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bytheCornparisonPrinciple

MasamichiAso,MikiKuDoandShoichiSEINo

(Receivedon310ctober, 1987)

1． Introduction

Liapunov'ssecondmethodiswidelyrecognizedasanindispensabletool instudyingnotonlythe
theoryofstabilitybutalsomanyotherqualitativepropertiesofsolutionsofdifferentialequations.

ThemaincharacteristicofthismethodistheintroductionoftheLiapunovfunctionwhichdefines
ageneralizeddistancefromtheoriginofthephasespace・Asaresult,theconceptofLiapunovfunction

furnishesaverygeneral comparisonprinciplewhichhasbeenusedindealingwithavarietyof

qualitativeproblems,thatis, itreducestheproblemofdeterminingthebehaviorofsolutionsinasystem
ofdifferentialequationstothesolutionofascalardifferentialequation.
Inthispaper,wepresentseveralresultsconcerningtheasymptoticallyintegralstabilitybringingout
therealsigni6canceofthecomparisontechnique.

2． DefinitionsandNotations

LetR"denoteEuclideann-spaceandR+denotetheinterval [O,oo). ForxER", let lljilllbeany
convenientnorm.WeshallmeanbyC(R+×R",R")theclassofcontinuousmappingsfromR+×R"into

R"・ Forbrevity,"denotethefamiliesofcontinuousincreasing,positivedefinitefunctions.
Weshallconsiderthedifferentialsystem

(1)苑'＝二／(＃,苑）

anditsperturbedsystem

"'=/(j, jr)+R(t,%),

where/,REC(R+×R",R"),/(t,0)=0.

Furthermore,considerascalardifferentialequation

(2)

(3)"'=g(i,")

anditsperturbedsystem

〃'=g(t,")+P(/), （4）

wheregEC(R+×R+,R), 91EC(R+,R+)andg(j,0)=0.
ForVEC(R+×R",R+),wede6nethefunction

D,v(',")='iwp:{v('+","+"(,,"))-v(',")'
Occasidnally,wewriteD+V(',x)(') todenotethatthedefinitionofD+V(j,") iswithresPecttothe
system(1).

Letx(/, jO, ji'o)beanysolutionof(1)or(2)suchthat%(jO)=jro,andlet"(/,あ〃0)､denoteanysolution
of(3)or(4)suchthat"(jO)="o.

Here,wegivethedefInitionsofintegralstability.
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[Definitionl] ThezerosolutionJIF=Oof(1) issaidtobeintegrallystable, iffor,''α三0andv/(
thereexistsapositivefunctione=/9(jO,QI),whichiscontinuousin/oforeachQ'andeE"for
suchthat,foranysolutionjr(i, jO,%%0)oftheperturbedsystem(2), llxxoll≦αandvT>0,

だ｡誰『SUp llR(s,%)II(*≦αルリ≦β

)ER+,

eachh

impliesll%(/,",%0)||<B,W≧あ．

[Definition2] ThezerosolutionJIF=Oof(1) issaidtobeuniformlyintegrallystable, iftheein

DefinitionlisindependentofiO.

[Definition3] Thezerosolution%=Oof(1) issaidtobeequi-integrallyattractive, ifforvE>0,vq
≧0andWoER÷,thereexistpositivenumbersT=T(jo,Q',e)and7'=7'(/0,q,E)suchthat, forany

solutionsof(2)andll"oll≦α，

",M''R(s,x)''@ms<'IxI≦β

impliesII"(t, jb,%%0)||<E, ､v'j≧あ+T.

[Definition4] Thezerosolution%=Oof(1) issaidtobeequi-asymptoticallyintegrallystabe, ifitis

integrallystableandisequi-asymptoticallyattractive.
[Definition5] Thezerosolutionx=Oof(1) issaidtobeuniformlyasymptoticallyintegrallystable,
ifitisuniformlyintegrallystableandtheTandtheyinDefinition3areindependentofん．ご

Correspondingtothedeflnitionsofintegralstability(Definitionl-5),wedesignateby(De6nition6
-10)theconceptsconcerningtheintegralstabilityofthesolution"=0in(3).
[Definition6] Thezerosolution"=0of(3) issaidtobeintegrallystable, ifforvQI!三0,WoER+,

thereexistsapositivefunctione!=B,(jb,Qr,),whichiscontinuousiniOforeachar!ande!E%/foreach
jbsuchthat, foranysolutionz@(ム九, zMo)oftheperturbedscalarequation(4),"o≦a! andvT>0,

”『,(杣≦a1
implies"(#,hj,"0)<BI,W之九・

Thedefinitions7-10maybeformulatedsimilarly.

