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1． Introduction

LetR｡denoteEuclideann-space.AndletR+andldenotetheinterval [0,oo)and [t｡,oo),
respectively, forsomepositiverealnumbert｡.

Considerasystemofnonlineardifferentialequations

x'=f(t,x), 、 （1）

wheref(t,x)isacontinuousfunctiondefinedonl×RnwithvaluesinR"andf(t,O=0. Ifwedenote
byC[A,B] thesetofallcontinuousfunctionsdefinedonAwithvaluesinB, thenwecanwrite
f(t,x)EC[I×R",Rn].

Inadditionto(1),weconsiderasystemofperturbednonlineardifferentialequations
y'=f(t,y)+g(t,y), （2）
一

whereg(t,y)EC[I×Rn,Rn]and.g(t,O)=0.

F.M.DannanandS.Elaydi [1] introducedthenewnotionsofLipschitzstabilityi.e.

uniformlyLipschitzstability,uniformlyLipschitzstabilityinvariationandglobally
uniformlyLipschitzstabilityinvariation(sameasgloballyuniformlystableinvariation).

[Definitionl]Thezerosolutionof(1)issaidtobeuniformlyLipscitzstable, ifthereexistM≧1

and6>Osuchthat l lx(t,t｡,x｡) | |≦MIIx｡ | |forllx｡ | |<6andt≧t｡>0,wherex(t)=x(t,t｡,x｡) is
thesolutionof (1)withx(t｡)=x｡and l lxl l isthesuitablenormofxERn.

ThenotionofuniformlyLipschitzstabilityliesbetweenasymptoticstabilityinvariationand
uniformstability[1].

Generally,explicitsolutionsofdifferentialequationsarewhollyoutofthequestions.

Liapunov'sso-called!!secondmethod"hasbeenrecognizedtobeverygeneralandpowerfulin
thequalitativetheoryofordinarydifferentialequations [6], [7]. Inthismethod,weconsidera

continuousscalarfunctionV(t,x)calledLiapunovfunction,andassumesomeconditionsforthis

functionanditsderivativealongthesolutionofconsideringsystemofdifferentialequations.
[Definition2]CorrespondingtoV(t,x)EC[R+×Rn,R],wedefinethefunction

V'I,(t,x)=Mup÷{V(t+h,x+hf(t,x))-V(t,x)}
and

▽'(t刈)=慨叩÷{V(t+h,x(t+h))-V(t,x(t))}.
IfV(t,x) islocallyLipshitzinx, thenweseethat

V',,! (t,x)=V'(t,x(t)).

IncaseV(t,x)hascontinuouspartialderivativesoffirstorder, itisevidentthat
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V'I'(t,x)=-r+~Er．f(t,x)6t

where"・ ''denotesthescalarproduct.

Inthispaper,usingthissecondmethod,wedescribesomeresultswithrespectto
uniformlyLipschitzstabilityof(1)and(2). Andweintroduceanewnotionsimilarto
uniformlyLipschitzstabilityandreportsomeresultsconcerningwiththeestimateforthepertur-
bationsofthenonlinearperturbedsystems.

2. PreliminaryResults

Supposethatthereexistsascalardifferentialeqation

u'=r(t,u) (3)

wherer(t,u)EC[I×R+,R],r(t,0)=0andu(t)=u(t,t｡,u｡) isthemaximalsolutionof (2)with
u(t｡,t｡,u｡)=u｡.

[Definition3]Thezerosolutionof (3) issaidtobeuniformlyLipschitzstable, ifthereexist
M≧land6>Osuchthatu(t,t｡,x｡)≦Mu｡foru｡<6andt≧t｡>0.

Theso-calledcomparisonmethodstudiestherelationshipwhichshouldexistbetween(1)and
(3) inorderthatthestabilitypropertiesof(3)entailthecorrespondingpropertiesfor(1). First,
wegivethecomparisontheoremwhichisthesimplestformofaverygeneralcomparisonprinciple.

【Theoreml] Supposethatthemaximalsolutionu(t)of(3)suchthatu(t｡)=u｡, staysonclosed
interval[cM,6]. Ifcontinuousfunctionm(t)withm(t｡)≦u｡satisfies

m' (t)≦r(t,m(t)),

wherer(t,u)iscontinuousonanopenconnectedsetQCR2,thenwehave

m(t)≦u(t)forα≦t≦β・

Fortheproofofthistheorem,seereferences [3],[4]or [5].

