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00 Lipscbitz Uoiform Stability of Noolioear Fuoctiooal 
Differeotial Equatioos 

Shoichi SEINQ 

(R民eivedon 29， October， 1992) 

Intr叫uction

In [リ， F.M. Dannan and S. Elaydi introduced the notion of Lipschitz stability for the systems of ordinary 
differential equations， and made a comparison between Lipschitz stability and Liapunov stability. 

For linear systems， the notion of Lipschitz uniform stability and that of Liapunov uniform stability are 

equivalenl. However， for nonlinear sysほms，the two notions are quite distinct. (cf. [1]， [2)) 

Jn 1991， Yu・liFu extends the concept of Lipschitz stability to the systems of functional di汀erential

equations. (cf. [3]) 

In this paper‘by using the Liapunov second method and the comparison principle， we will state some 

extension of the su筒cientconditions for Lipschitz uniform stability of the systems of non1inear functional 

differential equations. 
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Definitions and Notations 

Before giving further details， we give some of the main definitions and notations that we need in the s叫uel.

Let I and R + denote the intervals [10，∞) and [0，∞) respectively and let Rn denote the Euclidean n-space. 

We denote C([ a. b]. Rn) the Banach space of continuous functions mapping the interval [a. b] into Rn wi出

the topology of uniform convergence， and designate the norm of an elementφE C([ -r， 0)， R")， where 

r> 0， by 11φ||=J2JL。|φ(8)1・

Ifσ巴1，ペ >0 and x E C([σ一 九σ+A]， Rn)， then for any t E [σ，σ+A) weletx，E C((ーへ0]，Rn) 
be defined by x，(8) = x(t+8)， -r :五 8妥0，i.e.， the symbol x， wil1 denote the restriction of any continuous 
function x(u) defined on -r孟 u<ペ，to the interval [1-πt]. 
Wec∞on附si凶de釘rthe s勾ys幻temsof the functional dωi仔er向entia討1equations 
( 1り) x'(υt) = [(t. x，) 
where xε Rn， f: Rx C([ーへ0]，Rn)吋 Rn.[(t.ん)is continuous and [(1， 0)冨 O.

condition associated with (1) is 

(2) x(8) =φ(8)， 8E  (-r， 0)，φ(8)ε C([ -r， 0)， Rn). 
We always assume that the solution of (1) with (2) is existent and unique. 

(Definition 1.) A function x(ら.φ)is said to be a solution of (1) with initial condition φE  C([ -r， OJ. R") 
al ( = 10ら孟 O.if there is an A > 0 such that x(ふ φ)is a function from [らーh.ら+A)into R" with the 
prope口les;

(i) x，(to，φ) E C([ -r， 0]， R") forら話 rくら+A，

(ii) xら(ら， φ)=φ，

(iii) x(ふ φ)satisfies (1) forら孟tくら+A.

In this paper， we shall denote by x(t. 10.φ) lhe value of x(ら， φ)at t. 

(Definition 2.) Let V(t，φ) be a continuous functional defined for t 孟0，φEC([ -r， 0]， R"). The upper 
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righl-hand derivative of V(t.φ) along Lhe solution of (1) will be denOled by V;り(/.φ)and is defined 10 be 

引 (/.φ)=jRJ士{V(/+い川ル φ))-V(/.φ)}，
where X(to，φ) is the solution of (1) lhrough (ら， φ).

(Definition 3.) For the solution x(仏 φ)of (1) through (ら， φ)，whereら孟0，φEC([ーr，0]， Rn). if lhere 

exisls a constaot d > 0， which is independent ofら.and another constant M = M(d) > 0， such that 

IIx，(/o • φ)11 ~ MIIφ11 for all t ;諮らand11φ11く o.

then the zero solution of (1) is said to be Lipschitz uniformly stable. 