3． PreliminaryResults
！

【Theoreml] S2"osg r加/ /加加”〃α/ SO/"加刀〃(/)Qf(3) s"c""""(h)="O, s"so刀加/gγ"αノ
[α’ 6]．〃α“"だ""o"s〃"C加刀X(j)withX(､)≦幼s"域9s

妬'(j)≦g(t,"(t)),
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""e"eg(j,")jsco""""O"so〃α〃Ohe"co""e"〃SeiJ2CR2, /"g〃”e加"e"(j)≦〃(j)/bγα≦／≦6.
Fortheproof,see'references[1],[2]and[3].
【Theorem21 Ass"〃g〃zα〃〃7eeX耐ん"c伽"sV(/,")α"αα(j, 7F)s""ﾉ加g肋e〃ん""gpl"gγ"es:
(i) VEC(R+×R",R+),V(/,")isL"sc〃だわ〃加妬んγαCO"Sm〃〃>0,
(ii) "(r, ||"ll)三V(/,%),""形αEC(R+×R+,R+), @z(/")E〃んγgac〃血〃jα加加｡"｡/0"e
/"cl'azsi"g加肋”ゅ“j加〃bγeac〃"〃だ
●

(iii) D+V(#,")(,)≦g(/,V(t,x)).
Zｿ"〃j加加jgg7'zz/smM的Qf"iezg7'oso〃伽〃〃=0Qf(3)""es"ie加蝿、/Sm〃肋qf"Zeze7'o
so〃だo""=0Qf(1).

Fortheproof,seereference[4].
【Theorem31 U"〃γ肋etzssz"M伽"sQ/T"o''g"z2,が肋ez"oso/"加刀〃=0qf(3) is〃"伽γ"21y
加彪"Iz"ys"6", /"刀娩gZe"OSO伽加〃"=0qf(1) is〃"加γ"2jy加蝿zz"ysjzz6/g.
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Fortheproof,seereference[4].

【Theorem41 ASS""2e/肋〃んelU“ぶん"α肋2V(/,x)α"αα(")s"/isM囎油g〃ん加加gl7meWes:
(i) I/EC(R÷×R",R÷), I/(',x) isLmsc〃た伽z"zx/bγαCO"Sm〃〃>0,

(ii) "(||xll)三I/(I, Jr),"'ﾙg花αE〃α"αα(7-)→co2"2"""ly"2 j tZsγ→CO ，
(iii) D+V(j,x)(,)≦g(1,V(j,x)).

7伽〃//ie""ﾉｰα剛'"〃o"""1' ノ"/暇ノロ/sm〃肋Q///Zeze)oso/"伽""=Oof (3)加力舵s肋e〃"i-

“)'ﾉ"伽)"“"'' ／"惚ﾉ江/s/"〃肋'"/ﾙeze"osoj""o"x(/)=0Qr(1).
Fortheproof,seereferences[1]and[2].

【Theorem51 U"αgγ〃2cass""ゆ伽"sQ/ry'eo花加4,""teze'oso加加2 zf=0Qf(3) is〃"加γ"zIy
fzssy"Wo//m/ly加/"'江/かsm6/e, /ﾙg〃／力ez“℃so/"伽"x=0qr(1)歯〃"加""Iy'zsJMp加"αz吻加j"うてz〃
s〃6ん．

Fortheproof,seereferences[1]and[2].

１
１

4． MainReSults

【Theorem6I Ass""2g/加川〃eだ“ぷ伽2c"o'@V(j, JIF)α"αα(j")sα"sMzgｵﾙg〃ん""gl'"eγ〃es:
(i) VEC(R+×R",R+),V(/,x) isL"sc〃た肋2伽jM〕γαCO"s〃”〃>0,
(ii) Q(/, ||xll)三V(j,x), zU""etzEC(R+×R÷,R+), fz(j,7)E@"/W"c"加ゴム班o"oto"ei"c,花as‐

/"gz('""'ゼspec/ /oj/Wetzcﾉ2血”ノーα"αα(#,7)→CO〃"加"泥砂伽／asγ→CO ，
(iii) D.V(I,x)(,)≦g(/,V(/,x)).

