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1. lntroduction

Atthebeginning, theresultsinpaperl[1]aresummarizedbriefly(seealsoref. [4]).The

simpleanisotropicbandmodelhas thesymmetricalFermi surfacearoundthe&z-axis・ The

situationcanbedividedintotwocases,caseAanacaseB.IncaseA,theFermisurfacemakes

theopenorbitforthekz-direction, andthereisnoFermisurfaceperpendiculartoitsdirection.

IncaseB, theFermisurfacehassectionsperpendiculartothehz－axis.Thevectorconnecting

twointeractingfspinsisdenotedbyR"#=(R"0,Rz), inwhichRz=27r(7Lf+t)/Q, 7z isaninteger,

0≦t<1and27r/QisthelatticespacingfortheZ-direction,andR, takesacontinuousvalue.
TheRKKYinteractionsJ(R,zi:2)arerepresentedbyJ(Rz) forR4､=0andbyJ(R_L) forRz=0.

TheJ(Rz)andJ(R4) incaseBshowtheusualoscillatorybehaviorbecausetheFermisurface

hassectionsperpendiculartoR"#.TheJ(R,) incaseAshowstheoscillatorycharacterforthe

samereason,butJ(Rz)showthedampingwithconstantsignsincethereisnoFermi surface

perpendiculartoR"#..Thus,mcaseA,J(RL)andJ(Rz)havethedifferentanalyticstructures.

HowarethesedifferentstructuresconnectedforthemiddledirectionofR〃＃？Furthermore， the

dampingofJ(R2) istheexponentialtypeforj=0but thepowertypeproportional toRg2 for
2≠0. It isexpectedthatintroductionofR｣maygivethedifferenteffectonJ(Rz) accOrdingto

t=0andt≠0.

Forthereason･mentionedabove,theanalyticstructureofJ(&,Rz) incase 44willbe

consideredinthispaper,inwhichJ(R,,Rz)istheJ(R"':t)withnon-zero&andRz,andits
calculationswillbecarriedoutfortheconstantmatrixelementcasebecausetheywerelimitedto

itscasein1.J(R上,Rz)isgivenbyeq. (2)inl, thatis,

J(R,,Rz)=患与小作' f(e)g-!(e')]I,#(g)窯加(恩'),ど'一E

I"(･)=jM"exp(iRzkz)B,&"(t)Jo(凡へ/扉ス扇),

(1)

(2)

wheresamenotationsasinlareused,andtheintegralregionwithrespecttofzislimitedtothe

firstzoneandisboundbye≧EIJ(kz). Sincetheconstantmatrixelementcaseisnotedandonly

intrabandscatteringfor"="'=1isconsidered,wecanputB"たz(t)=1ineq． (2)

2． EvaluationofI"(e)

Wewill approximatelycalculateI,,(E) (l'=1) hereonabasisof thestationaryphase

method[2]． ’〃(E) isgivenby

jak｡｡｡sR｡"'Jo(R聖へ/百二弓T扇). (3)II! (E)=
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Thelargecontributionstothiscomefromvicinitiesofthebelly(1)andneck(1) ontheFermi

surface,inwhich(1)meansthefirstzone.

2.1 Co"trj加師o〃/7･0772 6e"y(1)

Thebandenergye,(hz) isexpandeduptothesecondorderaroundbelly(1)atkz=0andit

isgivenbyeq.(4).ThenI,!(e) isgivenbyeq.(5).

e,(kz)=60+k:/m｡ (eo=6,(0),mo=2/e,''(0)), (4)