Next,wegivesomeresultsobtainedbyF.M.DammanandS.Elaydi [2]
LetS(6)bethesetofxER"suchthatl lxll<6.

【Theorem2] SupposethatthereexisttwofunctionsV(t,x)andr(t,u)satisfyingthefollowing
conditions:

(i)r(t,u)EC[I×R+,R]andr(t,0)=0,

(ii)V(t,x)EC[I×S(6),R÷],V(t,0)=0,

V(t,x) islocallyLipschitzinxandsatisfiesV(t,x)≧b(IIxI I),where
b(s)EC[[O,6],R+],b(0)=0,andb(s) isstrictlymonotoneincreasingins

suchthatb~!(8s)≦sq(8)forsomefunctionq, .withq(8)≧life≧1,

(iii)V'I!! (t,x)≦r(t,V(t,x))for (t,x)EI×S(6).

Ifthezerosolutionof(3) isuniformlyLipschitzstable, thensoisthezerosolutionof(1).
Moreover, if 、(ii) isreplacedby

(iv) (ス! (t) | |xI I)'≦V(t,x)≦（ル(t) | |xl l/,

whereス! (t)andl,(t)arepositivecontinuousfunctionswithl,(t｡)≧ス! (t｡),thenwehavethe
sameconclusion.

Fortheproofofthistheorem,seereference [2].
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【Theorem3] Supposethatthezerosolutionof(1) isuniformlyLipschitzstablewitha
LipschitzconstantMandthereexistsafunctionr(t,u)EC[I×R+,R+],r(t,0)=0,whichismonotone
nondecreasinginuforeachtER+andsuchthat

| |g(t,y) | |≦r(t, l lyl l).

Ifthezerosolutionofthescalarequation

u'=Mr(t,u),u(t｡)=u・≧O

isuniformlyLipshitzstable, thensoisthezerosolutionof(2).

Fortheproofofthistheorem,seereference [2].

3. UniformlyLipschitzStabi l ity

Inthebeginning,wedescribearesultconcerningwithuniformlyLipschitzstabilityofasystem
ofdifferentialequations(1),whichisobtainedformerly.

【Theorem4] SupposethatthereexistfunctionsV(t,x)EC[I×Rn,R+], c(t,s)EC[I×R+,R+]
andr(t,u)EC[I×R+,R] suchthat

(i)V(t,x) islocallyLipschitzinxandV(t,O)=0!

(ii)a(t, | |xI I)≦V(t,x)≦c(t, I IxI I),

wherea(t,s) increasesmonotonicallywithrespecttotforeachfixeds, a(t,0)=0, a(t,s)>0for

s≠0,kc(t,s)≦c(t,ks)forapositiveconstantkandifa(t,sI)≦c(t,s2), thens!≦s2，
(iii)V',,) (t,x)≦r(t,V(t,x)).

Ifthezerosolutionof(3) isuniformlyLipschitzstable, thensoisthezerosolutionof(1).

Fortheproofofthistheorem,seereference [10]

Secondely,wegivearesultconcerningwiththeestimateoftheperturbedturmg(t,y) inorder
thatthezerosolutionofperturbedsystems(2) isuniformlyLipschitzstable.

【Theorem5] SupposethatthereexistsfunctionV(t,x)EC[I×Rn,R+] suchthat

(i)V(t,x) islocallyLipschitzinxwithLipschitzconstantLandV(t,0)=0,
(ii) I IxI I≦V(t,x)

(iii)V',,) (t,x)≦0.

Ifthezerosolutionofthescalardifferentialequation

u'=Lr(t,u) (4)

isuniformlyLipschitzstable,wherer(t,u)EC[I×R+,R+],thensoisthezerosolutionofthepertur-
bedsystem(2)forg(t,y)suchthat

| |g(t,y) | |<r(t,V(t,y)). (5)

(Proof)FromuniformlyLipschitzstabilityofthezerosolutionof(4), thereexist6>0and
someconstantM≧lsuchthat

u(t,t｡,w｡)≦Mw｡ wheneverw｡<6, （6）

whereu(t,t｡,w｡) isthesolutionof(4)withu(t｡,t｡,w｡)=w｡.

