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1． Introduction

F､M.DannanandS.Elaydi introducedthenewnotionsofLipschitzstabilityi.e.uniformly

Lipschitzstability,globallyuniformlyLipschitzstability, uniformlyLipschitzstabilityin

variationandgloballyuniformlyLipschitzstabilityinvariation(sameasgloballyuniformly

stableinvariation).Theyshowedthatthesenotionsareequivalenttotheoldnotionsofstability

i.e. uniformstabilityinlinearsystemsbutnotinnonlinearsystems・Furthermore,criteriaare

givenforthenotionsandseveralexamplesaregiventodemonstratethedifferencesamongthe

newandtheoldnotionsofstability.

Theypursuedthisstudyin [2]. Init'spaper, thetechniquesofLiapunovfunctionsare

usedinordertohavesufficientconditionsfortheLipschitzstability.

Inthispaper,wedescribearesultconsideringtheuniformlyLipschitzstabilityofnon-

lineardifferentialequationsbyusingthecompaisonprinciple.

2． DefinitionsandNotations

LetlandR+denotetheintervals [to,oo)and[0,oo)respectively.AndletRndenote

Euclideann-space.

ForxERn, letthenormofxbe l lxll .

WeshalldenotebyC[A,B] thesetofallcontinuousfunctionsdefinedonAwithvalues

inB・ Considerthedifferentialsystem
x'=f(t,x), (1)

wherefEC[I×Rn,Rn], f(t,0)=0andx(t,t｡,xo)=xo(t) isthesolutionof(1)with

x(t｡,t.,xo)=x｡,wheret｡≧0.

Further,weconsiderascalardifferentialequation

u'=g(t,u), (2)

wherege[I×R+,R],g(t,O)=0andu(t,t｡,uo)=u(t) isthemaximalsolutionof(2)with
u(t､,to,Uo)=U｡.

Definitionl.[1]Thezerosolutionof(1) is,saidtobeuniformlyLipschitzstableifthereexist

M≧land6>Osuchthat l lx(to,to,uo) ll≦MIIxo ll for llxo ll<6andt≧to≧0.

UniformlyLipschitzstabilityofthezerosolutionof(2) isdefinedsimilarly.

Definition2.Thezerosolutionof(2) issaid'tobeuniformlyLipschitzstableifthereexist
M≧land6>Osuchthatu(to,to,uo)≦Muoforuo<6andt≧to≧0.
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Definition3.CorrespondingtoVEC[R+×Rn,R]wedefinethefunctions

V',,(t,x)=W+Ijm#V(t+h,x+hf(t,x))-V(t,x) }
and

V'(t,x)=狸〃含{V(t+h,x(t,+x))-V(t,x) } .
IfVislocallyLipschtzwithrespecttox, thenV',,,(t,x)=V(t,x).

IncaseV(t,x)hascontinuouspartialderivativesoffirstorder, itisevidentthat

V',,,(t,x)==L-+且』L､f(t,x)
av

at ax

where "･" denotesthescalarproduct.

3． Preliminaryresults

【Theoreml] Supposethatthemaximalsolutionu(t)of(2)suchthatu(to)=uo, stayson

interval [a,b].

Ifacontinuousfunctionx(t)withx(to)≦uosatisfies

x'(t)≦g(t,x(t)),

whereg(t,u) iscontinuousonanopenconnectedsetQCR2, thenwehave

x(t)≦u(t)fora≦t≦b.

Fortheproofofthistheorem,seereferences [3],[4]or[5].

｜
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LetS(6)= {xERn: |xI<6}.

【Theorem2] LetgEC[I×R+,R],g(t,O)=0,suchthat lg(t,u)-g(t,v) |≦Llu-vI,forsome

positiveconstantL.

Supposealsothat

llx+hf(t,x) ll ≦llxll+hg(t, IIxII)+e(h),

For(t,x)EI×S(p)andforallsufficientlysmallh>0,withlim[e(h)/h]=0.
h一参O

Then, ifthezerosolutionofthescalarequation(2) isuniformlyLipschitzstable, then

thezerosolutionof(1)uniformlyLipschitzstable.

Fortheproofofthistheorem,seereference [1].

【Theorem3] SupposethatthereexisttwofunctionsV(t,x)andg(t,u)satisfyingthe

followingconditions:

(i) g(t,u)EC[I×R+,R]andg(t,0)=0,

(ii)V(t,x)EC[I×S(6),R+],V(t,0)=0,V(t,x) islocallyLipschitzinxandsatisfies

V(t,x)≧b(IIxII),whereb(r)EC[[0,6],R+],

b(0)=0, andb(r)isstrictlymonotoneincreasinginrsuchthat

b-1(qr)≦rq(cz)forsomefunctionq,

withq(q)≧1 ifα≧1.

(iii)For(t,x)EI×S(6),V'II)(t,x)≦g(t,V(t,x)).

Ifthezerosolutionof(2) isuniformlyLipschitzstable, thensoisthezerosolutionof

(1)．
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Fortheproofofthistheorem,seereference[2].

Itisdescribedin[2] thattheabovetheoremremainsvaridif(ii)isreplacedby

(ii)' (ス,(t)IXI)2≦V(t,x)≦ル(t)IxI)2,whereス,(t)andX2(t)arepositive

continuousfunctionswithル(h)≧ル(t).

4． Mainresult

【Theorem4] SupposethatthereexistfunctionsVEC[I×Rn,R+], aEC[I×R+,R+],

cEC[I×R+,R+]

andgEC[I×R+,R]suchthat

(i)V(t,x) islocallyLipschitzinxandV(t,0)=0,

(ii)a(t, l lxII)≦V(t,x)≦c(t, l lxll),

wherea(t,r) increasesmonotonicallywithrespecttotforeachfixedr,a(t,0)=0,a(t,r)>0

forr≠0, kc(t,s)≦c(t,ks)forapositiveconstantkandifa(t,r)≦c(t,s),thenr≦s，

(iii)V',,, (t,x)≦g(t,V(t,x)).

Ifthezerosolutionof(2) isuniformlyLipschitzstable, thensoisthesolutionof(1).

Proof.FromtheuniformlyLipschitzstabilityofthezerosolutionu=0of(2),thereexist

6>0andsomeconstantM≧1suchthat

U(t,t｡,Uo)≦Muo,wheneveruo<6.

LetLbetheLipschitzconStantwithrespecttox.

Ifweput6/L=6' ,thenwehave

V(t｡,uo)≦LI Ix｡ l l=6

foranyxosuchthat l lxo l l≦6'.

ThereforeifweputV(to,uo)=uo,wehaveuo<6andu(t,to,uo)≦Muo.

Usingthecomparisontheoreml, fromthecondition(iii),wehave

V(t,x(t))≦U(t,t｡,Uo).

Hence, bythecondition(ii),wehave

a(h, | |X(t,h,Uo) l l)≦a(t, I Ix(t) ll)≦V(t,x(t))

≦U(t,t｡,Uo)≦Muo

=MV(t｡,uo)≦Mc(h, IIx｡ ll)

≦c(h,MI Ix｡ ll).

Thuswehave l lx(t,to,uo) | |≦MIIxo ll whichshowsthatthezerosolutionof(1)is

uniformlyLipschitzstables.
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