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1． Introduction

H，A・Antosiewicz (1] showedthat ifthereexistsaLiapunovfunctionwithanegative

definitederivativeforthesystem(E) x'=f(t,x),thenthezerosolutionof(E)isstableandevery

solutionx(t,t｡,x｡)startingwithllx｡llsufficientlysmalltendstozeroonsomesequenceofpoints

tn-参○○．

Whatfurtherrestrictionsarenecessaryandsufficientforeverysolutiontobeintegrableon

thehalf-linetotherightoftheinitialpointt。 ？

Toprovideananswertothisquestion,A・Strauss (2) introducedanewkindofstability,

i・e.,LP-stability･

ManyauthorshavediscussedtheLP-stability(cf.[3],[4)and[5)).Wealsohaveobtained
someresultsofLP-stabilityinthelargeofnonlineardifferential-differenceequations (6) .

Inmanyapplications,weneedtoseethequalitiesnotofthewholesolutionbutofthepartial.

C・Corduneanu(7] andA・Halanay(8)haveobtainedsomeresultsofthepartialstability．And

wepresentedseveralresultsconcerningitin(9),(10),[11] and[12) .

lnthispaper,wedescribeseveralresultsconcerningthepartialLP-stabilityofthesolutions

ofdifferentialequations.

C・Corduneanu(13)andH.A・Antosiewicz [14] observedthattheLiapunov'ssecondmethod

dependsbasicallyonthefactthatafunctionu(t)satisfyingtheinequalityu'≦g(t,u(t)) (u(to)≦rb)

ismajorizedbythemaximalsolutionof thescalardifferentialequation(E')r'=g(t,r),r(t｡)=r(/

Asthecomparisonprinciplereducestheproblemofdeterminingthebehaviorof thesolution

of(E) tothesolutionofascalarequation(E'), itisaveryimpotanttoolinapplications. Itis

particularlyusefulindealingwithavarietyofqualitativeproblem,seeforexample [15]Weshall

usethiscomparisontechniqueforoutresults.

2. NotationsandDefinitions

LetRf denotetheinterval[0,oo)andRkdenoteEuclideank-space.ForxERk,letllxllbe

anyconvenientnorm,andweshalldenotebySpthesetofxsuchthatllxll≦β.Asusual,weshall
use'insteadofd/dt.

LetEbeanopen(t,x)-setinRF+1.WeshallmeanbyC[E,Rk] theclassof continuous
mappingsfromEintoRk・ Forbrevity,Kdenotesthefamiliesofcontinuousincreasing,positive
definitefunctions.

Letusconsideradifferentialsystemoftheform

x'=f,(t,x,y) , x(t｡)=xo,

｛ （'’
y'=f2(t,x､y) , y(t｡)=yo,
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wheref,EC[J×Rn×Rm,Rn],f2EC[J×Rn×Rm,Rm]andJisat-intervalcontainingto.Letus
denoteasolutionof(1)byx(t)=x(t,to,xo,yo),y(t)=y(t,to,xo,yo).

Wedefinethefunction

D¥,~i4f5f('杣※州…),y州,ｴ,y))-V(t,x,y)}
for(t,x,y)EJ×Rn×Rm.

Further,weconsiderascalardifferentialequation

u'=g(t,u), U(t｡)=Uo, （2）

wheregEC[J×R+,R]andg(t,0)=0 (VtEJ).

(Definitionl) Thezerosolutionof(1)issaidtobepartiallyLp－stablewithrespecttoxifitis

partiallystablewithrespecttoxandthereexistsa6｡=6｡(t｡)>0suchthat llx｡ll+lly｡ ll≦6o

implies

I;bllx(t,t｡,x｡,y・) llpdt<｡｡． （3）

(Definition2] Thezerosolutionof (1) issaidtobepartiallyuniformlyLp-stablewithrespect

toxifitispartiallyuniformlystablewithrespecttox, the6｡ inDefinitionlisindependentoft｡

andtheintegral (3)convergesuniformlyint｡.