典‘ぃ｡州‘ '｡いへ/而鈩厩) ‘’I!, (E)=

wherek:='no(6-60)andR'=M/ﾍ/77m. Thisintegralcanbecarriedoutbyuseof theintegral
tablefortheBesselfunctions[3]andweget

sinkoﾍ/悪手~厩 (6)
III(E)=2

ﾍ/扉~千~扇

2.2 Co7zt7･j加鰯o〃/7･0772 7zeck(1)

Thebandenergye,(kz)isexpandeduptothesecondorderaroundneck(1)atルz="2and

itsenergybandandIII(E)aregivenby

E,(ﾙz)=61-(kz-Q/2)2/'7z, (6,=6,(Q/2), wz,=2/l 6,"(Q/2)l ), （7）

Q/2

凡小｡osRzkgJ｡(Rsﾍ/厩爾）1I, (E)=26(E-6,)

工:'融,｡｡sRzA"J｡(RsA/rZ~=F), (8)+28(E,-E)

where"=Q/2-kz,"f="z] (e-e,), ki2=w7z,(6,-e), Rs=R坐/偏】 and6(Z)isthestepfunction. The

variable change fromAz torismade, andnext theintegralregionswithrespectsto"are

extendedintoinfinity (Q/2→｡｡).Thenweget

L．oazc｡sR"〃｡(Rsﾍ/雨万言）I,!(6)=2cos(RzQ/2)["(6-6,)

Tablel.FunctionalformofIII(E) causedfromneck(1)

I(Rs,Rz,6)=藏二爾昌(-1)"sin272dJ2"(Rsk,)(.=sin-'(Rz/Rs))
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Rz>Rs

6 ＜6， ど ＞ 61

Rz<Rs

ど <6, E> E1

t=0
-2(-I)

邦 kl'ﾍ"-R:

へ/雇二扉

(10a)

0

(10b)

2(-1)〃
exp[-kfﾍ/雨蜀

ﾍ屈三豆亨

(11a)

2(-I)"
cosk,ﾍ/扉二房

へ/扉=瓦亨

(11b)

t-1/2 川｡｡･芳野
(12a)

2(-1)"
Jo(R.sk,)

ﾍ/面？

(12b)

0

(13a)

2(-I)"I(Rs,Rz,E)

(13b)
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鱒血｡｡sRz"Jo(RsﾍF=F)]+6(EI-E

聯鍾sinRz"Jo(Rsﾍ/房再す）+2sin(R.zQI92)[8(e-E,

""｡inR""J｡(MF=房冒)]. (9)+6(E,-E)

Forthe integralscontainingBessel functions, seeref.[3]andAppendix.BecauseofRzQI2='r

(7z+i), cos(RzQ/2)=0fort=1/2andsin(Rz"2)=0fort=0.Hereafter,wenoticebothcasesoft=0

andt=I/2.Forthesei, theresultsofintegrationsineq.(9)aresummarizedinTablel.

3. MeaningofstructuresofIjI (E) and its
validities Rz7kz

lAseasilyseenfromeqs.(10)-(13)inTable

I, theanalyticstructuresofII! (E)causedfrom

neck(1)aredistinguishedbytheinequalitiesof
R.z三Rsforbothcasesoft・Thiscanberelated

togeometryoftheequalenergysurfacesinthe

followingway・Thebandenergyforthefirst

bandisgivenbyh2+EI(kz).Whene,(kz) is
approximatedbyeq.(7),itsequalenergysurface

isgivenbye=6,+ぱ-工2/772, (r=kz-Q/2),inwhich

onlysurfacesinthefirstzonearenoted, thatis,

itszonecanbedenotedby-Q/2<z<Oandkl>0.
Thisshapeisthehyperbolaintheh-rplanelnlssnapelstnenyperbolalnthet_L-rplane

0

-→RL,kL
anditsasymptoticlineisz=-J届h. When

Rz=&/Jm(=Rs), thevectorR"#=(RL,Rz) is Fig．1． TheFermi surface incaseA is

perpendiculartotheasymptoticline, inwhich sPown・Therepresentativepoints,tangential
planesandtheirnormalsonitssurfaceare

R"rcanbetakenasthetwodimensional vector
alsoindicated.ThetangentiallinesatW

because theenergysurfacesaresymmetrical andN'areparallelandhavethecommon
around the z-axis. For the equal energy normal.

