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1. Introduction

Avariantofthenotionoftotalstabilityisobtainedif insteadofrequiringthatthepermanent

perturbationsbesmallallalong,weonlyrequirethattheybesmall inthemean. Aslightlydifferent

variantofthesametypeofstability,equallybasedontheideaofconsideringperturbationswhichcan

begreat incertainmomentsbutaresmall inthemean,hasbeendefinedbylvoVrkoc・ It iscalled

integralstability.

Manyauthershavediscussedtheintegralstabilty. (cf.(1],[2],[3),(5],(6).)

Asiswellknown,Liapunov'ssecondmethodhasitsorigininthreesimpletheoremsthatformthe

coreofwhathehimselfcalledhissecondmethodfordealingwithquestionsofstability. It iswidely

recognized,today,asanindispensabletoolnotonlyinthetheoryofstabilitybutalsoinstudyingmany

otherqualitativepropertiesofsolutionsofdifferentialequations. Themaincharacteristicofthis

methodistheintroductionofafunction,namelytheLiapun()vfunction,whichdefinesageneralized

distancefromtheoriginofthemotionspace.

Liapunov'ssecondmethodisaveryusefulandpowerful instrumentindiscussingthestabilityofthe

systemofdifferentialequations. Itspowerandusefulnesslieinthefactthatthedecisionismadeby

investigatingthedifferentialequationitselfandnotbyfindingsolutionsofthedifferentialequationS.

However, itisgreatdifficultto6ndtheLiapunovfunctionsatisfyingcertainconditions.Therefore, it

isimportanttoobtainaweaksufficientconditionforastabilitytheorem.

Inthispaper,byusingtheLiapunov'ssecondmethod,wewillstatesomeextensionofthesufficient

conditionsfortheuniformlyintegralstabilityandtheuniformlyasymptoticallyintegralstability.

2. NotationsandDefinitions

First,wesummarizesomebasicnotationsandde6nitionwewillneedlateron.

LetldenotetheintervalO≦′＜○○,R"denoteEuclideann-spaceandR+denotethenonnegative

real line. For%ER", let llxllbeanynormofxandweshalldenotebyS"thesetof"suchthat llXll<
〃,">0.

Weconsiderasystemofdifferentialequations

(1) Lff;=/(',%),な(1） －＝／(j,妬)，
伽

wherexisann-vectorand/(#,%)isann-vectorfunctions.

Supposethat/(#,")iscontinuousonI×R"andthat/(/,%)issmoothenoughtoensureexistence,

uniquenessandcontinuousdependenceofthesolutionsoftheinitialvalueproblemassociatedwith(1),

moreover,/(j,0)=0.

WeshalldenotebyC(I×R",R")thesetofallcontinuousfunctionsdefinedonI×R"withvalued

inR".Throughoutthispaper,asolutionthroughapoint(ib,xo)EI×R"willbedenotedbysuchaform

aS%(/, jO,Xo).

Weintroducethefollowingdefinitions.
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(De6niti()n2.1) CorrespondingtoacontinuousscalarfunctionV(j,")definedonanopenset,wedefine

thefunction

I>i!,(I,x)-mL{v('+",x+"(',x))-v('｡")'
●

IncaseV(/,x)hascontinuouspartialderivativesofthefirstorder, itisevidentthat

苓+¥･/(I,x),
●

In,)(j,x)=

where@@･''denoteascalarproduct.
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3. UniformlylntegralStability

Weconsiderthedifferentialequations

(Zx
(1) \=/(i,x),/(j,0)=0,where/(f,x)EC(I×R",R"),

仇

anditsperturbedsystem

4=/(i,x)+g(/,x)､whereg(,,x)eC(/×R",R").(2)
a

Letusfirstdefinethenotionoftheintegralstability.

(Definition3.1) Thezerosolutionofthesystem(1) issaidtobeintegrallystableifforanye<Oand
anyん≧Othereexist6,(/0,E)>0and&(io,E)>Osuchthat llxOll<6,(jb,E)and

",M''g(',r)''"<6璽(j｡,E) impliesIIx(/, jO,xo)||<Eforan,≧応，旧|色E

wherex(/,h,,xo)denoteasolutionofthesystem(2)satisfyingainitialcondition%(tO, ib,%%0)=xxo.