[Definition3] Thezerosolutionu=0of(2) issaidtobeL'-stableifitisstableandthereexists

a6,=6,(t｡)>Osuchthatu｡≦61 implies

I;;u(#,t｡,u｡)dt<｡｡． （4）

(Definition4) Thezerosolutionu=0of(2) issaidtobeuniformlyL'-stableifitisuniformly

stable, the6, inDefinition3isindependentoft｡andthe integral(4)convergesuniformlyint｡

PreliminaryResults

【Theoreml] LetVEC〃×R鰯×R",R+7｡"dV",zjyノ6e locqjjyLjpschjtzjq7z加工α72dy.Asst"7ze
t伽Z 沈e 伽c加冗 D+V",",yノ sα"s/Mes

D+V(2,",yﾉ≦g",v(t,zlyﾉﾉ,.rt,",yﾉEJ×Sβ×R'",

wﾉte7･egEC〃×R,RメLetγ御6ethe771αｴ加αﾉsoJ"jo'lof(2ﾉ．

〃仁〃,yMjsQ7zyso加減o'zof(1ノSucﾉt t加tV"｡,お･,y･ﾉ≦秘｡,tﾉte7zV(f,錘仰,y伽≦γ〃んγα71yt≧to
Fortheproof,see[5].

【Theorem2] Asst"71e that tﾉtere eｴjst /i"lctjo7zsV(2,",yノ α〃dg(t,泌ノ sα〃s"j7zg t加允"o'wj7zg
co7zd"07zs;

VEC"×Sp×Rm,R十ル V",0,0ﾉ=0 (WE〃α7'dV",",yノ js Jocα"yLjpscﾉ"tzjq71 j7z z(i)

G71dy,gEC〃×砿Rﾉα7zdg",0ノ=0(WEJﾉ，
(ii) Q", ll"llﾉ≦Wt,zjyﾉ， wﾉie7･eaECIRﾉ×R+,R+7is"c7･e@sesmo'zoto"jcQ"yw"ﾉt 7･eSpec2

Zo2/b7･eQch肺ed7･,Q",0ノ=0(WE〃a7zdαβ,7J>0fbγγ≠0.

(iii) D+V",z,yﾉ≦g",v"""", (2,",yﾉeJ×Sp×R耐．
TﾉZe冗沈esZa6〃胸O/fheZe7･OSO如箆o〃o〃2ﾉ師p"estﾉZepαγ"αjstQ6〃"w〃んγeSpectto"

o/t/ieze7･oso如加九o〃Iﾉ．

Fortheproof,see[11].

【Theorem3] Assu77,e t/Xzt the7.eexjst /i"zc"07zs V(t,",yノ α九dg","ノ sα"s伽冗g ille /b"owjfag

CO71djtjO7ZS;

(i) VEC〃×Sp×R",RMV(i,0,0ノ=0 (WE〃α7zdV(t,",yノ js jocα"yLjpschjizj(z71 j71"
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(z7zdy,gEC〃×賊Rﾉα7zdg",0ノ=0"tEJ),

(ii) αβ,||"||ノ≦V(t,",yノ≦6(llrll+llyllノ ， ,wﾉiere QEC〃×R+,R+ノ jS j71C7･e(ZSeSmO71OfO71iCa"y

w〃ﾉZ 7･espect to t /b7･ eQcﾉt /Mzedr, (z",0ノ=0(WEJ)α卸。α",7J>0/bγγ≠0, Q"d6EK.

(iii) D+V(t,",yノ ≦g仏v",",y", ",",yﾉEJ×Sβ×R'".

The冗肋e 拠加/b7wzjy sm6jeo/ ihezero soん"o,z o/(2ノ加p"espαγ"α"y迦冗j/brmjy

stQ6Je 'w〃んγeSpeCt加鉈oハノteze7･oso伽加冗o/(Iﾉ．

Fortheproof,see[11].

【Theorem4] Asst"72e j加t肋e7･e e"jstsa伽c〃o刀V",釘,yノ sα"sか伽g il'e /b"OWi7ZgCO7'd"07ZS;

(i) VEC〃×Sβ×R",R+jV",0,0ﾉ=0〃に〃α7zdIocα"yLjpscﾉWzjQ7z如範α〃dy,
(ii) Q(t, ll"||ﾉ≦V",",yﾉ, whe7･e αEC〃×賊Rザjs伽cγeasesmo"･to"jca"j， w肋γeSpect

iot/b7･e(zch/Mzed7･,α",0ノ=0(WE〃α〃。α",7J>0/bγγ≠0,

(iii) D+V","yﾉ≦0.

剛e冗疏gzeγCSOん"07zo/(1ノjspαγ"α"ysta6Jew〃ﾉZ7･espectior.

Fortheproof,see[10].