surfaceswith largerenergythan E,(E>EI),

there isnosectionon its surfaceperpendicular toR,MwithR'z>R.s, andthere issection

perpendiculartoR",withRz<Rsatvicinityofneck(1).However, forthesurfacesof e<E,, the
situatuationisopposite.ThustheinequalitiesofRz三RsdistinguishingthestructuresofIII(E)are
equivalenttoconditionthattheequalenergysurfaceshavesectionsperpendicularto侃加ornot.On
theotherhand,forI,,(E)causedfrombelly(1),thestructureissimpleasseenfromeq.(6),and
II!(6)consistsofthesingleterm・Thereasonisthattheequalenergysurfacesareellipticandhave
sectionsperpendicularto尺漉withanarbitrarydirection.

NextletusdiscussvaliditiesofI,! (E)sincetheywerederivedusingtheapproximatedband

energiesexpandedatbelly(1)andneck(1).Aseasilyseenfromeq.(1),thelargecontributionto
J(R1,Rz） iscausedfromvicinityof E＝E'＝牛,thatis，Fermisurface，Forthisreason，weshow

theFermisurfaceforcaseAinFig.1.ThecurvePW【ﾉMNWdenotesitssurface.TheMisinflection

pointonitssurface,andthelineL' isthetangentialoneat",andthelineL, isitsnormal, inwhich

reallyL' istheplanenotlinebecausetheFermisurfaceissymmetrical aroundtheAz-axis・The
RL-R'zplaneisdividedintotworegionsbythelineL,Iandll.Perhaps,theapproximatedband
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energygivenbyeq.(7)canrepresentthepartNMwell・Therefore, eqs.(10)and(12)arevalidinthe

regionl,andeq.(11)and(13)intheregionll.Ontheotherhand,letusassumethatthepartPUcan

bewellrepresentedbytheapproximatedbandenergygivenbyeq.(4)andthepartUMcannotwell,

inwhichtheboundarypointUisroughlymarkedinFig.1.Eq.(6) isvalidintheregionlla・We

summarizethevalidequationsofI,! (E)foreachregionimmediatelybelow.

I : e9.(1のα〃de9. (1a (14a)

〃α : e9. (6) ,e9. (") Q"de9. (13) ､ (14b)

"6 : e9. (") Q"de9. (13) (14c)

4． J(Im,Rz)

Inthissection,wewillconsiderJ(R4,Rz) incaseA(eF>E,) causedfrdmthe intraband

scattering("="'=1). ItsJ(RL,Rz) iSdenotedbyJ,,(R,,Rz).

4.I CQseo/t=0

4.Z．I RegjO7Z I

Eq.(10)isinsertedintoeq.(1).BecauseofIII(E)=0fore>EI,weget

鯛J,,(R_L,Rz)=0

J(R,,Rz)iscausedfromthe interbandscattering ("=I,〃'=2) andindicates theexponential

dampingsinceaelectronfliesthebandgapinitsscattering.

4.1.2RegjO7ZIIa

Weinserteqs.(6) and (11b) intoeq.(1) andperformtheenergyintegrals,andgetasthe

asymptoticformforlargeR(R=IR"#l).
1

C州‘ ｡｡．"Zg+幽里.｡･16 R; . 16 Rf ' 4R1手C(凧｡",)‘ lRoR鵜辮弄'ド)'］J1,(R,,R,z)＝－ 。－
16 R； 16 4

xRO90+R191 {f(90R,十9!RI)}, u'R;R1(R｡TR;)2 sm

whereRo=(M2+7iloR:)#,R,=(R,2-w,,R:)#,andqoand9,arethediameterofbelly(1)andneck(1),
respectively(seeFig.1).Eq.(16)agreeswithonesgivenbyeqs.(30),(31) and(38) inpaperl,in

whichnotethatthedefinitionsof77zoand77z,inlaredifferentfromthoseinthispaper・Theperiodsof

