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Let yr;M→M' beaRiemanniansubmersion.LetN' beasubmanifoldofM' andN=

元－'(N' ).There!atiPnbetweenNandN' isstudiedbyH.B.Lawson[3]andR.H.Escobales
2m＋l

［1］・WhenM=S andM'=CPm(c) isstudiedbyK・YanoandM.Kon[8], II.Naitohand
M.Takeuchi [4]andothers.

Inthispaperwewill studythat therelationbetweenNandN'underthe conditionof

theintegrabilitytensorAassociatedwiththesubrnersion.

1. Subrnersions

LetMandM'be Riemannianmanifoldsofdimensionsm+pandmrespectively・Bya
RiernanniansubrnersionwemeanaCoomapping 7r;M-"M' suchthat 7r isofmaximal
rankand 7r* preserves thelengthsofhorizontalvectors ,i.e., vectors orthogonal to
thefiber 7r~' (y) forsomeyeM'.

LetXdenoteatangentvectorat%EM.ThenXdecomposesas I/X+"X,where 〃X

is tangenttothe fiberthrough%and"Xisperpendicularto it. IfX=2/X, it iscalled
averticalvector;andifX="X, itiscalledhorizontal. LetVandV*denote Riemannian
connectionsofMandM' respectively.

WedefineaintegrabilitytensorAassociatedwiththesubmersion・Foranyvectorfields
EandFonM,

(1 , 1) AEF=1/▽〃E("F)+戒彫E( 2/F).

A isa (1 ,2)-tensor, andithasthefollowingproperties[6] :

(1)Ateachpoint,AE isaskew-symmetric linearoperatoronthetangent spaceof
Manditreversesthehorizontalandverticalsubspaces.

(2)AE=A""E ･

(3)Forhorizontalvectorfields,AhasthealternationpropertyAxY=-AYX.
WedefineavectorfieldXonMtobebasicprovidedXishorizontaland 7r-relatedto

avectorfieldX*onM' ・EveryvectorfieldX*onM' hasauniquehorizontal liftXtoM
andXisbasic.AnddenotebyX=h.1. (X*).

Throughoutthispaper,weassumethatthefibersaretotallygeodesicinM.
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LEMMA1． [6]. IfXandYarebasicvectorfieldsonM,｡then

(1)z(X,Y)==*(X*,Y*)｡兀，

(2)"[X,Y] isthebasicvectorfieldcorrespondingto[X*,

（3）彫▽kYisthebasicvectorfieldcorrespondingtoV*x*Y*,
metricsofMandM' respectizely.

Y*],

andz*are the
～
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LEMMA2． [6].LetXandYbehorizontalvectorfieldsandVis

M.Then

verticalvectorfield on
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～

(1) VvX="VvX,

(2) VXV=AXV+Z/VxV,
（3） ▽xY=孔丙xY+AXY.

～

Furthermore,ifXisbasic ,"VvX=AxV.

DenotebyRthecurvaturetensorofM.Thehorizontal liftofthecurvaturetensorE*
ofM'willalsobedenotedbyH*, explicitly, ifh,,h2,h3,h4ar℃horizontaltangentvectors
toM,weset.

盲(E"il h2(h3) ,h4)=g*("!*h2*(h3*), h4*)｡冗
whereh!*=Jr*(h! ).

LAMMA3. [6]・ LetX,Y, ZandHbehorizontal vectorfieldsandVandWbevertical

vectorfields, then
～ ～ ～ ～

(1) R(X,V,Y,W)=9( (VvA)xY,W)+9(AXV,AYW),
～ ～ ～

(2) R(X,Y, Z,V)=9( (VzA)XY,V),

(3)F(X,Y, Z,H)=E*(X,Y,Z,H)-2=(AXY,AzH)+z(AYZ,AxH)+Z(AzXAYH).
Forhorizontal vectorfieldsX,Y,ZandHonMweset
～ ～ ～ ～

D(X,Y,Z,H)=-29(AxY,AzH)+9(AYZ,AxH)+9(AzX,AYH).