(Dennition3.2) Thezerosolutionofthesystem(1) issaidtobeuniformlyintegrallystableif6,and
&inDefinition3.lareindependentof九．

ItiseasytoseethatDefinition3､2isequivalenttothefollowing.

(Definition3.3) Thezerosolutionofthesystem(1) issaidtobeuniformlyintegrallystableifforany
fr>0andio≧0thereexistsB="(QI)>Osuchthattheinequalityllxoll≦αand

",M||g(M)lltfi<qimpliesll"('" ib,x.)||<I9(")forall ,≧血lIxll≦β

Forproof,see[3).

In(3),A.Halanayprovedthenexttheorem.

(Theorem3.1) 〃肋g7'eexisisaco"伽o"sん"c伽〃V(t,")de/f"edo"I×S刷加肋，7mgγ娩s：
( i ) Q(llxll)≦V(/,x),V(/,0)=0,"""ecz(")istzco加加"O"S,加s""g〃『"伽α"己加c7'eas"g
〃"c伽"，

(ii) IV(#,")-V(/,y)|≦〃||"一yll,">0,

(iii) Ih!)(r,x)≦g(/)V(t,"(t,",xO)),〃ん f..g(M<｡｡,g(#)≧0""…(/,",XXo)iS{ZSo〃
吻刀qf"esys妙〃α人

伽〃幼ezgmso/"伽〃qr"tesys彪加αノ is〃"加""砂加姥"zz"ys"6JE.

Beforewestatemainresult,wegivethefollowinglemmasweshallneedlateron.

(Lemma3.2] フソ2eze"oso/"加犯Qf"iesys妙〃αノ応況"加γ"zか加囎”〃s〃6ルグα"αo"〃が"γα"y
E>0""dあ≧O伽花g%isi6,(E)>0(z""62(E)>Osz""伽jがP(j)たα〃c｡""""ozds""c"""〃加國
0〃[jo,oo)α〃Sa"s/fes

"'',(')''dr<32(g), ,､ 、
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j膨れα〃so/"伽〃y(i, jo,y｡)s〃幼ﾉ伽gllyoll<6,(E)Qf/"esys/e''z

4=/(t,y)+9ｸ(j）(3)
〃

Zﾉemesj加加〃Z‘α"かlly(2,",y｡)||<Eんγα〃j≧jO.

Proof. Thenecessityoftheconditionisclear.Thereforeitsumcestoprovethat iftheproperty

fromthestatementoccures, thezerosolutionofthesystem(1) isuniformlyintegrallystable.

",M||g(M)||｡"<62(e),where62(e) isonegivenin[heconditionLetg(j,x)besuchthat
llxll≦E

Considerapointxowithllxxoll<61(E)andthesolution%(/, i0,xo)ofthesystem(2).

Ifwewouldnothaveforall j≧九theinequalityll"(', jo,%%0)||<E, thereexistsafIrstpointi1such

that 11%(j,,h,%0)II=eandll"(j,",%0)||≦eforall メE[jo, /,]. ForanyjE[ib, ji]take

の(r)=g(#,%(j,",%0)),wehave

〃|,(‘)||"≦L,! ,M''g(',")''dM<62(e)llxll≦ど

〃|,叢(,)|'｡"<62(E),whereWeextendの(＃）continuouslyonthewholesemiaxis／≧九suchthat

P*(/） isaextendedfunction, forthisitissuH1cienttotake#2＞j1suchthat

〃',(')''｡"）2(az(E)-
4 4＝

血－t,<
1＋||の(肉

,

の*(j)＝？(＃）foralME［ん, /,], linearon［#,, 'z],whereweputの*(＃2)＝0，andzeroforall ／≧j2.

Weconsiderthefollowingsystem(4).

塾L＝／(/,y)＋P*(j)．(4)
伽

Nowlety(/, jO,xo)beasolutionofthesystem(4).

