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1. Introduction

A variant of the notion of total stability is obtained if inquiring that the permanent
perturbations be small all along, .we only require that they be small in the mean. A slightly
different variant of the same type of stability, equally based on the idea of considering
perturbations which can be great in certain moments but are small in the mean, has been defined
by lvo Vrkoc. It is called the integral stability.

Many authors have discussed the integral stability. (cf. [11,[2],[3],[4],(5]1,[6]1,(71,[8]1,(9]1.)

As is well known, Liapunov’s second method has its origin in three simple theorems that
form the core of what he called the second method for dealing with questions of stability. It is
widely recognized as an indispensable tool not only in the theory of stability but also in studying
many other qualitative properties of solutions of differential equations. The main characteristic of
this method is the introduction of a function, namely the Liapunov function, which defines a
generalized distance from the origin of the motion space.

Liapunov’'s second method is a very useful and powerful instrument in discussing the
stability of the system of differential equat.ons. Its power and usefulness lie in the fact that the
decision is made by investigating the differential equation itself and not by finding solutions of the
differential equations. However, it is great difficult to find the Liapunov function satisfying certain
conditions. Therefore, it is important to obtain a weak sufficient condition for a stability theorem.

In many applications, we need to see the qualities not of the whole solution but of the
partial. '

In this paper, by using the Liapunov’s second method, we will state extension of the sufficient
conditions for the partially uniformly integral stability.

2. Notations and Definitions

First, we summarize some basic notations and definitions we will need later on.

Let I denote the interval 0=t<oc, R" denote Euclidean n-space. For x&€R", let || x|l be any
norm of x and we shall denote by Sy the set of x such that Il x || <H, H>0.

We consider a system of differential equations
dx =f(t,x,y), £(t,0,0)=0,
w{ 4

dy B
dt —g(t,X,Y)’ g(tvovo) 0,

where x is an n-vector, y is an m-vector, f(t,x,y) is an n-vector function and g(t,x,y) is an m-vector
function.
Suppose that f(t,x,y) is continuous on IXR"XR™, g(t,x,y) is continuous on IXR"XR™ and that
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f(t,x,y) and g(t,x,y) are smooth enough to ensure existence, uniqueness and continuous dependence
of the solutions of the initial value problem associated with (1). We shall denote by

C(IXR™R™, R¥) the set of all continuous functions defined on IXR** R™with valued in R¥. Through-
out this paper, a solution through a point (to,Xe,¥o) €I X R*X R™ will be denoted by such a form as
(x(t,t0,X0:¥0)s ¥ (tsto, X0, ¥o))- We introduce the following definitions.

(Definition 2.1) Corresponding to a continuous scalar function V(t,x,y) defined on an open set,
we define the function :

. —1
Vi (4,x,y) = }‘glgig{V(Hh,th(t.x,y) ,y+hg(t,x,y))=V(t,x,y)}

In case V(t,x,y) has continuous partial derivatives of the first order, it is evident that

. 0 ov ov
V(l) (tyX,Y)= W + W ° f(trxry) + ay * g(t,x:}'),

where“ . "denote a scalar product.
3. Partially Uniformly Integral Stability

We consider the system of differential equations
(

i—’:=f(t,x,y), £(t,0,0) =0, where f(t,x,y) EC(IXxXR"XR™,R")
1) 5

d
L d—: =g(t,x,y), g(t,0,0) =0, where g(t,x,y)€EC(IXR"XR™,R™),

and its perturbed system

(4
d—’: = £(t,x,y)+F(t,x,y), where F(t,x,y)EC(IxR*xR™R")

dy
L dt
Let us first define the notion of the partially integral stability.

(2) 1

= g(t,x,y)+G(t,x,y), where G(t,x,y)EC(IXR*XR™,R™).

