
－78－

OnthePartiallyUniformlylntegralStabilityofSolutions

ofOrdinaryDifferentialEquations

ShoichiSEINo

(Receivedon9,October. 1989)

1． Introduction

Avariant of thenotionof total stabilityisobtained if inquiringthat thepermanent

perturbationsbesmallallalong, 、weonlyrequirethat theybesmall inthemean・Aslightly

different variant of the same type of stability, equallybased on the ideaof considering

perturbationswhichcanbegreatincertainmomentsbutaresmallinthemean,hasbeendefined

bylvoVrkoc， Itiscalledtheintegralstability.

Manyauthorshavediscussedtheintegralstability.(cf.[1],[2],[3],[4],[5],[6],[7],[8],[9].）

Asiswellknown,Liapunov'ssecondrnethodhasitsorigininthreesimpletheoremsthat

formthecoreofwhathecalledthesecondmethodfordealingwlthquestionsofstability． It is

widelyrecognizedasanindispensabletoolnotonlyinthetheoryofstabilitybutalsoinstudying

manyotherqualitativepropertiesofsolutionsofdifferentialequations・Themaincharacteristicof

thismethodistheintroductionofafunction, namelytheLiapunoVfunction,whichdefinesa

generalizeddistancefromtheoriginofthemotionspace.

Liapunov'ssecondmethodisaveryuseful andpowerful instrument indiscussingthe

stabilityofthesystemofdifferentialequations・ Itspowerandusefulnesslieinthefactthatthe

decisionismadebyinvestigatingthedifferentialequ､gltionitselfandnotbyfindingsolutionsofthe

differentialequations・However, itisgreatdifficulttofindtheLiapunovfunctionsatisfyingcertain

conditions・Therefore, itisimportanttoobtainaweaksufficientconditionforastabilitytheorem.

Inmanyapplications,weneedtoseethequalitiesnotof thewholesolutionbutofthe

partial.

Inthispaper,byusingtheLiapunov'ssecondmethod,wewillstateextensionofthesufficient

conditionsforthepartiallyuniformlyintegralstability.

2． NotationsandDefinitions

First,wesummarizesomebasicnotationsanddefinitionswewillneedlateron.

LetldenotetheintervalO≦t<･･,RndenoteEuclideann-space.ForxERn,letllxll beany

normofxandweshalldenotebySHthesetofxsuchthat llxll<H,H>0.

Weconsiderasystemofdifferentialequations

¥-f(t,x,y), f(t,0,0)-0,

倖…叩Ⅷ（1）

wherexisann-vector,yisanm-vector, f(t,x,y)isann-vectorfunctionandg(t,x,y)isanm-vector

function.

Supposethatf(t,x,y)iscontinuousonl×Rn×Rm,g(t,x,y)iscontinuousonl×Rn×Rmandthat
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f(t,x,y)andg(t,x,y)aresmoothenoughtoensureexistence,uniquenessandcontinuousdependence

ofthesolutionsoftheinitialvalueproblemassociatedwith(1)．Weshalldenoteby

C(I×Rn×Rm,RK)thesetofallcontinuousfunctionsdefinedonl×Rn×RmwithvaluedinRK・Through-

outthispaper,asolutionthroughapoint(to,xo,yb)EI×Rn×Rmwillbedenotedbysuchaformas

(x(t,t｡,xo,yO),y(t,to,xo,yO))．Weintroducethefollowingdefinitions.

(Definition2.1) CorrespondingtoacontinuousscalarfunctionV(t,x,y)definedonanopenset,

wedefinethefunction
今

f,) (t,x,y)=再告{V(t+h,州(t,x,y),y+hg(t,x,y))-V(t,x,y)}
IncaseV(t,x,y)hascontinuouspartialderivativesofthefirstOrder, itisevidentthat

aV aV _ 6V●

M,)(t,x,y)=r+一・f(t,x,y)+－．9(t,x,y),ay 3y

where"． ''denoteascalarproduct.

3. PartiallyUniformlylntegraIStability

Weconsiderthesystemofdifferentialequations

l爺剛M脳駕惑隠隙二､（1）

anditsperturbedsystem

l幸藍:鯛i撫 :窯蝋1（2）

Letusfirstdefinethenotionofthepartiallyintegralstability.

