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1． Introduction

AvariantofthenotionofthetotalstabilityisobtainedifinSteadofrequiringthatthe

permanentperturbationbesmallallalong,weonlyrequirethattheybesmall inthemean.

Aslightlydifferentvariantofthesametypeofstability,equallybasedontheideaofconsider-

ingperturbationswhichcanbegreatincertainmomentsbutaresmall inthemean ,hasbeen

definedbylvoVrkocinl959 . Itiscalledtheintegralstability .

WhatfUrtherrestrictionsalFenecessaryandsufficientforanysolutionoftheordinarydifferen-
tialequationstobeintegrableonthehalf-linetotherightoftheinitialpoint？

ThisquestionwasaskedbyL.Gesari , in1963 , andwasansweredbyhimforthesecond

orderlineardifferentialequations [12] .J.J.LevinandJ.A・Nohel [13] [14)alsohaveobtainned

someresultsinthis 'directionusingLiapunov'ssecondmethod .

Toprovideamorecompleteanswertothisquestion,inl964,A・Straussfirstintroducedand

studiedanewkindofastability,i.e ，,Lp-stabilityofordinarydifferentialequations ,inhis

doctoraldissertation (15] .

ManyauthershavediscussedtheintegralstabilityandtheLP-stability.(cf. [1],[2] ,
〔3〕 ， 〔5〕 ， 〔6〕 ， 〔12〕 ， 〔13〕 ， 〔14〕 ， 〔15〕 ， 〔16〕 ， 〔17〕.）

WealsohaveobtainedsomeresultsoftheintegralstabilityandtheLp-stability . (cf .

〔7〕 ， 〔8〕 ， 〔9〕 ， 〔10〕 ， 〔11〕 ， 〔18〕 ， 〔19〕 .）

Wehavecombinedtwonotionsandintroduceanewstabilitynotion.Wecallthisnewstability

aLp-integralstability .

Asiswellknown ,Liapunov'ssecondmethodhas itsorigininthreesimpletheoremsthat

formthecoreofwhathehimselfcalledhissecondmethodfordealingwithquestionsofstability.

Itiswidelyrecognized , today,asanindispensabietoolnotonlyinthetheoryofstabilitybut

alsoinstudyingmanyotherqualitativepropertiesofsolutionsofdifferentialequations .

Themaincharacteristicofthismethodisaintroductionofafunction , namelytheLiapunov

function ,whichdefinesageneralizeddistancefromtheoriginofthemotionspace .

Liapunov'ssecondmethodisaveryusefulandpowerful instrumentindiscussingthestability
ofthesolutionsofthedifferentialequations . Itspowerandusefulnesslieinthefactthatdecision

ismadebyinvestigatingthedifferential equationitselfandnotbyfindingsolutionsof the

differentialequations .However , itisgreatdifficulttofindtheLiapunovfunction

satisfyingcertainconditions ・Therefore , itisimportanttoobtainaweaksufficientcondition
forastabilitytheorem.

C.Corduneanu (20] andH.A.Antosiewicz [21)observedthattheLiapunv'ssecondmethod

dependsbasicallyonthefactthatafunctionu(t)satisfyingtheinequality

u' ≦g(t,u(t)), u(t｡)≦ro ismajorizedbythemaximal solutionof the scalardifferential
equationr'=g(t,r), r(to)=ro.Asthecomparisonprinciplereducestheproblemofdetermining
thebehaviorofthesolutionofthedifferentialequationstothesolutionofthescalardifferential
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equatlon, itisaveryimportanttool inapplications ・ Itisparticularlyuseful indearingwith
avarietyofqualitativeproblem.

Inthispaper , byusingtheLiapunov'ssecondmethodandthecomparisonprinciple ,wewill
D

statesomesufficientconditionsfortheLp-integralstabilityofsolutionsoftheordinary
differentialequations .

2． NotationsandDefinitions

First ,wesummarizesomebasicnotationsanddefinitionswewillneedlateron.

LetldenotetheintervalO≦t<◎｡,RndenoteEuclideann-space.For xERn,letllxllbeariy
normofxandshalldenotebySHthesetofxsuxhthat l lxl l<H,H>0.

WeshalldenotebyC(I×Rn,Rn)thesetofallcontinuousfunctionsdefinedonl×Rnvalued
inRn.

Weconsiderthesystemofdifferentialequations

:-f(t,x) , f(',0)=0,"岫・ f(t,x)EC(I×Rn,Rn),(1)

anditsperturbedsystem

¥-f(t,x)+F(t,x)'"hereF(t,x)eC([×Rn,Rn).(2)

Supposethat f(t,x)andF(t,x)aresmoothenoughtoensureexistence , uniquenessand
continuousdependenceofthesolutionsoftheinitialvalueproblemassociatedwith(1),(2).
Furthermore , considerascalardifferentialequation

du
(3) F=g(t,u),g(t,0),=0,whero g(t,u)EC("×R,R),

anditsperturbedequation

:f-g(M)+G(M)""h."G(t,u).C(!×R,R)(4)

Supposethat g(t,u)andG(t,u)aresmoothenoughtoensureexistence,uniquenessand
continuousdependenceofthesolutionsoftheinitialvalueproblemassociatedwith(3),(4).
Throughoutthispaper,asolutionthroughapoint (to,xo)EI×Rnwillbedenotedbysucha
formasx(t,t｡,x｡) .

