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1. Introduction

F.M.Dannan and S.Elaydi introduced the new notions of Lipschitz stability i.e. uniformly
Lipschitz stability, globally uniformly Lipschitz stability, uniformly Lipschitz stability in
variation and globally uniformly Lipschitz stability in variation (same as globally uniformly
stable in variation). They showed that these notions are equivalent to the old notions of stability
i.e. uniform stability in linear systems but not in nonlinear systems. Furthermore,criteria are
given for the notions and several examples are given to demonstrate the differences among the
new and the old notions of stability.

They pursued this study in [2]. In it’s paper, the techniques of Liapunov functions are
used in order to have sufficient conditions for the Lipschitz stability.

In this paper, we describe a result considering the uniformly Lipschitz stability of non-
linear differential equations by using the compaison principle.

2. Definitions and Notations

Let I and R+ denote the intervals [to,) and [0,%0) respectively. And let R"denote
Euclidean n-space.
For x€ R, let the norm of x be | x|l.
We shall denote by C[A,B] the set of all continuous functions defined on A with values
in B. Consider the differential system
x' =f(t,x), ¢))

where f EC[IXR™,RM], £(t,0) = 0 and x(t,to,x0) = x0(t) is the solution of (1) with

x(to,t0,%0) = Xo, where to=0.

Further, we consider a scalar differential equation

u'=g(t,u), @

where g €[IXR+,R], g(t,00 = 0 and u(t,to,us) = u(t) is the maximal solution of (2) with
u(te,to,u) = uo.
Definition 1.[1] The zero solution of (1) is said to be uniformly Lipschitz stable if there exist
M=21 and 6>0 such that [l x(to,to,u0) | SM [l %l for llxll< & and t=t=0.

Uniformly Lipschitz stability of the zero solution of (2) is defined similarly.

Definition 2. The zero solution of (2) is said'to be uniformly Lipschitz stable if there exist
M=21and 6>0 such that u(te,te,us) < Muo for ue<< Sand t=t=0.
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Definition 3. Corresponding to V&€ C[R+*XRn,R] we define the functions

Voo (6,0 =3 bm LV (t+h,x+hf(t,x) —VEx) )
and
V' (4,0 =32 Jim L (V(t+hx(t+x0) V@G0 ).
If V is locally Lipschtz with respect to x, then V'w(t,x)=V(t,x).

In case V(t,x) has continuous partial derivatives of first order, it is evident that

ov + av “£(t,x)

ot 0x
where “*” denotes the scalar product.

Va(,x)=

3. Preliminary results

[Theorem 1] Suppose that the maximal solution u(t) of (2) such that u(ts)=us, stays on
interval [a,b].
If a continuous function x(t) with x(t) < u. satisfies
x'(t) =gl,x(®),
where g(t,u) is continuous on an open connected set Q CR2, then we have
x(t) =u(t) for a<t<b.
For the proof of this theorem, see references [3], [4]or[5].

Let S(8) = {x€Rn: | x| <6}.

[Theorem 2] Let g€ C[IXR*,R], g(t,0) =0, such that | g(t,u)-gt,v) | =L |u-v|, for some
positive constant L.
Suppose also that
Ix+hfCt,x) Il <llx|l +hgCt, I x 1)+ € (),
For (t,x) €I1XS(p) and for all sufficiently small h>0, withhlirré [eth)/h] = 0.

Then, if the zero solution of the scalar equation (2) is uniformly Lipschitz stable, then
the zero solution of (1) uniformly Lipschitz stable.
For the proof of this theorem, see reference [1].

[Theorem 3] Suppose that there exist two functions V(t,x) and g(t,u) satisfying the
following conditions:
G) gt,uw)ECIXR+*,R] and g(t,0) = 0,
(1) V(t,x)ECIXS(5),R*],V(t,00=0,V(t,x) is locally Lipschitz in x and satisfies
V&,x)2b(llxll), where b(r)EC[[0,6],R*],
b(0)=0, and b(r) is strictly monotone increasing in r such that
b-1(ar)=rq(a) for some function q,
with q(a)=1if a= 1.
(1i1) For (t,x) €IXS(S), Vu(t,x) =g, V(,x)).
If the zero solution of (2) is uniformly Lipschitz stable, then so is the zero solution of

.
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For the proof of this theorem, see reference [2].

It is described in [2] that the above theorem remains varid if (ii) is replaced by
G’ (AW I x1)2 =V(GE,x) £2:(4) 1x1)2, where 2, (4) and ‘A:(t) are positive
continuous functions with A:(t) = A.(t).

4. Main result

[Theorem 4]  Suppose that there exist functions VEC[IXR?,R+], aEC[IXR+,R+],
cEC[IXR+,R+*]
and gEC[IXR+,R] such that

(i) V(,x) is locally Lipschitz in x and V(t,0) =0,

Gi) aCt, IxIDSEVEx) =, Ix 1),
where a(t,r) increases monotonically with respect to t for each fizxed r, a(t,0)=0, a(t,r)>0
for r#0, kc(t,s)=<c(t,ks) for a positive constant k and if a(t,r)<c(t,s),then r<s,

3GiD) V'w (t,x)ég(t,V(t,x)).

If the zero solution of (2) is uniformly Lipschitz stable, then so is the solution of (1).

Proof. From the uniformly Lipschitz stability of the zero solution u=0 of (2),there exist
6>0 and some constant M21 such that
u(t,to,u0) <Mus, whenever ue<d.
Let L be the Lipschitz constant with respect to x.
If we put 6 /L= J",then we have
V(to,llo)gL Il =&
for any x, such that [[x [l =6".
Therefore if we put V(to,us) =us, we have ue<<8 and u(t,to,u0) <Muo.
Using the comparison theorem 1, from the condition (iii),we have
V(t,x(®))=u(t,to,uo).
Hence, by the condition (ii),we have
alto, | x(t,to,u0) D= alt, 1 x@) D=V (,x ()
< u(t,to,u0) £Muo
=MV(fo,Uo) §MC(to, ” Xo “ )
ScteMllx ).
Thus we have |l x(t,to,u0) | =M |l xoll which shows that the zero solution of (1) is
uniformly Lipschitz stables.
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