Weput6/L=g. Foranyy｡suchthatlly｡ | |<f: , ifweput

Ll ly｡ | |=u｡, （7）

wehaveu｡<6. Therefore,from(6),wehave

u(t,t｡,u｡)≦Mu｡. （8）
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Ontheotherhand,weobtainV(t｡,y｡)≦Llly｡ ||=u｡,becauseV(t,x) islocallyLipschitz.

Lety(t)=y(t,t｡,y｡)bethesolutionof(2)withy(t｡,t｡,y｡)=y｡. Thentheconditions (i),
(ii)and (iii) leadthefollowinginequalities :

V',2) (t,y)≦LIIg(t,y) | |+V',,! (t,y)≦LIIg(t,y) | |≦Lr(t,V(t,y))
Usingthecomparisontheorem,wehave

v(t,y)≦u(t,t｡,u｡). (9)

IfweputML=K,by(7),(8)and(9),wehave

v(t,y(t))≦Mu｡=MLl ly｡ l l=Klly｡ l l . (10)

Therefore, fromthecondition(ii),wehave

lly(t) | |≦v(t,y(t))≦Kl ly｡ l l .

Thus,wehave l ly(t,t｡,y｡) ||≦Klly｡ l lwhichshowsthatthezerosolutionof(2) isuniformly
Lipschitzstable. Thiscompletestheproof.

4． PropertyULLS

Weintroducethefollowingdefinition.

[Definition4]Wesaythatthezerosolutionof(1)hasthepropertyULLS, ifthereexist6>0
andacontinuousandmonotoneincreasingfunctionO(s)suchthat

||x(t,t｡,x｡) l l≦の(I Ix｡ ll)

for l lx｡ | |<6andt≧to≧α>0,wherex(t,t｡,x｡)=x(t) isthesolutionof(1)withx(to,t｡,x｡)=

x｡andCM isapositiveconstant.

Inthisdefinition4, thecaseofd(s)=MsisthedefinitionofuniformlyLipschitzstability.

ThepropertyULLSofthezerosolutionof(3) isdefinedsimilarly.

Wenowgivesimpleexamplesforscalardifferentialequations.

[Example]Considerthetwoscalarequations,

dudu u . du 3V~n2
and－－

dt t2+1-.= dt t2+1 .

Asthesolutionoftheformerequationthrough(t｡,u｡) isu(t,t｡,u｡)=u｡exp(tan~1t-tan~1t｡),we
seethatu(t,t｡,u｡)<u｡exp(7r/2). Therefore, ifweputM=exp(7r/2), thenwehaveu(t,t｡,u｡)
<Mu｡andthezerosolutionoftheformerequationisuniformlyLipschtzstable.

Ontheotherhard, thesolutionofthelatterequationthrough(to,u｡) isgivenbyu(t,t｡,u｡)=
(3VI｡+tan-!t-tan-1t｡)3/27. Asu(t,t｡,u｡)<(31r面｡+7r/6)3, ifweputd(u｡)=

(3,/-面｡+7r/6)3,thenthisfunctionの(s)iscontinuousmonotoneincreasingandu(t,t｡,u｡)<d(u｡).
Therefore, thezerosolutionofthelatterequationhasthepropertyULLS. Inthesecases, as6
isarbitrary,thesepropertiesareglobal.

【Theorem6] Supposethatthereexistfunctionsa(t)ECR+,R+],b(s)ECR+,R+]andV(t,x)E
CE×R",R+]suchthat

(i)V(t,x) islocallyLipschitzinxandV(t,O)=0,

(ii)a(t)b(I IxII)≦V(t,x)wherethefunctionsa(t)andb(s)aremonotoneincreasing,

(iii)V',,} (t,x)≦r(t,V(t,x)).

Ifthezerosolutionofthescalardifferentialequation

u'=r(t,u) (11)

hasthepropertyULLS, thezerosolutionof(1)alsohasthepropertyULLS.
(Proof)Asthezerosolutionof(11)hasthepropertyULLS, thereexistapositivenumber6
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andacontinuousandmonotoneincreasingfunctionの(s)suchthat

u(t,t｡,w･)<d(w｡)foranyu｡<6andanyt≧to≧α>0,
whereu(t,t｡,w｡) isthesolutionof(11)withu(t｡,t｡,w｡)=w｡andqisaconstant.