Weintroducethefollowingdefinitions .

[Definitionl] CorrespondingtoacontinuousscalarfunctionV(t,") definedonanopenset,
wedefinethefunction

▽｡(t,x)弓互耐{V(t+h,x+hf(t,x))-V(t,x)}.
IncaseV(t,x)hascontinuouspartialderivativesofthefirstorder,itisevidentthat

V,｡(t,h)=g¥+Z¥･ f(t,x),
●

where".'' denOteascalarproduct
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Thezerosolutionofthesystem(1)issaidtobestableifforany e>0and
exists6(e,to)>Osuchthatinequality

implies l ix(t,t｡,x｡) ll<e forallt≧to .

[Definition2]

anyto≧Othere

llx｡ll<6(e,t｡) ｜
’[Definition3) Thezerosolutionofthesystem(1) issaidtobeLP-integrallystable ,where

Pisapositiveinteger , ifitisstableandforany e>0andanyto≧0thereexist
●

61(E,to)>0and 62(e,to)>Osuchthat l lxol l<61(E,to)and

J'11x(t,t]Pdt<･｡,wh…(t,to,xo)JEMg1F(城川<6｡M加山e｡ 4｡
denotesasolutionofaperturbedsystem(2)satisfyinganinitialcondition
x(t｡,t｡,x6)=x｡.

[Definition4] Thezerosolutionof(3) issaidtoboL1-integrallystableifitisstableandif
foranye>0andanyto≧0thereexist 771(e,to)>0and 772(e,to)>0

r.u(t,t･,u･)dt<｡｡，"'G(加川<77…)加plieS Jtosuchthatuo<771(E,to)and

whereu(t, to,uo)isasolutionofaperturbedequation(4)satisfyinganinitialcondition
U(t, t｡,U｡/=Uo.

3.Result

Beforewestatemainresult ,wegivethefollowingtheoremsweshallneedlateron .

[Theoreml] Wzezer･osoJzjtio"oハノZeSySte77Z(I)jSLP-irZtegr(Z"ySt(Zble〃α"。α"Jy"/bγα"y

E>0α"αtO≧0t/Zeree"st6I(e,t｡)>0(z"d62(e,t｡)>0sIJcﾉZ tmtびの(t) jsα"yco"tirzzJos

J言I州lldt<62(e,t｡)加川｡｡航”ん"CtiO7Zde/MFZedO" [ t｡,oo ] q7ZdS(ZtiS/ZeS

y(t,to,y｡)scztis/Wzg l lyo| |<6I(e,to) QftﾉZeSySte77Z

釜〒/(")+・(産）⑤

riy(t,t｡,y.) '''df<･qUeγ城esr/Zej"eqzJα"ty
to

Proof・TheneCessityoftheconditionisclear .Thereforeitsufficestoprovethat ifthe

propertyfromthestatementoccures,thezerosolutionofthesystem(1) isLP-integrallystable.

曝恨』|F(t,x) lldt<6…) ,where62(e,to)LetF(t,x)besuchthat

isonegiventhecondition.Considerapoint xowithllx｡ll<6,(E,to)andthesolution
x(t,to,xo)ofthesystem (2),
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J言Ⅱ※(…o)IIPdt<",thereexists伽伽加｡鮴,>t｡Ifwewouldnothave

J"' ' 'x(t,t.,x.) ''Pdt=-andr''x(t,t･,x･) ' 'Pdt<･｡f｡r｡nに[t｡,t,).Foranyte[t｡,t,)
to to

take d(t)=F(t,to,xo),wehave

必淵旧(㈱''‘‘<…)r" ''｡(:) ' 'dt=
to

Weextendの(t) continuouslyonthewholesemiaxist≧tosuchthat

』｡｡Ⅱ・・(t)lldt<62(e,to),whered｡(t) i…xtendedfunction, forthisitissufficientto
to

take t2>t! suchthat

2(6,(.,t･)-"''州'枇）
t2-t,<

1+lld(t,) ||

の｡(t)=d(t)fOrallte[to,t,],linearon[t,,t2],whereweputの｡(t2)=0,andzeroforall
t≧t! .

Weconsiderthefollowingsystem(6)

(6) ¥-f(w)+.｡(t) .
Nowlety(t,to,xo)beasolutionofthesystem(6) .

FrOmllxoll<6!(e,t･)andrb｡(t)dt<62(e,t･),wehavOJ｡｡||y(t,t･,x･) ||Pdt<":
to to

henc｡Jt',,y(t,､･'x･) I IPdt<oo.Butwehavey(t,to,x､)=x(t,t､,x､)｡ﾛ [t｡,t! ] ,hence
to

■
■
■
■
■
■
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Ⅱ
９
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１
１
１
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１
Ⅱ
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１
１
１
１
１
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Ⅱ
Ⅱ

１
１ ハエ(t,to,xo) IIPdt<oo,whichisoon伽伽･肌Therefore,thezerosoM｡no此hesystem

to

(1) isLP-integrallystable .