(Definition 3.1) The zero solution of the system (1) is said to be partially integrally stable with
respect to x if for any €>0 and any to==0 there exist 0(to0,6) >0 and 0,(to,€)>0 such that
Il xoll+l yo I <8 (to,€) and
[ sup (1FCxy) 1+ 1GGEx) 188 ) < Battare)
o

lixlls €
implies Il x(t,t0,X0,¥0) |l < € for all t=to,where (x(t,t0,X0,¥0),¥(t:t0,X0,¥o)) denotes a solution of

the system (2) satisfying a initial condition (x(to,t0,X0,¥0),¥(tosterX0:¥0)) = (X0,¥0)-
(Definition 3.2) The zero solution of the system (1) is said to be partially uniformly integrally
stable with respect to x if d; and 0, in Definition 3.1 are independent of t,.
In [1], A.Halanay proved the next theorem.
[Theorem 3.1] If there exists a continuous funciion V(ix) defined on IX Sy with properties:
(i) a(llzll) = V(tx), V(t,00=0, where a(r) is a continuous, positive definite and increasing
function,
(ii) | Viix)— V(ity) | SMllx—yll, M>0,

(iii) ‘./(3)(t,x)§h(t)V(t,x(t,to,xo)), with Soh(t)dt<°°, h(t)=0, where =x(i,inx,) is a solution of
the following system
(3) (tiix_t= f(t,x), f(L0)=0, where f(t,x)€C(IXR™R"), and its perturbed system
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(4) (cilx_t =f(t,x)+g(t,x), where g(tx)EC(IXR",R"™),

then the zero solution of the system (3) is uniformly iniegrally stable.

In 1988, we proved the following theorem. (cf. [7].)
[Theorem 3.2] Suppose that there exist functions V(t,x)€ C(IX Sy,I) and h(t)€ C(LI), which satisfies
the follwing conditions:

(i) a(ll xIl ) V(,x), V(,00=0, where a(i,r) is continuous in (ir), nondecreasing in r for
each t, nondecreasing in t for each, a(t,r)>0 for any r70 and a(t,0)=0,

(it) | Vit,o)—V(ty) | =Mllx—yll, M>0,

(iii) 1./(3) (t,x) = (D) V(t,x(t,10,x0)) with Soh(t)dt< oo, where x(ito,xo) is any solution of the

system (3),
then the zero solution of the system (3) is uniformly integrally stable.

For proof, see[7].

Before we state main result, we give the following theorems we shall need later on.
[Theorem 3.3] The zero solution of the system (1) is partially uniformly integrally stable with
respect to x if and only if for any €>0 and any t,=20 there exist 01(€)>0 and 02(€)>0 such that

(=]
if ¢ (1) is continuous function defined on [iy,o°] and satisfies S"¢(t) Il dt<< oo, then any solution
to

(u(t,toyk0sV0)s V(EEososve)) satisfying lugll + vy Il <6y (&) of the system
du

o =fu+é ()
® 1,
o =slhuv)t+ 6 (1)

verfies the inequality Il u(tto,ugvo) |l <& for all t=21i.
Proof. The necessity of the condition is clear. Therefore it suffices to prove that if the property from
the statement occures, the zero solution of the system (1) is partially uniformly integrally stable
with respect to x.
Let F(t,u,v) and G(t,u,v) be such that
.‘-to ?ﬁ}l)l{sg F(t,u,v) | + | G(t,u,v) Il }dt< 8, (€), where 0;(¢€) is one given in condition.
Consider the solution (u(t,te,uq,ve), v(t,to,ue,vo)) of the system (2) satisfying the condition
Fug Il + 1l ve I <Oy(€).
If we would not have for all t=t, the inequality Il u(to,uq,vo) Il <&, there exists a first
point t; such that Il u(ty,te,ue,ve) Il = € and Il u(t,to,ue,ve) I € for all tE€[t,,t1].
For any t€[t,,t,], take
¢ (t) = F(t,u(t,to,u0,0),v(tto o V0 )), we have
t t1
_‘.‘ el dt=<| sup{ll F(t,u,v) Il + Il G(t,u,v) Il }dt<d; (€).
[

to llulls € o
We extend ¢ (t) continuously on the whole semiaxis t=t, such that L ll¢* ()l dt < 8d5(¢€), where
(]
¢* (t) is a extended function, for this it is sufficient to take t, >t; such that
t1
208, (&) [, 18wl dv)