Ifweput6/L=どfortheLipschitzconstantLofV, thenwehave

V(t｡,x｡)≦LI Ix｡ | |<6

foranyx｡suchthatllx｡ | |<f:. Therefore,ifweputV(t｡,x｡)=u｡,wehaveu｡<6and
u(t,t｡,u｡)≦の(u｡).

Usingcomparisontheoreml, fromtheassumption(iii),wehave

V(t,x(t))≦u(t,t｡,u｡).

Hence,bytheassumption(ii),wehave

a(t)b(I Ix(t) l l)≦の(u｡)=d(V(t｡,x｡))≦の(LI Ix｡ l l).

Asthefunctiona(t) ismonotoneincreasing,wehaveO<a(cM)≦a(t｡)≦a(t)forO<α≦to≦t.

Andasthefunctionb(s) ismonotoneincreasing, thereexistsainversefunctionb-!whichisalso

monotoneincreasing・ Therefore,wehave

| |x(t) | |≦b-' (｡(L/| |:｡ l l)) ="llx｡ ID
a(cI)

ThisfunctionUs) ismonotoneincreasing. Therefore, thezerosolutionof(1)hastheproperty
ULLS. Thiscompletestheproof.

(Remark)Fromtheproofabove, itcanbeeasilyseenthatthecondition(ii) inTheorem6is

replacedbythecondition

(ii)' a(t, | |xI I )≦V(t,x),wherea(t,s)EC[R+×R+,R+]andincreasesmonotonicallywith
respecttotforeachfixedsandsforeachfixedt.

Lastly,wedescribearesultconcerningwiththeestimateoftheperturbedtermg(t,y)inorder

thatthezerosolutionoftheperturbedsystems(2)hasthepropertyULLS.

【Theorem7] Supposethatthereexistfunctionsa(t,s)EC[R+×R+,R+]andVEC[I×Rn,R+]
suchthat

(i)V(t,x) islocallyLipschitzinxwithLipschitzconstantLandV(t,0)=O,

(ii)a(t, I IxI I)≦V(t,x),wherea(t,s)increasesmonotonicallywithrespecttotforeachfixed
sandsforeachfixedt,

(iii)V',i} (t,x)≦0.

Ifthezerosolutionofthescalardifferentialequation

u'=Lr(t,u) (12)

hasthepropertyULLS,wherer(t,u)EC[I×R+,R+], thezerosolutionoftheperturbedsystem(2)

alsohasthepropertyULLSforg(t,x)suchthat

l lg(t,x) I I≦Lr(t,V(t,y)). (13)

(Proof)Asthezerosolutionof(12)hasthepropertyULLS, thereexistapositivenumber6
andacontinuousandmonotoneincreasingfunctiond(s)suchthat

u(t,t｡,u｡)<｡(u｡) (14)

foranyu｡<6andanyt≧to≧α>0,whereu(t,t｡,u｡) isthesolutionof(12)withu(t｡,t｡,u｡)=
u｡andqisaconstant.

Ifweput6/L=2,thenwehavefrom(i)

v(t｡,y｡)≦Ll ly｡ l l<6 (15)
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foranyy｡suchthatl ly｡ | |<2. Therefore, ifweputV(t｡,y｡)=u｡,wehaveu｡<6andthein-
equality(14) issatisfied.

Lety(t)=y(t,t｡,y｡)bethesolutionof(2)withy(t｡,t｡,y｡)=y｡. Thenthecondition(iii)and
(13)leadtheinequality

v',2) (t,y)≦Lr(t,V(t,y)).

Usingcomparisontheorem,wehave

v(t,y)≦u(t,t｡,u｡)． (16)

From(14),(15),(16)andthecondition(ii),wehave

a(q, l ly(t) l l)<a(t, l ly(t) l l )≦v(t,y(t))≦u(t,t｡,u｡)≦の(u｡)
=｡(v(t｡,y｡))≦の(Ll ly｡ l l).

Asthefunctiona(cM,s)=A(s) increasesmonotonicallywithrespecttos,weseethatthereexists

theinversefunctionA~!ofA. Thereforewehave,

l ly(t) | |≦A-' (d(Ll ly｡ l l))=W(lly｡ l l ).

AsthefunctionW(s) ismonotoneincreasing, thezerosolutionof(2)hasthepropertyULLS.

Thiscompletestheproof.
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