PROPOSITION4． Let 7r ;M→M' beaRiemanniansubrnersionwith totallygeodesic

fibers.Thenweobtainfollowingequations

（▽cB) (X,Y,Z,H)=-2g( (VcA)",AzH)-25(A)<Y, (VcA)zH)
～ ～ ～ ～

+g( (VcA)YZ,AxH)+g(AYZ, ( VcA)xH)

竜（ （vcA)zX,AγH)＋盲(AzX, （vcA)YH）

wherもX,Y, Z,HandCare horizontalvectorfieldsonM,
～～

( (Vf*R*) (X*,Y*,Zf,H*) )

=(VcR) (X,Y, Z,H)+R(〃vcX,Y, Z,H)+E(X,〃▽cY, Z,H)
+R(X,Y,〃vcZ,H)+E(X, Y, Z, 2/VcH)-(瓦万) (X, Y, Z,H)

whereX*,Y*, Z*,H*andC*aretangentvectorfieldsonM' andX,Y,Z,H,Caretheir

horizontal lifts.EspeciallyifMisaspaceofconstantcurvature,weobtain
～～

(VcD) (X,Y, Z,H)=0.
～ ～ ～～

( ( V*c*R*) (X*,Y*,Z*,H*) )｡兀=(VcR) (X,Y,Z,H)=0.

Proof. Fromthefollowingequations

C(5(X,Y,Z,H) )=-2Z(Vc(AxY) ,AzH)-2=(AXY,Vc(AzH) )
＋盲(Vc(AYZ),AxH)+z(AYZ,Vc(AxH) )
＋盲(Vc(AzX) ,AYH)+5(AzX,Vc(AYH) ),

～ ～ ～

Vo(AxY)=(VcA)xY+AWY+Ax(VcY)
we obtain

（▽cB)(X,Y, Z,H)=C(B(X,Y, Z,H))一万(VcX,Y,Z,H)一万(X,VcY,Z,H)
～ ～ ～ ～

-D(X,Y, VcZ,H)-D(X,Y,Z, VcH)

＝－2Z( (VcA)XY,AzH)-2=(A,<Y, (VcA)@H)
+=((VcA)YZ,AxH)+g(AYZ, (VcA)xH)
+Z((TcA)zX,AYH)+=(AzX, (VcA)YH)&

UsingLEMMAlandLEMMA3weseethat

I
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( (V*c"*) (X*,Y*,Zf,H*))｡派
=(C*(Rf(X*,Y*,Z*,H*) )｡兀一R*(Vf*X*,Y*,Z*,H*) )。兀

-R*(X*, V*c*Y*,Z*,H*)｡ 7r
～

-R*(X*,Y*, V*c*Z*,H*)。兀一R*(X*,Y*,Z*, V*c*H*)。花

=C(R*(X,Y, Z,H) )-R*("VcX,Y, Z,H)一R*(X,"VcY, Z,H)

-R*(X,Y,"VcZ,H)-R*(X,Y,Z,"VcH)
～ ～

=(VcR) (X,Y,Z,H)+R( 1/VcX,Y,Z,H)+R(X, 2/VcY,Z,H)

+R(X,Y, I/VcZ,H)+E(X,Y,Z, Z/TCH)-(VcB) (X,Y,Z,H).
WhenMisaspaceofconstantcurvaturec,wehaveR(X,Y)V=c(g(V,Y)X-g(V,X)

Y)=0.FromAxYisvertical, byLemma3 (2ノ,weobtaing( ( VcA)Y,AzH)=R(X,Y,
～～

C,AzH)=0.Thereforeweobtain (VcD) (X,Y,Z,H)=0． SinceR(X,Y)Z=c(g(Z,Y)

X-F(Z,X)Y),weobtain( (▽毛*R*) (X*,Y*,Z*,H*) )。花､VcF) (X,Y, Z,H)=0.
Q.E.D.

2. Submanifolds

I
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LetMbea (2m+1)-dimensional regularSasakianmamfoldwithstructre tensors
～

（の， ど, 77, g) suchthat thereexistsafibering兀 ;M→M/f=M',whereM'denotethe

setoforbitsofeandisareal 2m-dimensionalKaehlerianmanifold.Thisisasubmersion

withtotallygeodesicfibers.Wedenoteby (J,g*) theKaehlerianstructureofM' .Then
wehave

～ ～

OX=h.l. (JX*), g(X,Y)=g*(X*,Y*)。花

foranyvectorfieldsX*andY*onM'. LetVand~V*denotetheRiemannianconnection

ofMandM' respectivery.

LetNbean (2n+1)-dirnensional submanifoldtangentvector fieldfofMandN'

bean2n－diInensionalsubmanifoldofM'・Weassumethatthediagram
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N一一一一一一一一一一→M

M'
1
N

(＊） 兀 兀

l
l

cornrnutes・Let VandV*denotetheRiemannianconnectionsofNandN' 'もspectively.

