with the optimal control to the origin in time less than or equal k. The
shaded areas shown in Fig.7 are the regions considered above.

Thanks are dut to our colleague Mr. Takashi Yoshimura in our college who has
helped us with constructive suggestions.

95



)\%1
) =0 Y
° \;’
Fig. ¢
References”

Pontryagin,L.S. et al. : The Mathematical Theory of Optimal Processes,
John Wiley & Sons, Inc.,1962
Leitmann,G. ed. : Topics in Optimization, Academic Press,1967
Tou,J.T. : Modern Control Theory, McGraw-Hill Book Company, 1964
Uno,T. et al. : Introduction to the Maximum Principle, Kyoritsu Shuppan, 1967



	04_95
	04_96
	04_97
	04_98
	04_99
	04_100

