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OnthelntegralStabilityandtheUniformlylntegral

StabilityofNonlinearDifferentialEquations

byUsingComparisonPrincipleＩ
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1． Introduction

Frequently,wecannotfindtheexplicitsolutionsfortheordinarydifferentialequationswhichisthe

objectofstudy・ Butourpurposeinsolvingmostofthedifferentialequationsistoseetheirqualities

ratherthantheconcreteexpressionsoftheirsolutionssuchasseriesorelementaryfunctions. .

A.M.Liapunovintroducedamethodwhichiscalledthesecondordirectmethod. (7)Thismethod

enablesustodecidestabilityfromthedifferentialequationswithoutanyknowledgeoftheirsolutions.

Modificationsandrefinementsoftheconceptsofstabilityhavebeenintroducedbymanyinvestiga-

tors. Someofthemarecompletestability,practicalstability,strictstability,eventualstability,perfect
stability,conditionalstabilityandsoon.

Duboginintroducedtheconceptoftotalstability(intheSovietterminology,stableunderconstantly
actingperturbations)whichrequiresthatthepermanentperturbationsbesmallallalong. (8) Inthecase

thatweonlyrequirethatthepermanentperturbationsbesmallinthemean, itiscalledtobestableunder

permanentperturbationsboundedinthemean. (4)

Sometypeofstability,basedontheideaofconsideringperturbationswhichcanbegreatincertain

momentsbutaresmall inthemean,hasbeendefinedbylvoVrko6. Itcalledintegralstability. [1)

TheequivalentnotationofstrongstabilitywasdefinedbyH.Okamura,andwasstadiedbyK.
Hayashi. (2]

Manyauthorshavediscussedtheintegralstability. (3), (4), [5)

Thesumcientconditionsinorderthatthepropertiesoftheintegralstabilityandtheuniformly
integral stabilityofascalardifferentialequationmayinherittothoseofasystemofdifferential
equationsareshownin(4)and(5).

Inthispaper,weshalldescribesomeimprovementsoftheseresults.

2 DennitionsandNotations

LetR"denoteEuclideann-spaceandldenotetheinterval [0,oo)． ForxER", let llxllbethe
Euclideannormofx.

WeshalldenotebyC(ノ×R",R")thesetofallcontinuousfunctionsde伽edon/×R"withvalues
inR"_

Afunctiond(7)issaidtobelongtotheclassKif.EC(1,1),｡(O)=0,andd("}isstrictly
monotoneincreasinginγ・

Let '=(W/.

Weshallstudythesystem

(1)x'=/(/,x), x(/0)=x｡, hEI,

anditsperturbedsystem
1 、 ､
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(2)y'=/(i,y)+R(',y), y(iO)=yo, /0EI,

where/,REC(I×R",R"),/(j,0)=0.
ForacontinuOusscalarfunctionV(j,x)de6nedonanopenset,wede6nethefunction

"v(M)('}='iw,p*[v('+",x+"(',"))-v(M)'
IncaseV(/,x)hascontinuouspartialderivativesoffirstorder, itisevidentthat

苓十努ゾ(“)，D+V(#,x)(,)=

where@@。''denotesthescalarproduct.

Definitionl. ([5)) Thetrivialsolutionx=Oof(1) issaidtobeequi-integrallystable, ifforeveryfr>
0andibEI, thereexistsapositivefunction/g=/9(jo,Q'),whichiscontinuousinADforeachqandBE
KforeachjO, suchthat, foreverysolution%(j, jO, ﾉro)oftheperturbeddifferentialsystem(2), the
inequality

||x(/,h,xO)||<", j>",

hold,providedthat llxoll<Q!and, foreveryT>0,

だ｡業『sup llR(s,Jr)llc*<QI.llxll<8

Definition2. ((5)) Thetrivialsolution%=Oof(1) issaidtobeuniformlyintegrallystableifthe8in
Definitionlisindependentofib.

Definition3. ((4]) Thetrivialsolutionx=0of(1) issaidtobeintegrallystable, ifthereexistsab>0
andafunctionB(3)>0definedforO<6<a) (whichwewillsupposemonotoneandcontinuous)with
limB(6)=Osuchthat llyoll<6and
8→0

蕗｡叩 ||R(#,y)||"<6implies lly(/,yO,y｡)||<B(6)llyll<B(6)

forj>ん,y(2, jo,yo)beingasolutionof(2).

Itiseasytoseethatthisdefinitionisequivalenttothefollowing.

Definition4. ((4)) Thetrivialsolutionjr=0of(1) issaidtobeintegrallystable, ifforeveryE>0and
joEI,thereexistpositivefunctions&=&(jo,E)anda4=64(jo,E)suchthat,foreverysolutionjj(/, jo,
yo)oftheperturbeddifferentialsystem(2), theinequality

lly(',",y｡)||<E

holdsforanyj>io,providedthat

L"LIIR(t,y)''｡"<&llyoll<63and
llyll<E

Definition5. Thetrivialsolution%=0of(1)issaidtobeuniformlyintegrallystable, ifthea3and&
inDefinition4areindependentofjo.