’

(Theorem2) Assz"7zer加tWe7･eezist血"c加凡V(t,")EC(I×SH,Dq"dg(t,")EC(I×1,R),α"d
g(t,の=0s(ztia/Wzgt/Ze/b"ouﾉj"gco凡α城o"s；

(i) Q(l l"l l)≦V(t,"),V(t,の=0, uﾉんe『eαのjs(zco"ti7zzJoIJs , j"c7･e(zsi"gα"d
positjUed蛾"娩血"ctjo",

（虎） ．|V(t,z)-V(f,y) |≦MII苑一yl l , uﾉﾉZe7･eMjs(zpos航Ueco"s苑"オ ，
（脱)MII(t,")≦g(t,V(t,")).

TﾉZe",t/lestczbj"tyqfr/tezeroso如加〃QftﾉZee9zLα加刀③"p"esr/Zesta6"ty
Q/tﾉzezerosoJ"jo"Q/ｵﾉZesystem(1).

Forproof,see (6) .

Next ,westateamainresult .

’
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[Theorem3] Sz4ppose功atme7･ee"s亡血刀ctio"sV(t,%)eC(I×SH,I)α刀αg(r,")EC(I×1,R),

s(ztiS/Wzgmejb"oI"mgco"α城o"s：

(i)All%IIP≦V(t,z),"んe7･eA>0js(zco7zsta伽,V(t,の=0,

(ii) IV(t,z)-V(t,y) l≦MII尤一yll ib『α"y(t,z), (r,y)EI×SH, uﾉﾉZe7･eM>0jscz
CO"Stq7Zr ,

（脱）歯,)(“)､≦g(t,V(ｵ,z)) .
〃tﾉZeze7･osoJzJtio"QftﾉZee9zJ(ztiorz (3isLI-i"eg『α"yst(z6Je,t九e刀沈eze『o

soZ"tio"Q/t/ZeSySte77Z (I) ZSLP-i7Zteg『α"ystczble .

Proof.ByTheorem2, thezerosolutionofthesyStem(1) isstable .Thus,foranye≧Oand

anyto≧Othereexists6=6(e,to)>Osuchthatinequality l lxol l<6impliesinequality

l lx(t,t｡,x｡) | |<eforallt≧to・

Sincethezerosolutionoftheequation(3) isL1-integrallystable, itisstableandforany

E>0andanyt｡≧0 ,thereexist"1=771(e,to)>0and 772=772 (E,to)suchthatuo<771and

曝聖|G(t,u) ldt<"2加plies噂…)dt<oo ,whereu…) isthesolutionofthe
perturbedequation④、

BecauseV(t,x) iscontinuousandV(t,0)=0, forgiven 771>0andto≧0thereexists

60(e, 771,to)=61(e,to)>Osatisfying l lxol l<6, imliesV(to,xo)<uo ,whereO<uo<771.

Given 772>0, thereexists61=62(E,to)>Osuchthet62<min(772/M,6)．Byusingthe

condition (mi) ,
● ●

V(2,(t,x)≦VI,,(t,x)+MI IF(t,x) ||≦g(t,V(t,x))+MIIF(t,x) l l .

Weputス(t)=MIIF(t,x(t,to,x｡)) ll ,wherex(t,to,xo) isthesolutionoftheperturbed

system(2)suchthat l lxoll≦61.

Forthisfunctionス(t),weconsiderthefollowingscalarequation
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\=g(t,u)+'(u(7)

Becausellx(t,t｡,x･) | |<eforallt≧tosatisfyingthecondition l lxol l<6,,

wege!J'o1(､)d,=Mr｡||F(t,x(IT)Id'≦M鯲恨』IF(…川‘to to

≦M62<"2.

ByTheoreml,wehave

侭､抑｡)dt<",(8)

to

wherer(t,to,uo) isthemaximalsolutionoftheequation(7)suchthatuo<77,.

Moreover,theapplicationofthecomparisonprincipleshowsthatifV(t｡,xo)≦uo, then
(9) V(t,x(t,t｡,xo))≦r(t,t｡,u｡)forallt≧to.

Foranye>0andanyto≧0, using61and62definedabove ,weclaimthatthezero

solutionofthesystem(1) isLP-integrallystablewhenever llxoll<61and

聯e llF(駆川t<oo.
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Byusingthecondition(i)andrelations(8)and(9), itfollowsthat

AIIx(t,t｡,x｡) IIP≦V(t,x(t,t｡,x｡))≦r(t,t｡,Uo),
andhence

』｡｡Ⅱx(t,t､,x｡) IIPdt≦去候(t,t｡,u｡)dt<-.
to -- -to

Thisprovesthatthezerosolutionofthesystem(1)isLP-integrallystable
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