ForanyvectorfieldsX*andY*ofM',wehave
～ ～ ～

h. l. ( V*x*Y*)=VxY－〃 (VxY)g [7]

ByLEMMA2. (3) andh.1. (V*x*Y*)="(TxY), foranyhoriZontal vectorfieldsXand
YofM,weobtain

AxY="(VxY)g=Z(TxY,f)f=z(Y, dX)g.
～

ByLEMMA2. (2) andVxf=一の(X)anddXishorizontalvectorfieldofM,weobtain
Axf=一のIX) XE%M).
A(2n+1 )-dimensional submanifoldNofMissaidtobe invariantifthestructure

vector fieldど is tangent toNeverywhereonNanddXistangent toNforanyvector

fieldXtangenttoNaeverypointofN, that is, dTx(N)CTx(N) foreach%EN・An-

dimensional submanifoldNofMissaidtobetotallyreal if ｡Tz(N)CT､N)4 for

I

’
’
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eachxEN・Whenn=m+1wehavethatthestructurevectorfieldど istangenttoN.Wesay

thatasubmanifoldNofMisgenericifdTx(N)上CTx(N) foreachzeN.

WeassurnethatsubmanifoldNofMisinvariant・Then, fbranynormalvectorfieldB

ofNandhorizontalvectorfieldXofN,weobtain
～

ABX=-AxB=-g(B, dX)f=0.
Weassume that thesubmanifoldNofMistotallyreal・Then, for any horizontal

vectorfieldsXandYofN,weobtam
～

AXY=g(Y, dX)f=0.

WeassumethatthesubmanifoldNofMisgeneric･Then, foranynormalvectorfields

BandCofN,weobtain
～

ABC=g(C, dB)f=0.

LetMandM' beRiemannianmanifoldsofdimensionsm+pandrnrespectively.

SupposenowthatNis an (n+p)-dimensional submanifoldof Mwhichrespects
thesubmersion・Thatis, supposethereisasubmersion 7r;N→N'whereN' isasubmanifold

ofM' suchthatthediagram
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元(＊＊）

commutesandtheimmersionfisadiffeomorphismonthefibers・Weassumethatthefibers

aretotallygeodesicinM.

Lethbesecondfundamental formofthesubmanifoldN.Leth'besecondfundamental

formofthesubrnanifoldN'bLetg(V)andgE(V*)denotetheinducedrnetrics (connections)

ofNandN' respectively・ThentheGauss-Weingartenformurasaregivenby

(2.1)VxY=VxY+h(X,Y),VxE=-SEX+DxE,X,YE%(N),Ee芳坐(N).
whereg(SEX,Y)=g(h(X,Y),E)andDis theconnectioninthenormalbundleT(N)f
Note that thenormal space isalwayshorizontal.We setCEX="SE"XwhereX is

tangenttoN・Thenwehavethefollowingequations

(2. 2) SEX=CEX+AEX,

(2.3) SEV=DvE－▽vE=DvE－ｽざ▽vE

whereXandVarehorizontalandvertical tangentvectorsonN[1].

InthecaseAxY=0whereXandYarehorizontalvectorfieldsofN,wehavefbllowmg

equations

(2．4) VxY=彫▽xY+AxY=h. 1. V*x*Yf+h. 1.h' (X*,Y*).
ontheotherhand,bytheGaussequation

～

(2. 5) VXY=VxY+h(X,Y).

Henceweobtain

(2. 6) VxY=h、 1. V*x*Y*, h(X,Y)=h. 1.h' (X*,*Y).

ForverticalvectorfieldVofNandhorizontalvectorfieldX, byLEMMA2 (2)and(2.1),
wehave

～

(2. 7) AXV+Z/VxV=h(X,V)+VxV.

昭和62年2月
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Since assumptionAxY=0, we obtain g(AxV,Y)=-9(V,AxY)=0where forany

horizontal vectorfieldYofN.HenceAxVisnormal toN.Thus, by (2. 6/weobtain
～

(2. 8) AxV=h(X,V) VxV=I/VxV.

ByLEMMA2
～ ～

VvX="VvX=AxV.

Ontheotherhand,by (2,8)
～

VvX=VvX+h(X,V)=VvX+AxV.

Thereforeweobtain

（2． 9) VvX=0.