【Theorem5] Assume that t/Ze7･e ezjsisaん〃c加冗V",",yノsα"s"7zgilie /b"owmgco"d"07zs;

(i) VEC"×Sp×R耐,町Ⅷ,0,0ﾉ=0"tE〃α"dﾉocα"yLjpsc賊加7zj72"q71dy,
(ii) αβ, llrllﾉ≦V",ｪ,yﾉ≦6(IIzII+llyllﾉ, whe7･e (zEC〃×R+,R+7js伽γeasesmono加加cα"y

wj肋γespecttot/b7･e(zcﾉi伽edγ,α(t’0ノ=0(WE〃α7Ddα"〃>0んγγ≠0,Q"d6EK.

(iii) D+V",",yﾉ≦0．

T加冗tﾉZeze7･osoltmo'zof(Iノjspαγ"α"〃秘加/b7･'7DJjjsm6ﾉew〃ﾉ17･especiわぉ．

<Proof> Foranye>0,wecanchoosea6(E)>Osuchthat llx｡ ll+lly｡ ll<6 implies

b(6)<a(0, e),becauseb(r)EK.

Supposethatthereexistssomet,suchthat llx｡ l l+lly｡ ll<6implies

| |x(t,, t｡,xo,y｡) II=E, t,>t｡. Fromtheconditons(ii)and(iii),wehave

a(t,, E)

V(t,,x(t,),y(t,))

V(t｡,x(t｡),y(t｡))

b( IIx｡ ll+lly｡ ll )

b(6)

a(0,e)

三
一
二
三
二
一
く
く

ｊＥｎ
Ｕくａ

Thisiscontradiction・Therefore, thezerosolutionof(1)ispartiallyuniformlystablewithrespecttox

MainResults

【Theorem6] Assume i/jαi f/ie7･e e"jst /i"'c"07zs V(t,",yノ 'z7'dg(t,"ノ sα"sか伽g t/Ze /b"o順"g

co7zd"o71s;

(i) gEC〃×R奴ﾉα鰯dg",0ノ-0(We〃，

(ii) VEC〃×Sp×Rm,R+スWi,0,0ノ=0〃に〃, V",",yノ js locα"yLjpsch"zjα〃如露α"。

y,(wldAllrllp≦v",鉈,yﾉ,A>0,","yﾉEJ×Sp×Rm,

(iii) D+Vit,"yﾉ≦g",v(2,"yﾉﾉ,",zjyﾉEJ×Sβ×R'".
Tﾉze7z f/ieLI-sMMjjyoハノLezeγCSO如沈07zo/(2ノ加p"es thepar"α/Lp-s"6"tyw〃/Z

7.espect加工o/tﾉZeze7･osoん"o刀o〃Iﾉ．

<Proof> Sincethezerosolutionu=0of(2) isL'-stable, it isstableand there existsa6,(t｡)

suchthatuo≦6, implies(4) ．ByTheorem2, thezerosolutionof(1) ispartiallystablewithrespect
toX．
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Weshallshowthatthereexistsa6｡=6o(to)suchthat llxo ll+lly｡ ll<6o implies (3) .

SinceV(t,x,y)iscontinuousandV(t,0,0)=0(VtEJ), forgiven6,andanyt｡EJ, thereexistsa

positivenumber%(to)satisfyingtheinequalitiesllxoll+lly｡ll<6o,V(to,xo,yo)≦6, together.

Wesetuo=V(t｡,xo,yo).Byusingcondition(ii)andTheoreml,wehave

V(t,x(t,t｡,x｡,y｡),y(t, t｡,x｡,y｡))≦r(t,t｡,u｡), t≧to,

where(x(t),y(t))isanysolutionof (1) suchthatllxoll+lly｡ll<6oandr(t,to,uo) ismaximal
solutionof(2).Fromthis,itfollowsthat

Allx(t) llp≦V(t,x(t),y(t))

≦r(t, t｡,uo)

andhence

II; llx(t,t｡,xo,y｡) llpdt≦1/AIi:r(t, to,uo)dt<｡｡、

Thus,theproofiscomplete.