Next， we consider the systems of ordinary differentia1 equations 

(3) x' = F(/. x)， 
where x E Rn. F(t. x) E C(I x Rn. Rn). F(t.O) = 0 and X(/. to. xo) is the solution of (3) with x(ら，ら.xo) = 
xo.ら孟O.

Further， we consider a scalar differentia1 equation 

(4) u' = g(t. u). 
where g(t， u) E C(I x RぺR).g(t， 0) = 0姐 du(t. 10' uo) is the maximal solution of (4) with u(らら.uo) = 
t匂.

(De自nition4.) The zero solution of (3) is said to be Lipschitz uoiformly stable if for anyら孟 O.there exist 

o > 0 and M > 0 such山atIIx(t. 10. xo)11 ;亘 MIIゐ11for any 11 Xo 11 < o and all 1 ;孟ら・
(Definitioo 5.) The zero solution of (4) is said to be Lipschiu uniform1y stab1e if for anyら丞O.there ex ist 

o> 0 and M > 0 such that u(t， 10' uo)孟 MI匂forall uo < o and all t孟ら.
(Definition 6.) Coresponding to the function V(/. x) E C(R+ x Rn， R)， we define the function 

mp{t，x)=lim4{V(r+h，x+hF(L X))-Y(L x)} 
h司 0+" 

(Definition 7.) Tbe zero solution x = 0 of (3) is uniform1y stable. if for anyε> 0 and anyら孟0，there exists 

a o(ε) > 0 such that IIxollくo(e)implies 1I X(/.ら.Xo)1Iくεforall 1注ら， where X(/，ら，ゐ)denotes the 
solution of (3) through the point (ら.xo)' 

3. Preliminary ResuJts 

In [3]， the sufficient condition for Lipschitz uniform stability of functional differential equations (1) was 
given by Yu-li Fu as follows. 

[Theorem 3.1] Assume that there exist a continuous function g(t. x)巴 C(lxR'，R') and a continuous 

functional V(/，φ) defined on lX C([ -r. 0]， R")， for which 

(i) J.(~)(ι x，) 孟 g(t， V(t， x川， for all t •呈ら，

(ii) a(1Iφ11)孟 V(t，φ)孟b(1Iφ11)for anyφE C([ -r， 0). R勺， where a(s) and b(s) are continuous aod 
nondecreasing nonzero functions for s > O. satisfying a(O) = O. b(O)三 oand V(/，O)霊 O.
If the zero solution of a sca1ar di仇rentia1equation (4) is Liapunov uniform1y stab1e， then the zero solution 
of (1) is Lipschitz uoiform1y stable. 

For the proof of this theorem. see [3]. 

ln 1991， M. Kudo showed the following result wi山 respectto LipschilZ uniform stability of nonlinear 

ordinary differential equations. (cf. [13]) 

[Theorem 3.2) Suppose that山ereexist functions V(t. x) E C(I x Rn， Rつ，a(t. r) E C(I x RぺR+)，
c(t， r)εC(I X R+， R+) and g(t， u) E C(l X R+， R) such that 
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(i) V(t， x) is locally Lipschitz in x and V(t， 0) = 0， 
(ii) a(l， IJxll同 町 x)孟 c(f，Ilxll)， where a(t， r) increases monotonically with res問 tto t for each 

fixed r， a(t， 0)三 0，a(t， r) > 0 for r本 0，

kc( t， r)盃 C(I，kr) for a positive constant k and if a(t， r)孟 C(/，S)， then r孟 S，

(iii) V'(剖(/，x)孟 g(ιV(t，x)). 
If the zero solution of (4) isしipschitzuniformly stable， theo the zero solution of (3) is also Lipschitz 

uniformly stable. 

For proof， see [13). 