1n(**),weassume thatdim(fibers)=1.Since fibersaIもtotallygeodesic, wehave

（2． 10) VvV=0 h(V, V)=0.

LetLzbelinearspanofh(T､N),Tz (N) ) andL=璽冒ⅢL慈
For the second fundamental formhwe define its covariant derivative Vh by

(Vh) (X,Y, Z)=Dxh(Y, Z)-h(VxY, Z)-h(Y, VxZ)

PROPOSITION 5. In (**), letMbeaspaceofconstant curvatureanddim(M)=m+1
anddim(M')=mand fibersbe totallygeodesic.WeassumeAxY=0whereXandY
arehorizontal vectorfieldsofN, andABC=0whereCisnormal vectorofNandBEL.

Thenh isparallel ifandonly ifh' isparallel.

Proof. LetX,YandZbehorizontal vector fieldsandVbe vertical vectorfield

ofN. By (2. 8), (2. 9) and (2. 10), weobtain

(a) (1h)(V,V,V)=Dvh(V,V)-2h(V,V,V)=0

(b) (Vh)(X,V,V)=_Dxh(V,V)-2h(VxV,V)=-2h( 1/VxV,V)=0.
～

SincoABC=0,wo obtaing(AOi,V ,C)=-z(V,A"r)C)=QThereforoA,(x,vjV
～

istangent toN・ Ontheotherhand, wehavefollowingequations
～

Vvh(X,Y)=-Sh(x,YjV+Dvh(X,Y)
～

Vvh(X,Y)=Ah(x,YjV･
Thus,wehave

(2, 11) Dvh(X,Y)=0.

By (2． 9)wehave

(c) (Vh)(V,X,Y)=Dvh(X,Y)-h(VvX,Y)-h(X, VvY)=Dvh(X, Y)=0.
LetD' be theconnectioninthenormal bundleT(N' )1．
By (2.2) andDxh(Y, Z)=h. l.D'x*h' (Y*, Z*), wehave
(d) (Vh)(X,Y,Z)=Dxh(Y, Z)-h(VxY,Z)-h(Y, VxZ)

=h. l. (D'x*h' (Y*,Z*)-li(V*x*Y*,Z*)
-h' (Y*,V*x*Z*))

=h. l． (V*h' )(X*,Y*,Z*).
SinceMisaspaceof constant curvature, Vh is symmetric trilinear incvirtureof the
Codazzi equation.Hencewehaveourassertion. Q.E,D.

1

Let 7r ;S2m+1→CPm(c) be the standardRiemanniansubmersionfromasphere [6].

LetJbethecomplexstructuretensoronCPm(c) and (S2m+1,｡, ビ〃,g)beastandard
Sasakianmanifold.

COROLLARY 6 [4].

N=兀－'(N' ). Assume

containd inJ(TJ, (N' ))

Let N'

that the

foreach

be a totally

linear spanN

yeN' ・ Thenh

real submanifold of CPm(c),we set

] y(N' ) of h' (Ty(N'), Ty(N')) is

isparallel ifandonly ifh'isparallel.

秋田高専研究紀要第22号
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Proof. N isa totally real submanifoldof S2m+l if andonly if N' isa totally

real submanifoldofCPm(c) [8]. ThereforeAxY=0whereXandYis horizontalvector

fieldsofN. Forhorizontal vector fieldX,wehaveh.l. (JX*)=｡(X)．Theassumption

Nl y(N')CJ(Ty(N')) impliesthatJh(X*,Y*) istangenttoN:Andhence,by(2.6 ),

d(h(X,Y)) is tangent toN.Therefore, fornormal vectorfieldCofNandBEL,
～

ABC=g(C, ｡B)f=0. Q.E.D.

LetNbeasubmanifoldofaRiemannianmanifoldM.ForeveryxeN, let βェ ;M

→Mdenote the involutive isometrywiththe initialdatap露(z)=zand (px)* (X+B)

=-X+B(XET､N), BETx(N)~L). IfwehaveP､N)=NforallxaJ, thenwe call
NasymmetricsubmanifoldofM. IfwehaveaneighborhoodUandpェ(U)=Uforall

xeN, thenwecallNalocallysymmetricsubrnanifoldofM.

’
〆

I
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■
■
■
■
ｒ
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■
■
■
″

ｌ
Ｉ

LEMMA7.[5]. Let N be a submanifold of RiemannianmanifoldM. IfN

isalocallysymmetricsubmanifold, thenthesecondfundamental formofNisparallel.