1+ 1l ¢ ()l ’
¢*(t)=¢ (t) for all tE[ty,t1], linear on [ty,t,], where we put ¢*(t;)=0, and zero for all t=t,.

te —t, <
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We consider the following system

B e +H(E)
dt

(6) dv
I g(t,u,v) +é*(t).

Now let be a solution (u*(t,te,U,Ve),v*(t,te,Ue,v0)) Of the system (6).
From llugllHlvell <0;(€) and Lll ¢*(t)Il dt<d,(e), we have llu*(t,to,u,,vo)ll <& for all t=t, -
0

hence llu*(ty,to,uq,vo)ll <&. But we have u*(t,to,u0,vo) =u(t,to,u0,v0) On [to,t1], therefore
llu(ty,toue,ve) Il <€, which is contradictory.

[Theorem 3.4] The zero solution of the system (1) is partially uniformly integrally stable with
respect to x if and only if for any €>0 and any 1,20 there exist 91(€)>0 and J2(€)>0 such that
any t,>to whichever be pi(t) with continuous derivative on [to,t:], and p2(t) be continuous on [io,i:]

satisfying |l pa(to) Il + Il pz(to) Il < 91 (€), SE Pi(t)— f(tpr (D)p2(t)) 1| i< I2(e), ( ’=%), it will follow

that Il py (D)1l <& for all tE€[io,t1].
Proof. Let us suppose that the zero solution of the system (1) is partially uniformly integrally
stable with respect to x, let ,(€) and 0,(¢) be defined according to be the property of partially
uniformly integral stability and let p;(t) and p;(t) be as in the statement.

Let ¢*(t) be continuous for all t=t, such ¢*(t)=p’;(t) —f(t,p; (t),p2(t)) on [to,t;], linear on

[t1,t2], where t; is chosen such that
t1

2(0,(e)— 1‘ pi(t) —£(t,py(t),p2 (1)) dt)
0
1+ 1l py (41) —f(t1,p1(t1), D2 (1)) Il

ta—t1<

’

and zero for all t=t,. Then J;H d*(t)Il dt<d, (€).
0

We consider the system
du _ f(t,u,v)+é*(t)
dt

(7

& g+,

and let (u(t,to,pg(to),p2 (to)): V(t,te,P1(to),P2(to)) be the solution of the system (7).

According to Theorem 3.3, we get [l u(t,to,p1(to), p2(to)) Il <é for all t=t,. Since we have
p1(t)=u(t,te,p1(te),p2 (to)) on [to,t;], then it follow that |l py(t) Il <& for all tE[t,,t1].

Now let d,(€)>0 and 0, (¢)>0 be as in the statement of Theorem 3.4 and ¢ (t) be continuous
on [to,] with fioll 6 (t)1 dt< 8, (¢).

For this function, we consider the system (5). Then the solution

(u(t,to,D1(te) P2 (t6)),s V(t,te,P1(te) P2 (t0))) such that [l py(to)ll+ll pz (to)Il <Oy1(e)
verifies for any t,>t, the condition of Theorem 3.4 : hence we get llu(t,to,py(to),p2 (to))II<é for all
tE[to,t1], it follow that |l u(t,te,py (to),P2 (to))ll <€ for all t=t,.