L'(i)llcjI<&(e),wehavelly(,,)||<｡f｡r｡u'≧鮪:henceFromll%%oll<6,(E)and

lly(#,, tb,""0)ll<E. ButwehaVey(#, jo, jro)=%(j, jb,xxo)on[jO, j,],hencell%(/,,h),xxo)||<e,whichiscontra･

dictory.

[Lemma3.3) Zｿ2eze7noso〃伽〃Qf"tesys彪加αノiS〃"加γ"zIy"jgg""ys"6たがα"αo"〃がんγα〃

E>0α"αあ≧0肋"eexis/6,(E)>0α"α62(E)>Os"c/M加〃bγα〃t!>jo""c"22ﾉ"6ey(#)""ル

上"||%-/(',y('))||"'<&(e)｡ '柵""加伽‘CO"だ""oz‘s庇γ/zﾉα伽go'z [jo, /,]〃肋lly(")||<6,(E),

lly(/)||<Eんγα/"EIn, /,].

Proof. Letussupposethatthezerosolutionof(1)isuniformlyintegrallystable, let61(E)and&(E)
bedefinedaccordingtobethepropertyofuniformlyintegralstabilityandlety(#)beasinthestatement.
Let？*(/）becontinuousforall i≧九suchthat

？*(j）＝y(ｵ)－/(j,y(j)）on［ん,肉], linearon［#,, i2],wherej2 ischosensuchthat

（&(倉)-だ嘉一/(',y(i))||")2

＃2-/,<-

(%):_',-/(',,y('｣)1＋

"'',*(')''cii<&(e)andzeroforj≧j2.Then

Weconsiderthesystem

〔た
(5) ＝／(/,z)＋P*(j)，

伽
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andlet､j, II),y(Aj))bethesolutionofthesystem(5).

AccordingtoLemma3.2,weget llz(/, /b,y(Zo))ll<Eforall /≧九・

Sincewehavey(/)=z(/, /O,y(/i,))on[jb, j,], thenitfollowthat lly(r)ll<eforall iE[jb, i,].

Nowlet6,(E)>0and62(E)>0beasinthestatementofLemma3.3andp(/)becontinuouson

J'')lld<<62(e)ForthisfunctiOn,Wgco｡siderthesystem(3IThenthesolutioo{h,")with

y(/, IO,yo)suMthat llM)ll<6,(E)ofthesystem(3)veri6esforany/1>jOtheconditionofLemma3.3:

henceweget lly(i, /0,yo)||<Eforall iE[ん, /,], itfollowthat lly(i,h,Jb)ll<Eforall /≧九・

Then,byLemma3.2, thezerosolutionof(1) isuniformlyintegrallystable.

１
１

’
(Theorem3.4] S""ose/伽〃ん"℃“ぶん"c/"zsV(ﾉ,x)EC(I×S",R+)α"dg(#)EC(I,R+),""た〃
錘IMes/"e/b"りz《ノヵ壇“"α"io"s:

( i ) Q(1, llxll)≦V(/,x),V(',0)=0,"ﾙe'Uα(', 7") fsco""""o"s伽（j, 7'),"o"〃c7rasi昭加γ

んγefzcIM, "o"dec,花as"Zg〃ノ〃bγeacﾉ2 ’3α(j,γ）＞OんγQ"yγキ0α"αα(j,0)=0, ･
(ii) IV(/,x)-V(/,y)|≦〃||x-yll,">0,

f~g(')dr<｡｡,g(i)≧0,""‘彩蒐(',ぁ,鞠)たα〃
●

(iii) MI)(i,x)≦g(t)1/(/,x(j,h,xo)) z""ル

so/"伽〃Q/"2esysie"2αﾉ，

/〃g〃"2eze7oso/""o"Q//〃eS)Is〃ﾉ”αノお〃"肋”"か加囎”ﾉなs舷6彪・

Proof. Let8EM, f] ; foranyfunctiony(t)withcontinuousderivativeon[jb, /],weconsiderthe
solutionx(/,8,y(8))ofthesystem(1).