割

刃
５
画
■
Ｄ LEMMA8.[5]． LetNbeasubmanifoldofRiemanniansymmetricspaceM.ThenN

isalocallysymmetricsubmanifoldifandonlyifNhas thefollowingtwoconditions;

(1) thesecondfundamental formofN isparallel,

(2) foreachpointxEN, thereexiststotallygeodesicsubmanifoldPofMsatisfying
jrEPandTg(P)=Tx(N)｣~.

I

７
日

LEMMA9.[5]. LetMbeaRiemanniansymmetricspaceand a space of constant

curvature・ ThenthesubmanifoldNofMisalocallysymmetric ifandonlyifthesecond

fundamental formofNisparallel.

UsingthoseLEMMAsandPROPOSITION4,5weobtainfollowingtheorem.

〆

THEOREM10． In (**), letMbecompleteandaspaceofconstantcurvaturec and

dim(M)=m+landdim(M')=mandfibersbe totallygeodesic・Weassume AXY=0

whereXandYarehorizontal vectorfieldsofN, andABC=0whereBandCisnormal

vectorfields ofN.ThenNisalocallysymmetricsubmamfoldifandonlyifN' is a

locallysymmetricsubmanifold.

Proof. IfN' isalocally symmetric submanifold, byLEMMA7, the second

fundamental fromofN' isparallel. SincePROPOSITION5, thesecondfundamentalform

ofNisparallel. FromMisaspaceofconstantcurvature,MisaRiemannianlocally
～～

symmetric (VR=0). FromthoseandMiscomplete, MisRiemanniansymmetricspace.

Therfore, byLEMMA9,Nisalocallysymmetlicsubmamfold.

IfNisalocallysymmetricsubmanifold, thesecond fundamental formofN is

parallel・TheIfore, byPROPOSITION5, thesecondfundamental formofN'isParallel.

FromPROPOSITION4,M' isaRiemannianlocallysymmetricspace・ If 7r ;M→M' isa

submersionandMiscomplete, thenM' andthefibersarealsocomplete・ThereforeM'

isaRiemanniansymmetricspace. SinceABC=0andMisaspaceofconstant curvature
c,wehave

盲(R*(B*,C*)D*,X*)。施=言(E*(B,C)D,X)=H*(X,D,B,C)
=R(X,D,B,C)-2g(AxD,ABC)+=(ADB,Axd)+g(ABX,ADC)＝貢(X,D,B,C)-2言(AxD,ABC)+盲(ADB,AxC)＋g(ABX,ADC）
=-5(R(B,C)X,D)=一言(c(=(X,C)B一言(X,B)I,D)=0,

1 1

whereB*,C* andD* arenormal vectorfieldsofN' andX* istangent vectore field

、
ご
■

７
日
■
Ｌ
ｎ
ノ
〃
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I
■
巳
■
日
日
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■
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ThereforeweobtainE*(T,(N')4,T,(N'>)Ty(N' )~LCT,(NofN'・Thereforeweobtain責*(TJ,(N')4,T,(N'） ）T，,(N' )~LCTj,(N')上．
existstotallygeodesicsubrnanifoldPsuchthatTy(P)=Tj,(N' )~L・ Since
alocallysyrnrnetricsubrnanifold.

Therefore there

LEMMA8,N' is
■
■
■
■
■
■
■
■
』
■
■
■
■
■
■
■
■
二
・
一
■
■
■
■
■
■
■
■
‐

Q.E.D.

COROLLARY11. N' beagenericsubmanifoldofacomplexprojectivespaceCPmwith

constantholornorphicsectional curvature4． If thesecond fundamental formofN' is

parallel, thenN' isalocallysymmetricsubmanifoldofCPm.

Proof． In (*),wesetM=S2m*!andM'=CHn.By [9],if thesecondfundamental
forrnofN' isparallel, thenN' isatotallyreal・ Fromthesecondfundamental form

ofNisparallel,NisalocallysymmetricsubmanifoldofS2m÷! ByTHEOREM10, N'

isalocallysyrnmetricsubmanifoldofCPm.

Q.E.D.

Ｉ
、
１
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垂
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ー
ニ
ご
一
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■

Lete,,……, en+qbeanorthonormalbasis inT､N)． The rneancurvature vector
l

" ofNisdefinedtobe"=TT布(Trh),which is independentof thechoiceofabasis.