WeadoptDefinition4and5asdefinitionsoftheintegral stabilityandtheuniformlyintegral
stabilityrespectively.

Further,weconsiderascalardifferentialequation

〃'=g(/,"), "(n)="o>0, hEI (3)

anditsperturbeddifferentialequation

（4）〃'=g(j,")+j(t), 〃(jo)="｡>0, joEI,
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regEC(ノ×ノ,R),g(/,0)=0.

nition6. ([5)) Thetrivialsolution"=0of(3) issaidtobeequi-integrallystableif,foreveryfr!
>0・んE/, thereexistsapositivefunction"!=BI(ん, cr,)thatiscontinuousinibforeachcr,ande! E

Kforeachんsuchthat,whicheverbethefunctiondEC(I,I)with

〃『d(s)(*<q!
foreveryT>0,everys()lutionl'(I, /,,, I,',,)oftheperturbedscalarequation(4)satisfiestheinequality

"(/, /0, 2',!)<BI, 1>'!)

１
，
１
１
１
１
１

providedzﾉi)<q,.

Definition7. ((5)) Thetrivial solution"=0of(3) issaidtobeuniformlyintegrallystableifthe
functione! inDe6nition7isindependentof九．

Wede6netheintegralstabilityandtheuniformlyintegralstabilityofthetrivialsolutionz4=0of
(3)asfollowsandadoptthemforourresults.

Definition8. Thetrivialsolution"=Oof(3) issaidtobeintegrallystable, ifforeverye>0andnE
/,thereexistpositivefunctions6!=6I(io,E)and&=62(jb,E)suchthat,foreverysolutionzﾉ(ｫ,", zﾉb)of
theperturbeddifferentialequation(4), theinequality

〃(/’ん, Zﾉ0)<E

holdsforanyr>h),providedthat

,"<6｣and".(M<&
Dennition9. Thetrivialsolution"=Oof(3) issaidtobeunifoImlyintegrallystable, ifthefunctions
6'and&inDefinition8areindependentofto.

I

3． PreliminaryResults

[Theoreml] AssumethatthereexistfunctionsV(j,")andg(j,")satisfyingthefollowingproPerties:
( i ) gEC(I×I,R),g(/,0)=0.

(ii) VEC(I×R",I),V(/,x) isLipschitzianinxforaconstant">0,andthereexistsa
function6EKsuchthat6(")-→q>aszz-→oo,and6(||xll)<V(/,"), (r,")EI×R"．

(iii) D+V(i,x)(,)<g(j,V(/,%)), (j,x)EI×R"、

Then,theequi-integralstabilityofthetrivialsolution"=0of(3)impliestheequi-integralstabilityof
thetrivialsolutionx=Oof(1).

Forproofofthistheorem,see[5).

[Theorem2] UndertheassumptionsofTheoreml,theuniformlyintegralstabilityofthetrivia!
solution"=0of(3)assurestheuniformlyintegralstabilityofthetrivialSolution"=0of(1)･
Forproofofthistheorem,see(5).

IWqrGm3J ThetriVi31SolutiOnofgyrem(1)isintegrallystableifandonlyifthereexistsab>0and
B(6)definedon(O,ab),B(6)>0,WB(8)=0,suchthafwliiciigW66YHEMti6"r)Mtinubus,with

臓(M<6, thesolution"(/, jO,"0)ofthesystem(4)withzjb<8verifiestheinequality"(#, jb,"b)<
B(8)forj>jO.

Forproofofthistheorem,see(4).
1

Inproofsofthesetheorems, thefollowingcomparisontheoremplaysanimport抑role,Andfor
obtainingourresults,Wewilluseittoo.

‘ I

昭和63年2月

…嶋〆 卓



-70-

MikiKuDo

[Theorem4] LetEbeanopen(j〃)-setinRzand/iEC(E,R).Supposethat[jo, jo+")isthelargest
interval inwhichthemaximalsolution7"(j)of

〃'="(/,"), zz(jo)=zf｡

exists. LetllzEC((h,, jO+&z),R), (j, ''@(t))EEfor/E [jo, io+(z),"'(ん)<"0,andforaDeniderivative

D,

D''z(t)<"(2,"), /E [",n+a)-S,

whereSisanatmostcountablesubsetof[jo, jo+"). Then,

加(t)<7(i), jE [",h+a).

Forproofofthistheorem,see(5).

4. MainResults

[Theorem5]

Ass況加gj肋／的gγB2雌たん"c伽"sV(/,x)α"d[z(j,")s"幼ﾉ加g肋g〃ん〃"gpmp刎悠：

( i ) VEC(I×R",I),V(/,%)fsLipsc〃だ"〃加妬んγαCO"s敗加〃>0,

(ii) Lz(#, ||%ll)<V(#,x), z(ﾉ""etzEC(I×I,I) Lz"d"20"o加"e加cγFas/"gz"肋''eSpec/加〃bγ

gac〃/なgαγα"αα(ｵ,7)>0/bγアキ0,

(iii) D+V(j,x)(,)<g(/,V(j,")), (#,")EI×R"．

Tｿ2e","e〃jggltz/sm〃"なげ仇g鯛"itzIso/"加刀〃=0q/(3)"""es/〃加惚""/s〃〃肋Q〃"gか伽刎
so〃加刀x=0q/(1).

