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SolutionofaMinimumEffortControlProblem

SaburoMinato

Shoichi Seino

ThemaximumprincipleintroducedbyL.S.Pontryaginetal.offersusaneffective

meansforsolvingoptimalcontrolproblems, but it isnotanalgorithmforgetting

optimalcontrolsandtheir syntheses.Therefore, solvingagivenoptimalcontrol

problem,wemusttakesomesuitabledevicesforitusingthemaximumprinciple.

Weshalltaketheso-calledminimumeffortcontrolproblemandapplythemaxi-

mumprinciple.

PROBLEM:

Supposethattheobject'slawofmotioniswrittenbyadifferential equationof

thesecondorder

●●

x(t)=u(t), （1）
●

andacontrolu(t) issatisfiedtheconstraint lu(t)|≦M.

Seektofindanoptimalcontrolu(t)whichtransferstheobjectfromx(0) to the

originsoastominimizeaneffort

"|u(t)|dt, (2)J=

whereTisnotfixed.

SOLUTION:

Wedon'tdealwiththeequation(1)immediately, butthesystemoftwodifferen_

tialequationsofthefirstorder:
● ●

X'(t)=X2(t), X2(t)=U(t)． (3)

Inordertosolvetheproblemathand, itisconvenienttoconsider the transitionof

thephasepoint (x'(t),x2(t))onthephasespace(inthiscase, it istwodimensional

Euclideanspace).weputtheinitialconditions

X'(0)=X'0, X2(0)=X20, （4）

andtheterminalconditions

x'(T)=0, x2(T)=0. （5）

Weintroduceanadditionalfunctionxo(t)oftandtranslatetheequation(2) into
●

xO(t)=lu(t)| , x0(0)=x0O=0. （6）

Theproblemunderconsiderationisthereforeequivalenttothatofselectinganadmi_

ssiblecontrolu(t)soastominimizexo(T)satisfyingthesystem(3)andtheboundary

conditions(4)and(5), andconsequentlywecanapplythemaximumprinciple.

Usingauxiliaryvariablespo(t), p,(t)andp2(t), theHamiltonianfunctionH
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iswrittenintheform

● ● ●

H(p(t),x(t),u)=poxo+p,x'+p2x2=polul+p,x2+p2u. （7）

AccordingtothePontryaginmaximumprinciple, ifourcontrolprocess(u(t),x(t)) is

optimal, itisnecessarythatthereexistaconstantpo=ｽ≦0andanon-trivialsolution

ofthesystem

3H●

（8）pi(t)=--F; i=1,2,

beingsatisfiedthemaximumvaluecondition

maxH(p(t),x(t),u)=H(p(t),x(t),u(t))=0 (9)
狸

withrespecttouatallregularpointsofu(t).Hence
● ● ●

P｡==0, p,==0, P2==-P,. (10)

Fromthemaximumvaluecondition, controlu(t)mustbesatisfied

l■M職』 ⑪’u(t)=

becauseoftheconstraintlu(t)|≦M(Rf.Fig． 1).Moreover,from(10)weobtain

(12）p,(t)=a, p2(t)=-at+b,

whereaandbareconstants

肩;3．1

Fromthesystem(3)weobtainusingintegrationconstants,

×Ⅲ(t)--%Mt,+cut+c" ×2(t)=Mt+c,,ifu=M,

andthecorrespondingtrajectoryis

x&_"{(x,/_cl, }+c"
O

ifu=0, X'(t)=C3t+C4, X2(t)=C3,

i､e、 X2=C3,

x'(t)=-÷Mt2+c5t+c6' ×2(t)=-Mt+c5,ifu=-M,

肥 ×"__zfr{(x,/_cm, }+c"

(13）
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Thetrajectoriesof(14), (16)and(18)areshowninFig､2.

Judgingfromthedirectionofmotionof thephasepoint, theswitchingcurve

is x]=-(x2//2M, ifx2>0, andx'=(x2//2M, ifx2<0. Bythecurveanda

straightlinex2=0,thephasespaceisdividedintofourregionsasfollows

(Rf.Fig.3):
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;X盈奎U,贈乙ﾉ 信噌.3

weobtainthattheoptimal control u(t) switches itsvalue

1) if (xlo,x20)EI, 0－→M,

2) if (x'0,x20)EI, -M－→0－→M,

3) if (x'0,x20)EI O－→一M,

4) if (x'0,x20)EW, M->0->-M.

Weshallconsiderineachcase.