(Definition3.1) Thezerosolutionofthesystem(1) issaidtobepartiallyintegrallystablewith

respecttoxifforanye>0andanyto≧Othereexist61(to,e)>0and62(to,E)>0suchthat

||x｡ll+lly｡ ll<6,(t｡,E)and

I:柵Ⅲ脚) ||+IIG(t,x,y) lldt}<62(to,E)
implies llx(t,t｡,xo,y｡)||<eforallt≧to,where(x(t,to,xo,yo),y(t,to,x｡,y｡)) denotesasolutionof

thesystem(2)satisfyingainitialcondition (x(to,to,xo,y･),y(to,t｡,x｡,y｡))=(xo,yo).

(Definition3.2) Thezerosolutionofthesystem(1)issaidtobepartiallyuniformlyintegrally

stablewithrespecttoxif6,and62 inDefinition3．lareindependentofto.

In[1],A.Halanayprovedthenexttheorem.

[Theorem3.1]〃肋e7･ee"sisacofat加泌0秘s伽ctjolzV(M)de"edo7II×SHw肋p7.opeγ"es：

(j) a(| |xll)≦Wt,z),V(t,の=qwhe7･ea('jisaco冗伽秘OuS,pOS赫加ede伽泥ea71dj7zc7･easj7zg

ん刀c加冗，

（"ノ IV(t,苑ノーVrt,yﾉ ｜≦M||苑一yl l ,M>q

IWⅧ‘<･･,剛≧αwhere卿｡,露.） js a sol""07zof
●

（"〃 Via)(刺≦ﾉi("V(t,苑岬o,"oﾉﾉ, wjth

the/b"owmgSySie77L

（3,篶=伽川の=4"伽｡伽巨Ca×R"jR'I),a"ditsper"'･6edsysiem
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I4)f-""),"'…伽EC(IxR",R"),
油e冗沈ezeγOSC〃加冗ofthesysiem(3ノ js i"/b7･'7Ljymteg7･a"ysia6/e.

Inl988,weprovedthefollowingtheorem． (cf． [7].)

[Theorem3､2] StjPPosef/tat tﾉZe7･ee"SM"zctjo7LSV(2,Z)ECα×S刷りa伽。h("ECW), 'whjcﾉisatjs/Mes

jhe/b"Wj7ZgCO71d"071S:

(jj a(l l"llﾉ≦V(M), V(&O)=q 'wﾉierea(i,7j js co九"刀加泌s伽(tWj, 7zo7zdec7･easj7zg伽γ/b'･

eacﾉt i,”o"decγgas加g加＃／bγeach, a(刺＞0/bγa"jﾉ γ≠Oa7'da(tlO)=q

(i" IV(t,z)-V(t,yﾉ ｜≦MII苑一yll ,M>q

I:"d'<｡｡, whe7･ez(t,2｡,鰯｡) isa7zy･･伽･"｡'晩．
●

（"jノ Vi3)(t,苑）≦ん("V("(t,60,"oノノw肋

syste'7z (3),

腕e冗沈ezeγCSOﾉ"jo7zoバノZesystem(3) isi"'j/brmly伽2eg7･a"ysta6/e.

Forproof,see[7].

Beforewestatemainresult,wegivethefollowingtheoremsweshallneedlateron.

[Theorem3.3] TWeze7･oso加加冗ofthesystemaノ jspaγ加吻泌加/brmlyj'zteg7･allysta6ﾉewjih

7.eSpeci加苑〃a71dO7'lyj//b7･a7Zye>0a7Zda7'ytO≧0功e7･ee"jsi6,にﾉ>0a"d先にﾉ>0such沈at

豆州lldt<｡｡, the7za7Zys｡鮴｡”〃の(Z) jscolz"'z"ous/i"zctjo〃defZ7zedo7z Ito,mノa'zdsatjs/Mes

位似01"011'Oﾉ,v伽O,"01ｯ｡ノノsa"s/yj7zg lluoll+llvoll<diにノO/2heSySte77Z

器=陥刎+州

｜〃（5）

"=g(t,",M)十ゆ(〃

γe7･/Mest/lej7zegua"ty llu(Mo,"0,''oﾉll<E/bra"t≧to.

Proof・Thenecessityoftheconditionisclear，Thereforeitsufficestoprovethatifthepropertyfrom

thestatementoccures, thezerosolutionof thesystem(1) ispartiallyuniformlyintegrallystable

withrespecttox.

LetF(t,u,v)andG(t,u,v)besuchthat

に淵辿F(t,u,v川≠！G(t,u,v) || }dt<62(E),w岫｡62(E)isonegivenincondition.
Consider thesolution (u(t,t｡,u｡,v｡),v(t,t｡,u｡,v｡)) of the. system(2) satisfyingthecondition

llu｡ ll+IIv｡ ll<6,(e).