WIe72 /加即"i-aﾐy"ゆ/o""/〃加/gg》rz/sZ(z6"的Q〃んeze"oso/"加刀〃=0qf(3)""es"ig町"i-

a馴"p/0//c(7/IW"/咽ﾉ通/s"侃加""iezemso/"伽〃x=0Q/(1).
Proof. Sincethezerosolution"=Oof(3) isequi-asymptoticallyintegrallystable,thezerosolution"
=Oof(3) isintegrallystable. Hence,byTheorem2, thezerosolutionx=Oof(1)isintegrallystable.

Now,weshowthatthezerosolutionx=0of(1) isequi-integrallyattractive. Forve>O, ､v'α≧
0andvAIER+, let llxoll≦αanddefineq!=〃α. Bytheintegralstabilityofthezerosolutionx=Oof
(1), thereexistsa"=B(jo, cr)suchthat

L‘｡.『SMp､ ||R(s,x)||"≦αforvT>0llxll≦β

implies IIx(i, /0,xo)||<B(jo, fr)forvj≧恥．

Sincethezerosolutionof(3) isequi-integrallyattractive, itfollowsthatforgiven[z(jO,E)>0,
α1三0,andAjER+, thereexistsapairofpositivenumbers),!=7,,(jo,Q,,,E)andn=7Y(/b,Ql,,E)such
that

〃(杣〈γ1,"｡≦α， (5)

implies

zf(/, jO, zzo)<cz(jb,E)for ,v'/≧九十弧， （6）

wherepoEC(R+,R+)and"(j, jo,"0) isanysolutionsof(4).
Now,weset)'=)',"andT=71. Let仏}beasequencesuchthatr">IO+T, /点→mas々→oo
SuppoSethatthereisasolutionji'(/,hj,xo)of(2)suchthat lljrOll三aandll"(rk,",xo)||≧g. From(i)and
(iii),wehave

D+V(/,")(2)≦g(r,V(/,"(#)))+〃. ||R(/,x(/))ll.

IfwedefineP(＃)＝〃･llR(j,x(/))||,wehave

(7)、 ．

昭和63年2月

妙公



ー ■

－76－

MasamichiAso,MikiKuDoandShoichiSEINo

Z')cm'=だ〃|IR(s,r(s))II(*

晦sup llR(M(s))|'ぬ≦〃
llxI≦β

＜〃．γ==7'1,

",M''R(M(s))''Q(s<γⅡisimpliesthat, forsolutions"(/, io,"0)of(4), (61byusingthefactthat
IIxI≦β

istrue,becauseof(5)．Moreover,by(7)andthedennitionof？(/), itfollowsfromTheoremlthat

V(j,x(I))≦γ(/, jo,",,),v/≧/(', （8）

where7"(#,ん, zJI))isthemaximalsolutionof(4).Hence,relations(6), (8)andtheassumption(ii) leadus

tothecontradiction

α(/o,E)<@z(jk, ||x(j鹿,h,x0)ll)

三V(/AI,x(jjm,妬,xo))

≦γ(/典, /0,〃0）

＜α(h,E),

１

１
whichprovestheequi-integrallyattraCtiveofthezerosolutionx=Oof(1)．Thereforethezerosolution

%=Oof(1) isequi-asymptoticallyintegrallystable.

【Theorem71 U"庇γメルcass"加加o"sQ／Tｿ2207'Enz5,""2gz"oso〃わ〃〃=0Qf(3) is〃"脆'"zか

tzSy"Zp加""/砂加iggIz/lys"6/e, /加刀が2eze"osoI""o"x=0Qf(1) is〃"油γ池かaSy〃，伽/αz/〃加囎>tz/ly
sm6彪．

Proof. Sincethezerosolution%=0isuniformlyintegrallystable, thereexistsae=B(d)suchthat

for llxijll≦αandvT>0,

だ｡、，supllR(s,x)||曲三a||xll≦β

implies ll%(/, jo,xx｡)||<B(cI)forW≧jO. Bytheuniformlyintegrallyattractive, forgiven(z(0,E)>0,
a!＝〃αandjoER+,thereexistsapairofpositivenumbers)'!=),,(QI,,E)and71=71(q,,E)suchthat

Z').Iof｡r",≦α‘
implies"(j, jO,"0)<fz(0,E)forv/≧あ＋猫．
Therefore, 7,andTareindependentofjo. Therestoftheproofisjustthesamewiththatof
Theorem5.
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