【Theorem7] Assw7ze肋at the7･e ezistん凡c加冗sV","yノ α7'dg","sα伽か伽g肋eん"o'wmg

co71d"07zs;

(i) gEC〃×R+,Rﾉα"dg",0ノ=0<WEJ),

(ii) VECIJ×Sp×R'WREVrt,0,0ﾉ=0(WEJ), V(t,",yノ js jocα"yLjpsch"z加如"(z7zd.y,
AII"llp≦V",苑,yﾉ≦6(IIzII+llyllﾉ,A>0,6EK,

(iii)D+V仏錫yﾉ≦g",vrf,"yﾉﾉ,β,錫yﾉEJ×Sp×R''z.
The冗沈e泌加/bγ、〃-sja6〃胸o/tlleze7･oso如加抑o/(2ノ加p"es t/ie”γ"α"y拠加/b7･m

"-st(z6j"tyw〃んγespecfforo/theze7･oso此加冗o〃Zﾉ．

<Proof> FromTheorem3,thezerosolutionof(1)ispartiallyuniformlystablewithrespectto

x.Sincethezerosolutionof(2) isuniformlyL'-stable, thereexistsa6,(E) suchthatuo≦61

implies (4) andtheintegral(4) convergesuniformlyint｡・Toprovethattheintegral(3)converges

uniformlyint｡,wefollowtheproofofTheorem6andchooseu｡=b( IIxo ll+llyo ll ), thereby

deducing6｡=IT'(6, ).Itisevidentthat6｡ isindependentoft｡ andtheintegral (3) coverges

uniformlyinら．

【Theorem8] Assu77ze that the7.e ezisｵsα伽c加刀V(t,"yノ satisか伽g肋e ／b"ow蝿CO〃d伽o卸s；

(i) VEC〃×Sp×Rm〃ルV(t,0,0ノ=0(WE〃α71djocα"yLjpscﾉj加jα"如諏α7zdy,
(ii) Q(i, ll"llﾉ≦Wt,"yﾉ， wﾉZe7･e aEC〃×R+,R士ノ jSmC7･eaSeS771O71O207ZjCa"シw苑ﾉ27･espect to

teQcんだぉed7･,αβ,の=0(WEJ)"dα",7J>0/bγγ≠0,

(iii) D+Vrf,sEjyﾉ≦－CII"llp ,","yﾉEJ×Sp×Rm,C>0.
Tlle7IMeZe7･oSo"jo"of(1ノjspαγ"α"yLp-stq61ewjtﾉ17eSpecttor.

<Proof> ByTheorem4, itfollowsthatthezerosolutionof(1) ispartillystablewithrespect

tox.Hence, thereexistsa"=6｡(to)>Osuchthatif llxoll+lly｡ll≦6b, then(t,x(t,to,xo,yo))E

J×Spfort≧to.Define

m(t)=V(t,x(t, to,xo,y｡),y(t, to,x｡,y｡))+CIt: ||x(t, t｡,x｡,y｡) ||'d'
Bycondition(iii),wehave

m'(t)=D+V(t,x(t, t｡,x｡,y｡),y(t, t｡,x｡,y｡))+CIIx(t,t｡,x｡,y｡) llp=0.

Thisimpliesthatm(t)isnonincreasing, therefore

m(t)≦m(to)

II: llx(t,t｡,x｡,y｡) llpdt≦m(t｡)/C=V(t｡,xo,y･)/Cfor t≧to．
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Thustheproofiscompleted.

【Theorem9] Asswne tﾉlat抗e7･ee"jstsa伽c加冗叩,",yノsα伽が'zgthe lb"owmgco"d"ons;

(i) VEC〃×Sp×Rm,R十ルVrf,0,0ﾉ=0(WE〃α71dlocα"yLjpsch"zjq72加鉈α7zdy,
(ii) Q", l l"llﾉ≦V",",yﾉ, 'wlle7･eaEC〃×R+,R+ノ jsmc7･edses 77Do71oto71jca胸 'wj肋γeSpect

tot/b7･e(zch/Mzed7･,α伽ノ=0(yteJﾉα〃。α",7J>0/bγγキ0

(iii) D+V","yﾉ≦一CII"llp,",zjyﾉEJ×Sp×RmlC>0.
T加71theZe7･OSOlUtjO710Mノjspαγ"α"yt"zj/b7･7njyLp-sta6/ew"ﾉ"espect加苑．

<Proof> Condition(iii), invirtueof (ii),reducestoD+V(t, x, y)≦g(t,V(t,x,y)),where

g(t,u)=-(C/B)u,andhenceitiseasytocheckthatthesolutionu=0of(2) isuniformlylノ-stable.

Therefore,fromTheorem7,thezerosolutionof(1)ispartiallyuniformlyLP-stablewithrespecttox.
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