Wehave

|V(8+/i,y(8+ﾉZ))一V("+",x(8+",8,y(8)))|≦〃lly(8+/2)-x(8+",8,y(8))ll

〃&乎甜一覧〃偽/(/,x(',8,y(8)))drll,＝〃〃

hence,

廊去{V(8+",y(8+/2))-I/(8+",x(8+/z,8,y(8)))]

(¥)'_｡-/(6J(0))||+g(0)v(','(8))≦〃

Byintegrating,weobtain

(f#g(")m)||¥（上 い("g(")")+"心p"<g(")血並Z-/(s,y(s)恥V(/,y(j))≦V(h,y(h))exp

Bythepropertyofthefunctiong(t), thereexistsapositiveconstantK>Osuchthat

"g(")｡I"=K

１
１
１
Ｉ
Ｉ
／
１
１
１
１
１

Foranye>0andany/O≧0,bybirtueof(i),wehaveconstants

thefollowingcondition:

〃＠K(6,(E)+a2(E))<"(0,E).

型似一/(j,y(/))ll"<&(E), "だ。I，If lly(jo)||<6,(E)and

6'(E)>0and&(E)>Osatisfying

then

V(t,y(#))≦"lly(蝿ﾙ"+"咋侭||#-/(s｡4i',
≦Me"8,(E)+"e'<62(E). 、

1 1 ，

F･ranyfuncti･ny(i)satisfyinglly('')||<64(E)and"||W-/(',y('))M<&(e),weprovetha!
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lly(i)||<Eforall /E[ん, r,l.

Ifweassumethatthisisnottrue, thenthereexists/*suchthat lly(/*)||≧Eandん<t*<i,.

By(i), itfollowsthat

"(0,E)≦α(j*,y('*))≦V(2*,y(j*))≦McK(6,(E)+62(E)),

whichcontradicts.

Thereforewehavelly(i)||<eforall jE[/O, r,] foranyfunctiony(j)withlly(ji,)ll<6,(E)and

薩響1-/(t,y(,))||["<62(E)
ByLemma3.3, thezerosolutionof(1) isuniformlyintegrallystable.

4. UniformlyAsymptoticallylntegralStability

Inthissection,wewilldiscusstheuniformlyaSymptoticallyintegralstabilityusingthecomparison

technique.

Atfirstwegivethedifinitionoftheuniformlyasymptoticallyintegralstability.

(Definition4.1) Thezerosolutionofthesystem(1) issaidtobeuniformlyintegrallyattractiveiffor

anyE>0,α≧OandjO≧Othereexist7'(q,E)>0andT(q,E)>Osuchthattheinequalityllxoll<qand

",M|Ig(',")lldi<7(",e) imp,iesll"(M,".)||<-f｡ra,! '≧蝿+T(q,E).llxll≦β

(Definition4.2) Thezerosolutionofthesystem(1) issaidtobeuniformlyasymptoticallyintegrally

stableifitisuniformlyintegrallystableandisuniformlyintegrallyattractive.

[Definition4.3) Thezerosolutionofthesystem(1) issaidtobeuniformlystableifforanyE>0and

九≧Othereexists6(E)>Osuchthat llxxoll<6(E) impliesllx(i,h,,xxo)ll<Eforall /≧/0.

[Definition4.4) Thezerosolutionofthesystem(1)saidtobeuniformlyattractiveifforanye>0and

九≧OthereexistaO>0andT(E)>Osuchthattheinequalityllxoll<&) impliesllx(/,ん,xt')ll<Eforall
f≧ん+T(E).

[Definition4.5) Thezerosolutionofthesystem(1) issaidtobeuniformlyasymptoticallystableifit

isuniformlystableanduniformlyattractive.

Weshallneedthecomparisontheoremtoproveuniformlyasymptoticallyintegrallystable. Letus

statethecomparisontheoreminthefollowingform.