1) If(xlo,x20)EI, thephasepointstartswithu=0.Weput the

timet,.From(15)and(16),weobtain

whenO<t<t,,

X'(t)=X20t+X'0, X2(t)=X20,

andthefirstsegmentofthecorrespondingtrajectoryis

X2==X20,

hence,theswitchingpointis((x20//2M,x20)andtheswitchingtimeis

X20 X10

t'=ZNir－弓罫-．
Whent,<t<T, thephasepointmoveswithu=M, therefore

x｣-/w+c,t+｡〃 ×勘(t)=Mt+c,,
andthelastsegmentofthecorrespondingtrajectoryis

×』-Xr(x')4
Fromthecontinuityconditionsofthetrajectory,weobtain

f-Mt,'+clt&+Tt#+xl., Mt,+T,
andfromtheterminalconditions,

Z-MT'+c,T+c2-0, MT+c:-Q
Itfollowsthat

X20 X10

T=一画而一一天可，

switching

(23）

(24）

(25）

(26）

(27）

グ

(28）

(29）

(30）
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and

IKMdt-_x' (31:》minJ=

ThetrajectorycorrespondingtotheoptimalcontrolhastheforminFig.4.

Inaddition, it isevidentthatthesegmentOfthestraightlinex2 =x20 included

inlconsistsoftheinitialpoints(x'0,x20)EI fromwhichthephasepointmoves

totheoriginwiththeminimumvalueJthatequals-x20constantly.Moreover, it is

an interestingfact that the initial points (x'0,x20)which is transferredwith the

optimalcontroltotheoriginintimekexistonthecurve(Rf.Fig.5):

1

x!=-2ifx'(x'+2kM), (x!≧戎(x2/). (32》

ご＝ N)

厭9.4
■■■

2) If(x'0,x20)EI,uswitchesas-M-0－→M.Weput theswitchingtimes t,

andt2,(t,<t2).

WhenO<t<t,, from(17)withinitialconditions(4),

x'(t)≦一昔Mt2+x2bt+xlo, ×鰯(t)=-Mt+x20, （33）

then

l

{(x'/-(x'･%}+x', (34)X1=－－‐
2M

Similarlywhent,<t<t2,

X'(t)=C3t+C4, X2(t)=C3, （35）
●

1．e、 X2=C3, （36）

andwhent2<t<T,

x|(t)--w+c,t+c" ×2(t)=Mt+c,, （37〉
、

1

{(x')'-c'' }+c" (38)
●

1．e、 x'=-==
2M

andfromthecontinuityconditionsofthetrajectory,weobtain

ZrMt,,+x''t,+x''-c｡t｣+c" _Mt,+x20=c3, （39）

_;_Mt'+｡,t2+C2=C3t2+C4, Mt2+c1=c3, （40）
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andtheterminalconditionsofthetrajectorytaketheforms

-妾MT2+c,T+c2=0, MT+cI=0. (41)
Moreover, sincetheswitchingtimesaret,andt2,

-at,+b=ス， -at2+b=－ス， （42）

andfromthemaximumvalueconditionweobtain

スM+ax20-Mb=0. （43）

Iftherewereanoptimalprocess, therewouldbeauniquesolutionofa, b, c,,

c2,c3,c4,t,,t2andTsatisfyingthesystemofnineequations (39),(40),(41), (42)

and(43).Butthelastthreeequations lead t, =x20/Mbecauseof existenceofa

non-trivialsolutionof(8), andthenc3=0from(39). This impliesx'(t)=c4=

constantwithu(t)=0,whichcontradicts the terminalconditions. It follows that

thereisnotanyoptimalprocess.

Asamatterof fact, whenwesuppose that thepoint (p,q) is theswitching

pointattimet,, there isnooptimalcontrol ifq≧0, and if thePoint｣(p,q) is

includedinregionl,minJdecreasesasq-0,ontheotherhandthetimecorres-

pondingtotheoptimalcontrolwhichtranSferS thephasepoint frofn(Plq) tO the

origintendstoinfinity(Rf.Fig.5).
p ÷ ■

＃ 〈 ．

3) If(x'0,x20)EN,aSinthecasel)weObtainthenextresUltS.

WhenO<t<t,, u=0andthefirstsegmentofthetrajectoryis

X2=X20, （44）

andwhent]<t<T, u=-M, andthenthelastsegmentofthetrajectoryis

Ai(x'/,X1=--- （45）

where

X20 X10
tl==･-- （46）

2M x20 '

X20 X10T==g-L--a （47）
2M x20 '

therefore

IKMdt-xm" (48)minJ=

thetrajectorycorrespondingtotheoptimalcontrolhastheformshownin

Fig.6.

4) If (x'0,x20)EW,thereisnotanyoptimalcontrol.

Furthermore,wecanfindtheregionswhichconsistoftheinitial points trans.

ferredwiththeoptimal control to theoriginintime less thanorequal k・ The

shadedareasshowninFig.7aretheregionsconsideredabove.

ThanksareduttoourcolleagueMr.TakashiYoshimurainourcollegewhohas

helpeduswithconstructivesuggestions.
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