(Proof) Foranygivene>0andjoEI,apositivenumberE!=tz(jo,E)isdecided. ForthisE,,by

theintegralstabilityofthetrivialsolution"=Oof(3), thereexistpositivenumbers6!=6,(jO,EI)=
6'(jO,"(jO,E))anda2=62(jO,e')=aZ(iO, Lz(iO,E))suchthat,forthesolution"(#,ん, 2ﾉ0)of(4),theinequality
"(j,あ,"0)<E]holdsforanyr>/b,providedthat

”(杣〈6“zﾉ0<8,and

BythecontinuityofthefunctionV(j,x),thereexistsapositivenumber63=63(ん,E)suchthat

（5）llyoll<83 imPlieSV(IO,yo)<6,.

Lety(/)=y(/, jo,yo)beanysolutionof(2)suchthat llyoll<a3.

SinceV(j,y)isLipschitzianinjﾉ foraconstant">0,by(iii),wehave

D+2ﾉ(#,y)(2)<g(t,V(j,y))+"IIR(/,y)||

asfarasy(/)existstotherightofjo.

De6nel(j)=MIIR(#,y(/))||,andchoosez"0=V(jO,yo).

By(5),anapplicationofTheorem4showsthat

V(t,y(j))<"(#,h, 2"0) (6)

onthecommonintervalofexistenceofy(j)and7'(', /b, z"0),where"(t, /0, 2"0) isthemaximalsolution

of
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z(ﾉ'=g(/, z")+1(#), z"(h)=z"｡.

Leta4=a4(jo,E)=62(JO, Cz(jO,E))".Assumethatthereexistsat,suchthat
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lly(/,,h,M])||=E

d lly(t,ん,y,,)||<EforiE [h), i,]

蕗朏IIR('"(i))ll"<&.
For/ E [ん, /,], taked(/)="llR(j,y(/))ll.

Thenwehave

f#'･(M=4""IIR(i,y('))''"

〈〃だ慨|IR(',y(2))ll"<MS4=&.
Wecanextendd(/)continuouslyforall j>hsuchthat

(7)
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〃(州く＆ （8）
Let"(/,Aj,"0)bethemaximalsolutionoftheperturbeddifferentialequation

〃'=g(/,")+d(/), zﾉ(A)=z"0,

withd(I)chosenasbefore.On[ん, /,1,wehaveP(t, /b, zｲﾉ0)='"(/,/b,"0)sinceA(i)andd(t)areidentical
onthisinterval. Particularly

汐(',, /0, 2"0)='-(j!, lb,"0). (9)

BytheintegralstabilityofthetrivialsolutionzJ=Oof(3),fromrelations(5)and(8),wehave

"(/, jo, z"0)<E! forany/>/b. (10)

Thus,weget, fromrelations(7), (6), (9), (10)andassumption(ii), thefollowingcontradiction:

α(ん,E)=fz(ﾑ), lly(j!,n,yn)ll)<"(i,, lly(/,,n,y｡)ll)

<V(j,,y(/,,h,,yo))<"(i,,A,"ﾉ0)=,(i,, jo,"0)<e,.

Thereforewehavelly(/,jO,y｡)||<Eforany/>jO.

Thus,wehavethatthetrivialsolution%=Oof(1) isintegrallystable.
[Theorem6]

〔ﾉ勿娩γﾒｶetZSSS""ゅ伽"sQ/T"eo""a"ze〃"脆'a刎W"惚麺ノSm〃肋Qf"g鯛"〃SO加われ〃==0
q/(3) tzssz"ｨes/"2〃"加"卿加囎""/sm〃肋Qf"ieMzﾉ刺so〃伽〃%=0Qf(1).
(Proof) Foranygivene>0,apositivenumber(z(0,e)isdecided.Forthis"(0,E),bytheunifolmly
integralstabilityofthetrivialsolution"=0of(3), thereexistpositivenumbers6!=6,(e)and&=
&(E)suchthat,forthesolutionzﾉ(j, jo, zﾉ0)of(4),theinequalityzﾉ(ｫ, jO, 2ﾉ0)<tz(0,E)holdsforany#>",
providedthat

〃(')｡"〈＆"0<6!and

Let63(E)=6,(E)"and8､E)=82(E)"where"isaLipschitzconstant.
Ifweassumethatthereexistsai, suchthat

lly(i,,.h,y｡)||=Eand

|ly(j,h,y｡)||<eforjE [", /ilas lly｡ll<&

",M||R(,,y(,))lldM<SWherey(')=y('｡"".)isanys｡luti｡｡of(2),thenthesamecomputa-and
llyll≦E
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tionsasinTheorem51eadtothefollowingcontradiction:

"(0,E)<a(j,,E)=a(j,, lly(r,, j｡,y｡)II)

<V(j!, lly(i,, j｡,y｡)ll)<7"(/!,ん, z(/0)=p(i,,h, z"0)<a(0,E).

Thereforethetrivialsolutionx=Oof(1) isuniformlyintegrallystable
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