[Theorem4.1] LeiV(t,%)EC(I×R",R")α"αV(t,%)舵んcα/lyLipsc〃吃"""". Ass"岬gjhe

〃"c伽〃V(j,%)sα＃域2s
●

I/i,)(#,%)≦〃(/,V(/,x)), z"""e"(j〃)EC(I×R+,R).

Lejγ(#,hj,%0)6efz"z&"'"αノso〃伽〃qf"escrz〃γ6〃をγe"伽／〃z〃jo〃

〔ん
="(/,"),"(")="0,

伽

e%is""gわがze7'Mjqrn.""(/,九,恥)たα岬so/"伽〃Qf"ies)Aste加側〃蹴加g/bγα〃t≧jos"c/t/加ノ
V(ん,%0)≦〃0,"ie"V(#,x(j, jo,%0))≦γ(/,ん, zf｡)ﾉbγα〃メ≧九・

Forproof,see(6).

Thedefinitionofuniformstabilityofthezerosolutionofthesystem(1)canbeformulatedbymeans

ofmonotonicfunction,ascanbeseenbythefollowing.

(Theorem4.2) TｿZeze"oso〃がo"qf"es)As彪加αノ js〃"油""lys"6ルグα"αo"〃が肋e"exisおα

〃"c加刀p(7/), z"""ep(7/)isco加加"o"s,sMc""20"o加"""c"tzs"gα"αp(O)=0,""が昭t加卿〃α花

||"(t,",%0)||≦p(||x｡ll)/bγα〃オ≧ぁ．

Wemaylikewisestatethefollowingtheoremwithrespecttouniformlyasymptoticstability.

(Theorem4.3) T"gz"oso加加〃Q/"esJAs彪沈αノ走勿"加γ"@なaSW"pわ"“/かs〃6ルヴα"α0"〃が伽花
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exiS/./if"t､"0"sp(>-)α"αび(>･),"'ﾉﾉeノゼp('") jSco"伽"OZfS,Sかfc吻刀70"o/0"e/"c花as"gα"dp(O)=0,o(7)

iSco"""o"s,dec’でasI"g,α"dび(')一→。。αs/一→m, S"Cﾉ2〃〃llx(',",xo)||≦p(||x｡ll)o(t－n)/bγα〃
j≧／0．

TousethesecondmethodofLiapunov,whichattemptstomakestatementaboutthestability

propertiesdirectlybyusingsuitablefunctions,weneedthescalardifferentialequation

d(6) W-=/z(/,"),"(/0)=2(,,,(6) ＝ん(/, zｨ),〃(/0)＝〃1，，
α／

where"(/,")EC(ノ×R+,R)andW,0)=0.

(Theorem4.4) S"P加sg/ﾉ〃〃!eノゼexis/血"c"o"sV(r,x)EC(I×R",R+)α〃〃(＃〃)EC(I×R+,R)
sa"功加g//ie/b"ひ2('/"gco"α"/o"s：

( i ) "(f, llxll)≦V(/,x),V(/,0)=0,"'"e'℃α(i, 7") fsco加加"o"s〃（j,7),"o"庇c'℃asilZg伽γ

/b>･"c･ルメ, [z(/, '･)>0/b',α〃γキO,"(t,O)=0α"αα(#,7)一→OOaSγ一→oo〃刀加γ"@"

伽ム

(ii) I I/(j, Jr)-V(/,y)|≦〃||x-yll,">0,

(iii) /i(t,0)=0α"α〃(/,") is"o""2c花as力噌加〃/bj'etzc〃ム

(iv) W!)(/,x)≦ル(/,V(/,x)).