oscillationsforthefirstandsecondtermsineq.(16)are90Ro/Rand9,R,/R,respectively,whenwe

regardthemasafunctionofR.Thewavenumber90Ro/2Risequaltothedistanceinthe血一kzspace

fromorigintothetangentialplaneatthepointnearbelly(1).Forexample,whenR"#isinthedirection

ofOWinFig.1,itisequaltodistancefromorigintotangentialplaneatW. Similarly, (9,RI+QRz)/2R

isequaltodistancefromorigintotangentialplaneatapointnearneck(1).However,becauseof

QRz=27r7z,wemustnotethatcos9,R,=cos(9,R,+QRz) ineq.(16), inwhich9,R,/2Risthedistance

fromcenterofneck(1) onthezoneboundary (んz=Q/2) toits tangentialplane. Theperiodof

oscillationforthethirdtermistheaverageofthem・ Itcanbeconcludedthateachperiodisequalto

distancebetweentwotangentialplanesoftheFermisurfaceperpendiculartoR"#, inwhichtheyare

locatedoppositewithrespecttoorigin.

4.1.3Regjo冗〃6

AlthoughtheaccurateasymptoticformofJ,,(R_L,Rz)couldnotderivedbecauseofinaccuracy
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constant matrixelement
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v=VE;,2k;Rz=2兀(n+t)
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Fig.2.J(M,Rz) fort=Z/2areplottedasafunctionof"R｣. k}and"are
radiusoftheFermisphereandtheFermienergyforV-0, inwhichVis

認磯慧,鶴襟鍜盟i淫Q灘p:ine'主壹臨慨温蝋龍器：
numericallycalculatedresultsduetoeq.(11) inref.[4],andtheformershould
becomparedwitheq.(17)andthelatterwitheq.(19).Theresultsduetothe
modifiedeq.(17)areindicatedbyOandA, inwhichthevaluesof9, are
calculatedusingthetwowaveenergydispersion.

ofeq.(6), itconsistsofthreetermssimilartoeq.(16)．But, eachperiodshouldbemodified・When

directionofR"#variesfromTtoLgradually(seeFig.1forTandL),thetwoperiodscorresponding

to90Ro/Rand9,R,/Rapproacheachotherandfinallyagrees.Forthisreason,whenR"# isin

directionofL,Ju(R,,Rz)vanishessincethefirstandsecondtermsineq.(16)cancel eachother

becauseofoppositesignandtheredoesnotexistthescatteringprocessgivingthethirdterm・This

resultconnectstoonegivenbyeq.(15).Butreally,becausethesmallcontributionfrominflection

pointMexists, itseemsthat thereremainsthehigherordertermsthanoneofR~3.Accurate
evaluationofitscontributionisfutureproblem.

4.2 CQseoft=I/2

4．2.I Regjo7zI

Weperformtheenergyintegralsbyinsertingeq.(12b) intoeq.(1)andbychangingvariables

of e="2ande'="2,thenget

C9:
,6("=R:)[JO(")jvo(")+J'(")jvI(")] ("-9'R土/2),J,,(RL,Rz)=- 伽

wheretheformulaeforintegralsincludingBesselandNeumannfunctions[3]areusedand""(")is

秋田高専研究紀要第24号



－81－

AccurateAsymptoticFormsofRKKYInteraction
inaSimpleAnisotropicBandModel．Ⅱ

theNeumannfunction.Wemustnotethateq.(17)isvalidforRz>>Rsbecauseeq.(12b)isvalidfor

itsconditionasseenfrom(A.3)inAppendix・WeheretakethelargeR,.ThenRzmustalsobecome

largebytheconditionRz>Rs.Thuswegettheasymptoticformofeq.(17)usingthoseforJ"(")and

Ⅳ"(")．

C
剛

J11(RL,Rz)=4,r(R:=Z:)RL2sin9,RL.