Ifwewouldnothaveforall t≧to theinequality llu(to,uo,v･） ||＜§， thereexistsafirst

pointt,suchthat llu(t,,t｡,u｡,v｡) ||=Eand llu(t,to,uo,vo) ||≦e forallte[t｡,t,].

Foranyte[t｡,t,],take

d(t)=F(t,u(t,t｡,u｡,v｡),v(t,t｡,u｡,v｡)),wehave

tl tl

I:i州I砒≦工.淵|』雰(t,U,v)||÷IIG(t,u,v) ll }dt<62(e)･
p州lldt<62.(E),whereWeextendj(t)continuouslyonthewholesemiaxist≧tosuchthat

｡*(t)isaextendedfunction, forthisitissufficienttotaket2>t,suchthat

2(',(-)-jfW''州川
< ]+,,",) ,,t2-tl

d*(t)=d(t)forallte[to,tl], linearon[tl,t2],whereweput｡*(t2)=0,andzeroforallt≧t2･
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Weconsiderthefollowingsystem

l尊醗川（6）

Nowletbeasolution(u*(t,to,uo,vo),v*(t,to,uo,vo))ofthesystem(6).

伽)lldt<62(e),wehave llu*(t,t｡,u｡,v｡)ll<e forall t≧to :Fromllu｡ll+IIv｡ll<6,(e)and

hence llu*(t,,t｡,u｡,v｡)ll<E．Butwehaveu*(t,t｡,u｡,vo)=u(t,t｡,u｡,v｡)on[t｡,t,],therefore

llu(t,,tou｡,vo)ll<E,whichiscontradictory.

[Theorem3.4] TWeze7･oso如加〃ofthesystemaノ jspaγ油"y秘加/b7･77zjy j7z#eg7･a"ysta6Jewjth

7.eSpect加妬〃a7zdo〃〃〃/b7･a7Zye>0a7Zda7ZytO≧0肋e7･ee"jst6,にﾉ>0a7zd"(Eﾉ>0such肋af

a'zyt,>fowhjche''e'･ 6ep,(Z)wjthcont加』ousdeγ"atWeo冗庇0，t,Aa刀dP2(〃6eco〃t畑4otLso711fo,2,ノ

IX,i("-抑伽(")M<"), ('=:), "州允"｡”sa伽が7Zg llp,(tOﾉll+llp2(to)ll<6,(Eﾉ，

thai llp,("ll<e/bra"tEIto,t,j

Proof.Letussupposethatthezerosolutionofthesystem(1) ispartiallyuniformlyintegrally

stablewithrespecttox, let6,(E)and62(E) bedefinedaccordingtobethepropertyofpartially

uniformlyintegralstabilityandletp,(t)andp2(t)beasinthestatement.

LetO*(t)becontinuousforallt≧tosuchd*(t)=p'1(t)-f(t,pl(t),p2(t))on[to,tl],linearon

[tl,t2],wheret2ischosen・suchthat

",､,,(''.o2(62（6）一

t2-t,< ､ , "_g¥､ ""_ ," ､_ ,' ､､" ,
1+llpi(t,)-f(tl,pl(tl),P2(tl)) ll

〃(川‘<’｡(｡)andzeroforallt≧t2．Then

Weconsiderthesystem

l菫壼:剛％（7）

andlet(u(t,to,pl(to),p2(to)),v(t,to,Pl(to),p2(to))bethesolutionofthesystem(7).

AccordingtoTheorem3.3,weget llu(t,to,p,(to)'p2(to)) | |<eforallt≧t｡.Sincewehave

pl(t)=u(t,to,pl(to),p2(to))on[to,tl], thenitfollowthat llp,(t) ||<eforallte[to,t,].

Nowlet6,(e)>0and62(e)>0beasinthestatementofTheorem3.4andd(t)becontinuous

on[to,｡｡]withjr;lld(t)lldt<62(e).
Forthisfunction,weconsiderthesystem(5).Thenthesolution

(u(t,to,Pl(to),P2(to)),v(t,to,Pl(to),P2(to)))suchthat llPl(to)||+| |P2(to)||<61(E)

verifiesforanyt,>t｡theconditionofTheorem3.4:hencewegetllu(t,to,p,(to),p2(to))||<e forall

te[to,t,], itfollowthat llu(t,to,Pl(to),P2(to))ll<eforallt≧to・

Then,byTheorem3､3, thezerosolutionofthesystem(1) ispartiallyuniformlyintegrally

stablewithrespecttox.