Tﾉ12〃〃12〃"肋""かaSW"/o"csmM伽qf"lezemso〃わ""(aﾉ伽，舵s肋e〃"加""〃(zsy"ゆゎ"αzJe
な加feg)rzIs/(z6"〃qf"2eze"oso/""o"Qf"2eミyS/emaﾉ．

Proof・We6rstprovetheuniformlyintegralstability.ByTheorem4､2,theunformstabilityofthe

zerosolutionof (6) impliestheexistenceofafunction6('")suchthat6(7) iscontinuous, strictly
increasing,6(0)=0andzz(/, iO, 240)≦6("0)forall j≧あ．

Nowleta≧0and/0≧Obegiven,andlet llxoll≦α.Thenwehave,from(ii),V(jb,xxo)≦〃α・ Let
x(I,ム,, jro)beanysolutionof(1)withllxoll≦α,andletl"(/）＝V(t,W,恥,抑))一？(t),where

"''g(M(s,吻川))ll".？(/)＝〃

Using(iv),weget"(t)≦ん(i,V(t,x(t, jo,A:o))),fromwhichitfollows"(i)≦〃(＃,"2(t)),becauseof
thenonincreasingpropertyof/Z(t,")inzfandthefact"2(i)≦V(j,%(#,h,xo)).
Bythecomparisontheorem,wethenhave,asfarasx(j, jb,xo)existstotherightof",

〃(j）≦γ(/,/0,zzo),where7(j,jO,"0)isthemaximalsolutionof(6)withzao="z(/b).

Lete(q)>0besochosenthatb(〃α)+〃α<(z(0,8(q)),thischoiceisclearlypossibleinviewofthe
factthatzz(#,7)-一→masγ一一→muniformlyint．

Weclaimthat,withthisB(QI), thezerosolutionof(1) isuniformlyintegrallystablewhenever

鯨s叩||g(t,x)||"<q.||xoll≦αand
llxll≦β(α）

Assumingthatthisclaimisfalse, thereexists/*>jOsuchthat ll%(t*, jb,xo)ll=B(cr)and
||x(/,",xO)||≦β(q)forall /elh,, t*]・Thenweobtaintz(0,B(Q/))≦α(/*北(/*,","0)ll)
≦V(/*,x(j*,",xO))≦γ(/*, /0,〃0)＋9'(/*）≦6(ﾙ")+〃α,whichcontradicts.

Therefore, thezerosolutionof(1) isuniformlyintegrallystable.

Next,weprovethatthezerosolutionof(1) isuniformlyintegrallyattractive. Byuniformly
asymptoticstabilityofthezerosolutionof(6),wehave"(#, Zb,"0)≦6("0),(t－ん)forallj≧あ,where
6(") iscontinuous,strictlyincreasingand6(0)=0,'(/)iscontinuous,decreasingandP(/)->ooast
－－→○○. Ifwearenowgivene>0,α≧Oandぁ≧0,wemakethefollowingchoice:
〃γ,(E)<a(O,B-I(E)).

Weput 7'(QI,E)=min{)',(E),ai}. Foranysolutionx(/, jO,xo)of(1),weput

J#x(s｡M))''ぬ 、“汎(/)＝V(/,x(t, /0,％0))－？(j),where？(j）＝〃
1 1 ‘

~
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１
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Asaboveseen,wehfave"z(/)≦γ(j, jb, zf｡)forall i≧′0,with"0="2(jo).

Bythepropertyofthefunctionl(2), thereexistsT(q,E)>Osuchthat

z(0_6
,(/－ん)＜ forall j≧ん+T(cr,E).

Foranysolutionjr(#,h),xxo)of(1)withllxxoll≦α,thereexistsj*>んsuchthat llx(j*, /b,xxo)||<B~'(E).

Infact, ifweassumethatthisisnottrue, thenllx(I, ib,xxo)||≧β-'(E)forall j≧ん. Forall

j≧九+T(q,E),wehave

"(0,B-'(E))≦α(t, ||%(j,",xO)ll)≦V(',x(i,ん,xO))

≦6("0)p(j－ん)+〃γ(",E)<Q(0,B-I(E)),

whichcontradicts.

Consequently, thereisi*suchthat llx(i*, jb,%%0)ll<B-1(E)andjO<j*</b+7､(q,E).

Thus,bytheuniformlyintegralstabilityofthezerosolutionof(1),wehavell"(', /0,xo)||<Eforall

",M''g('､")''dM<"j≧九+T(q,E),providedll%%oll≦αand
ixll≦β

Thisprovesthatthezerosolutionof(1) isuniformlyasymptoticallyintegrallystable.
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