PROPOSITION12. In (**), letdim(M)=m+1anddim(M')=mand fibers be totally
geodesic.WeassumeABC=0whereCisnormal vector fieldofNandBEL. Then the

rneancurvaturevector" ofNisparallel ifandonly ifthemeancurvature vector"'
ofN' isparallel.

Proof. Ifwetakeanorthonormal basis {e!*} inTy(N')．Then {ei,v} formes

anorthonormal basis inTx(N) (7r (")=y),wherev=V/g(V,V). By thedefinitionof
the rneancurvaturevectorand

(2. 10),wehave

h｣".)=hL(Trh')-*hL(i｣h' (｡! ,｡,))
-=(､=P(｡"｡,)M(M))､Trh=¥A

BytheequationDxh(Y,Z)=h､ l.D'x*h' (Y*,Z*),weobtain

亘

蚤
巳
■
可
』
■
■
■
■
§
、
”
、
Ｌ
■
日
日
Ｉ

n

-五¥Th.l. (Dk*〃′)=Dx".

１
１

By (2. 11),weobtain

D,"=D,(T=TTrh)=声量,Dvh(e!,e!)=0.
Q.E､D・

WenowdefinethecurvaturetensorR-LofthenorrnalbundleofNby -'
(2, 12) R~X,Y)B=DxDYB-DYDxB-D[x,Y]B

」ｰ

whereXandYaretangentvectorfieldsonNandBisnormal vector fieldonN・ IfR

vanishes identically, thenthenormal connectionofNissaidtobeflat.

In (**), letR'andR'エ (DandD') denotethecurvaturetensors (theconnections)
Ofnorrnal bundleofNandN' respectively・Wehave thefollowingWeigartenformulas;

～ ～

V*x*B*=-S'B*X*+DI(*B*, VxB=-SBX+DxB,

whereX* is tangentvectorfieldonN' andB* isnormal vectorfieldonN' and h. l.

(X*)=X, h. l. (B*)=B.Ontheotherhand,wehaveh. l.(V*x*B*)=彫vxB=VxB-AxB.
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１
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Thuswehave

(2. 13) h. l. (S'B*X*)=SBX+AxBandh． l. (D'x*B*)=DxB.

LetXandYbehorizontal vectorfieldsonNandBandCbenorrnalvectorfieldson

N・Then (2. 13) implies

h. l. (Dk*Df*B*)=Q(DYB, h. l. (D1*DI(*B*)=DYDxB.

Sinceh. l． [X*,Y*]=[X,Y]-2AxY,we find

h. l. (DIx*. Y*]B*)=D[x､ Y]B-2DAxYB.

Fromtheseequationswehave

(2, !4) g*(R'4(X*,Y*)B*,C*)｡海=z(RL(X,Y)B,C)+2g(DxYB,C).

PROPOSITION13. In(**), let fibersbe totallygeodesic.WeassumeABC=0whereB

andCisnormal vectorfieldsonN・ Thenthenormal connectionofNisflatifandonly

if thenormal connectionofN' is flat.

Proof． LetXandYbehorizontal vectorfieldsonNandV be vertical vector
～ ～

fieldonNandB andCbenormal vectorfieldsonN. Then, byg(ABV,C)=-g(V,

ABC)=0,ABVis tangent toN・ Fromethefollowingequations;
～ ～● ～

VvB=-SBV+DvBand VvB="VvB=ABV,

weobtainDvB=0. FromAxYisvertical,wehave

(2. 15) 5*(R'坐(X*,Y*)B*,C*)=g(R4(X,Y)B,C).

The equation implies that if thenorrnal connectionofNisflatthenthe norrnal

connectionofN' is flat. SinceDvB=0,weobtainDvDxB=0andDxDvB=0.Since[X,V]

isvertical,wehaveD[x.v]B=0.ThereforeweobtainR4(X,V)B=0.Fromtheintegrability
of theverticaldistribution, forvertical vectorfieldsVandW,[V,W]isvertical,Therefore
we obtainR4(V,W)B=0. Thus, by (2． 15), if the normal connectionofN' isflat
thenthenormal connectionofNisflat. Q.E.D.
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EXAMPLE[8]. Let 7r;S2m+1→CPm(c) bethestandardRiemanniansubmersion.Weset

N=S' (r,)×……×S'(rm+,) wherer,2+……+rm+, 2=1． ThenNisagenericandatotally

real submanifold. Theseare ABC=0andAxY=0.Her℃Nhasparallelsecondfundamental

formandflatnormal connection.
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