[Theorem3.5] SUppose fhat ihereexist /imc加冗sV伽,yﾉECα×S"×R77@,l)a"dM)EC仏〃, whicﾉj

Sa"s/Mesthe/b"owj7zgcof'd"0728:

（〃 a仏II"llﾉ≦V(",yﾉ, V(ちαの＝Qwherea(j,7j js co7zf如泌OUS j'Z (t,7J, "07'deC7･eaSj昭如γ

/b7･eacht,冗071dec7･easj略如t/br･ eacﾉtr,a(t,7j>0/bra〃γ≠oa"。a(t,の=q
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(j" IV(",,y,ノーV("2,yzﾉ, | ≦M{ llz,－狸ll+lly,-y211 } ,M>q

(WVII)(州≦柵V("("o,"0,yo),y伽｡,蕊｡"｡""肋刷≧qI『A伽く｡｡．
●

whe"e低似｡,苑｡,y･ﾉ,y("o,xo,yoノノ jSa7ZySO如加刀Oが舵Syste77Zαﾉ，

肋e冗沈ezeγOSC如加泥ofihesystewaaノ jspa7･tjaj〃秘加/brmlyj7zteg7･a"ysta6Je 'M'j肋γeSpect to宛．

Proof.Let8E[t｡,t]:foranyfunctionp,(t)withcontinuousderivativeson[t｡,t]andanycontinuous

functionp2(t),weconsiderthesolution(x(t,",pl("),p2(")),y(t,",pl("),p2(0)))ofthesystem(1).

Wehave

IV("+h,p,("+h),p2(8+h)-V("+h,x("+h,",p,(6),p2(")),p2(3+h)) |
≦MIIp,("+h)-x("+h,6,Pl("),p2(8)) II

M川昔卿杣-猟慕(t,",Pl("),P2(8))'y(t,81Pl(8),P2(6川Ⅱ
hence

－－－1

繩百[V("-th,p,("+h),p2(0+h))-V(6,pl(6),p2(8)]
－1

≦繩石[V(8+h,pl("+h),p2("+h)-V('+h,x("+h,",pl("),p2(6)),p2("+h))]
－1

＋繩万[V(6+h,x("+h,",Pl("),p2(3)),p2("+h))-V(",Pl("),p2(6))]
≦MIIpi(")-f(6,pl(3),p2(")) ||+h(6)V(",Pl(0),p2(6))･

Byintegrating,weobtain

V(t,p,(t),p2(t))

≦V(to,P,(t｡),P2(t｡))exP(踏伽u峨叩(鴎(u)du) llpi(州叩,(s),P2(富川｡“
Bytheprop…thef伽･巾(t)伽｡｡…ap･伽｡．｡…ゆ0｡uchMII(t)dt=K
Foranye>0andanyto≧0, bybirtueof(i),wehaveconstans61(e)>0and62(e)>0

satisfyingthefollowingcondition;MeK(61(E)+62(E))<a(0,6).

'i ,'( p｡(t｡)''<6!(｡)｡･dLIpi(i)-｡(､))''di<'｡(｡)
thenV(t,pl(t),P2(t))

≦v-"｡x,("(･)岬唯叩(I)(u)du)',i(｡)-i(｡｡,,(艸川ds
≦MeK(llp,(to)ll+||p2(to)II )+Mo隠閲pi(s)-f(s,p,(s),p2(s))llds
≦MeK(61(E)+62(E)).

Foranyfunctionspl(t)andp2(t)satisfyingllpl(to) ||+llp2(to) ll<61(e)and

ppi(M)-f(:,,'伽2(川dt<62(6)'…匠｡…llp,(t)ll<Eforal旧to加
Ifweassumethatthisisnottrue,thenthereexistst*suchthatllp,(t*)ll≧eandt｡<t*<t,.

By(i),itfollowsthat

a(0,6)≦a(t*, llp,(t*) ll)≦V(t*,p,(t*),p2(t*))≦MeK(61(E)+62(E))<a(0'E)"
whichcontradicts.

Thereforewehavellp,(t)||<eforallte[to,t,]foranyfunctionsp,(t)andp2(t)with

''p'(*'"<''(.)｡ndppi(,)-f(,,,'(%)M<',(.)
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ofSolutions

ByTheorem3､4, thezerosolutionOfthesystem(1) ispartiallyuniformlyintegrallystable

withrespecttox.
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