Then, by Theorem 3.3, the zero solution of the system (1) is partially uniformly integrally
stable with respect to x.
[Theorem 3.5] Suppose that there exist functions V(ix,y)E C(IX SuXR™1I) and h(t)EC(LI), which
satisfies the following conditions:

(i) a(t, l x Il )= V(t,x,y), V(t,0,00=0, where a(t,r) is continuous in (i,r), nondecreasing in r
for each t, nondecreasing in t for each r, a(t,r)>0 for all 70 and a(t,0)=0,
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(i) | Vzn)— Vitee,y)) SMln—zl+llyn—y0} , M>0,
("”) “’(1) (t)x,y).s h(t) V(trx(t; tO)xOyyO)’ y(t) tO,xO’yO)) with h'(t)g 0’ S 0 h(t)dt< o,

where (%(t,t0,%0,¥0), ¥(tto,%0,¥0)) is any solution of the system (1),
then the zero solution of the system (1) is partially uniformly integrally stable with respect to x.
Proof. Let 0 €[t,,t]: for any function p;(t) with continuous derivatives on [t,,t] and any continuous
function p, (t), we consider the solution (x(t,8,p;(8),p2(9)), y(t,8,p1(6).p2(8))) of the system (1).
We have
| V(6+h,pi(8+h),pz(8+h)— V(6 +h,x(6+h,0,p1(8),p2(6)),p2(6+h)) |
=Mll p; (0+h) x(6+h, 0 Pl(ﬂ)»Pz N

=Mhl jpn(t)dt— —I £(t,x(t,8,01(8),p2(6)), y(t.8,p1(6),p2 (8)))at I,
hence

l1‘11(1)r1+—[V(0+h ,p1(6+h),pz(6+h))—V(6,p1(6),p2(8)]

sﬂ—[vw+h,p,(a+h>,p2 (6+h)—V(6+h,x(6+h,6,p1(8),p;(8)),pz (6+))]

+11_I£F[V(0+h x(6+h,6,p1(8),p2(6)),p2(6+h)) =V (8,p1(6),p2(0))]

=M pi(8)—£(8,p1(8).,p2(8)) I| +h(8)V(8,p1(6),D2(6)).
By integrating, we obtain
V(t’Pl(t),Pz (t))

3 t S
=V(to,p1(to), pz(to))exp(L:r(u)du-FMLexp(Lh(u)du) Il p1(s)—f(s,p1(s),p2(s)) Il ds.

By the property of the function h(t), there exists a positive constant K>0 such that Ih(t)dt=K.
(]

For any €>0 and any t,=0, by birtue of (i), we have constans 0;(€)>0 and 8,(€)>0
satisfying the following condition ; MeX(8;(&)+ 8,(€))<a(0,¢).

Il pyto) Il + Il pa(te) | <B8,(&) and L" pi(t) —f(t,p,, Pz (1)1 dt< 05 (€),
then V(t,Pl(t),Dz(t)) ¢ ¢
S
SV (to,P1 (ko) P2 (to))exp(J‘tgmu)du)JrM_Lgxp(J" h(w)duw)ll pi(s)=f(s.p, (5),p, () Il ds

=Me¥ (Il py(to) Il + Il Pz (t)Il )+Me"LI)I p;(s)—f(s,p,(s),p,(s))l ds

SMe®(0,(e)+d5(¢)).
For any functions p;(t) and p, (t) satisfying |l p;(to) Il + Il pz (to) | <&;(€) and

L Il pi(t) —£(t,py(t),p2 (t)) Il dt< D, (€), we prove that |l py(t) | <e for all tE[to,t4].
0

If we assume that this is not true, then there exists t* such that || p;(t*) |l =¢ and t,<t*<t,.
By (i), it follows that
a(0,€)<a(t*, |l p;(t*) 1SV (t*,p1(t%),pp (t*)) SMe" (0, ( )+ 8,(€))<a(0,¢),

which contradicts.
Therefore we have || p;(t)ll <¢ for all tE[t,,t;] for any functions p;(t) and p; (t) with

Il p1(to) L+ 11 p2 (to) 1 <94 () and ,L" pi(t) —£(t,p1 (t),pz (1)) I dt<T D2 (€).
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By Theorem 3.4, the zero solution of the system (1) is partially uniformly integrally stable

with respect to x.
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