Thisshowsthat,byintroductionofR｣,J(R.z)derivedinpaperl(J(R.z)ocRZ2) beginstooscillate

withperiodequal todiameterofneck(1) towarditsradialdirection・Ontheotherhand, eq.(17)

showsthelogarithmicdivergenceforR坐一ｼ0.Thisdivergencecanbecanceledbyonedueto the

interbandscatteringaswasalreadyshowninl.

Thevalidityofeq.(17) isinvestigatednumericallyinFi9.2.Then,wemustnotethateq.(17)

isvalidforRL<<､/777,Rz.Thevaluesoftheeffectivemass77,,calculatedbyuseofthetwowave

energydispersionarem,=1/9forv=0.4andm,=1/4forv=0.aandareverysmall.Therefore, the

validregionofeq.(17)withrespectto2k}R上isverynarrowinFig.2.Thedenominator(R:-R:) in
itsequationisreplacedbyR:inordertoconsidertheperiodofoscillationratherthantheamplitude,

andOandAarecalculatedbyuseofitsmodifiedequation・AseasilyseenfromFig.2, theperiod

ofeq.(17) isingoodagreementwiththenumericalcalculationsforlargev(v=0.8).Forlargev,q,

islarger・Thatis,whenadiameterofneck(1)islarge,theperiodofeq.(17)isgood・Forv=0.4, the

firstzeropointofbothJ(RL,Rz) isingoodagreement.

4.2.2Regjo7ZIIQ

Aseasilyseenfromeq.(13b), thecontributiontoII!(E)duetoneck(1) iszeroforRz=0.

Therefore,whenRz<<Rs,J(R.上,Rz)canbecausedfromonlybelly(1).Theresultcanbederived

byinsertionofeq.(6) intoeq.(1)andisgivenby

C77'o90.cosqURoJ,,(R坐,Rz)=- 側
16 R;

ThisresultisconsistentwiththenumericalcalculationsshownbythedashedlinesinFig.2. That

is, thepotentialdependencesforperiodsandamplitudesofJ(RL,Rz)aresmallbecauseitseffecton

qoandmoisproportionaltov2andissmall・Thisformisverydifferentfromeq.(16)fort4and

meansthatexistenceofneck(1)canbeignoredfort=1/2andRs>>R,z.

4．2．3 Regjo〃〃6

J,,(R,,Rz)inthisregioncannotbecalculatedinthepresentstagebyinsertionsofeqs.(13b)

and(6) intoeq.(1)becauseintegrationsaredifficult.Sinceitispredictedthatcontributionfrom

neck(1)becomelargecomparedtoregionlla, it isdifficulttounderstandtheanalyticstructure

ofJ,,(R,,Rz)．Furthermore,whendirectionofR"jisinvicinityofL,wecannot also answer
U

howtheoscillationformgivenbyeq.(19) isconnectedtotheformgivenbyeq.(17)becausethe

contributionfromvicinityofinflectionpointMisnotevaluated.

Appendix

Intheintegralsineq.(9) , theformulaforthefollowingtypeintegralcannotbefoundin

thebook[3].

'(｡,6,c)=j;.axsin"rJ｡("/房冒マル (A.1)

平成元年2月
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Herethisintegralwillbeevaluated.Byuseofadditiontheorem[3],weget

OO

」預なsinqzJ2"(6z), (A.2)I(@,6,c)=g｡6"(-1)"J2"(6c)

whereeo=1ande"=2(7z>0).Theintegralineq.(A.2)canbeeasilyfound[3]andeq.(A.2)becomes

to

肋､6,c)=6(6-｡)(62-｡2)-'/'"Z."(-')"sin2"'J2"(6c)

＋6(α－6)(｡2-62)-V'=e"tan2''fJ2"(6c), (A.3)
〃＝O

wheresind=q/6andsin2g=h/".Inthesecondterm,becauseoftanf<1,onlyitsleadingtermGz-0)

isremained.
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