4. Main Results 

[Theorem 4.IJ Suppose that there exist a continuous functional V(t，φ) defined on / x C( [一人0)，Rn) and 

a continuous function g(f， u)εC(/ X R+， R) satis削ngthe following conditions: 

(i) 11(;)(1， x，)孟g(ιV(/，x，)) for all tミ らミ 0，V(t， 0)筆 0，

(ii) 叫ん 11φ11)壬 V(/，φ)孟b(11φ11)for all φE  C([ーヘ0]，Rn)， where a(t， r) is conlinuous in (t， r)， 
nondecreasing in r for each fixed t， nondecreasing in 1 for each ftxed r， a(/， r) > 0 for all r宇oand 
a(t， 0) :: 0， b(r) is continuous， nondecreasing， b(r) > 0 for all r宇oand b(O) :: O. 
If lhe zero solution u = 0 of the scalar di仔'erentialequation (4) is Liapunov uniformly stable， then the zero 

solution of (1) is Lipschitz uniformly stab1e. 

(Proof.) Since the zero solution u = 0 of (4) is Liapunov uniformly stab1e， for anyε > 0 and anyら孟0，
there exists d'(ε) > 0 such that t匂く d'(ε)implies u(t，ら，z匂)く a(O，ε)for all t孟 ら・ TakingUo = b( 11φ11> 

伽 anyφEC([ -r， OJ， Rn) s帥刷会 < 11φ11 <判的))，where M 孟 1is constant， we自ndthat 

V(ら，φ)孟b(11φ11> = 偽・
Using lhe comparison principle， we have that， if V(ら，φ)孟141，then V(t， x，)孟 u(t，ら，L匂)for all t孟ら，

where u(t，ら，uo) is the maximal solution of (4) satisfying u(ら，ら， z匂)= L匂・

Thus， by the condition (ii)， we have 

a(O， 11 x，ll)壬a(t，IIx，ll)孟 V(t，x，)孟 u(t，ら， uo)く a(O，ε}く a(O，MIIφ11>. 
Then， since a(t， r) is nondecreasing in r for ωch fixed t， we get X，(lo，φ) < MIIφ11 for all t孟ら andany 
Iφ11く δ{ε).The proof is complete. 

[Theorem 4.2] Assume that there exist a continuous functional V(t，φ) defined on 1 X C([ーr，0)， Rn) and 

a continuous funclIon g(t， u) E C(/ x RぺR)satisfying the following conditions : 
(i) 11(;)(/， x，)孟 g(t，V(r， x，)) for all t孟 ら孟 0，V(t， 0) :: 0， 

(ii) 何人 IJφ11>孟 V(t，φ)孟 b(t，11φIJ) for all t ;孟らandanyφE C([ -r， 0]， R")， where a(t， r) is 

continuous in (1， r)， nondecreasing in t for each fixed r， a(t， r) > 0 for all r本oand a(t， 0)三 0，
b(t， r) is continous in (ι r)， kb(t， r)孟 b(t，kr) for a positive constant k， and if a(t， r)孟 b(t，s)， then 

r孟 Sfor all t. 

(fthe zero solulIon u = 0 ofthe scalar di仇rentialequation (4) is Lipschitz uniformly stab1e， then the zero 
solution of (1) is also Lipschitz unifonnly stab1e. 

(Proof.) Since the zero solution u = 0 of (4) is Lipscbitz uniform1y stable， for anyら孟0，there exist d > 0 
and M 孟 1such that u( t，ら， uo)孟Muowhenever Uo < d. 
We put z匂=b(ふ 11φ11)for anyφE C([ーへの.Rn) sucb that 11φ11 < d. From the condition (i)， the 

application of the comprison principle shows that V(t， xt(ふ φ))孟 u(t，ら，拘)for all t孟 ら・Hencewe have. 

by the condition (ii)， 
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a(仏 IlxtlD孟a(t，lIxtll)孟 V(/，x，(ら， φ))~ u(t，ら.t匂)孟MIJo= Mb(ら， 11φ11)孟b(ら，M lIitll). 
Thus we have， for all I孟ら andany 11φUく o，Ux，(ら，φ)1I ;壬 MIIφ11，which shows that the 2.ero solution 

of (1) is Lipschitz uniformly stab1e. 
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