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１
１ 1． Introduction

’
It iswell-knownthatA.M. Liapunovhasdiscussedthestabilityof solutionsof the

Q

systemofordinarydifferential equationsbyutilizingascalarfunctionsatisfyingsome

conditions. For theboundednessaswell as thestability, Liapunov'ssecondmethodis

veryusefulandpowerful theory・ Itsusefulnessandpowerlieinthefact that thecriterion

oftheboundednesscanbedecidedfromthedifferential equationswithoutanyknowledge

of theirsolutions.

However, itisgreatdifficulttofindtheLiapunovfunctionsatisfyingcertainconditions.

ThelUfore, it is immrtant toobtainaweak sufficient condition for theboundedness

theorem.Manyauthorshavediscussed theboundedness. (cf. [1], [2], [3], [4], [5], [6],

[7]， ［8].）

Inthepreviouspapers [9],[10],[11],[12],[13],weobtainedweaksufficientconditions

for tlEvarious typesofboundedness.

The purposeof thispaper is togivesomeextensionof thes㎡ficientconditions for

the uniformlyultimate boundedness of solutions of asystem㎡ordinarydifferential

equations.
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2． DefinitionsandNotations

First,we summarizesomebasicdefinitionsandnotationswewillneedlateron.

I_et ldenote the interval O≦t<｡。andRndenotetheEuclideann-space.ForxeRJ， let

IIxII IEanynormofx. I_etSKdenotethesetofxsuchthat llxll<K,K>0, SKbe the

closuI℃ofSK,andSRbethecomplementofSK.We shall denotebyC(I×Rn×Rm,RK)
thesetofall continuous functionsdefinedonI×Rn×Rmwithvalues inRK.

Weconsiderasystemofdifferential equations.

dx
(1) -¥-=f(t, x),
dt

wherex isann-vectorandf(t,x)EC(I×Rn,Rn) isann-vectorfunction.

Supposethat f(t,x) issmoothenoughtoensu,もexistence, uniquenessandcontinuous

dependenceof thesolutionsof the initial valueproblemassociatedwith (1).

Throughout thispaperasolutionthroughapoint (t｡,x｡)EI×Rnwillbedenotedby
suchaformasx(t, t｡,x｡).

We introduce the followingdefinitions.

[Definitionl)

Thesolutionsof(1) areequi-bounded,if forany cZ>0andanyt｡EI,thereexistsa

"(t｡,cM)>Osuchthat llx｡ll≦α implies llx(t, to,x｡) ll<"(t｡,") forall tzto.
(Definition2]

Thesolutionsof(1)areuniformlybounded, ifthe"inDefimtion l is independent
of t｡.
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(Definition3]

Thesolutionsof (1)areequi-ultimatelyboundedforboundB, if theI℃existsaB>0

and if correspondmg toany cZ>0and t｡E I, there existsaT(t｡, cZ)>0 such that

llxoll二aimpliesthatllx(t, t｡,x｡) ll<Bforall t三t｡+T(t｡,").

[Definition4]

'I11e solutions of (1) areuniformlyultimatelybounded for boundB, if theT in

Definition3is independentof t｡.

(Definition5]

Correspondingtoacontinuousscalar function V(t, ") definedonanopenset, we

definethe function.

=扉去{I/('十九蒸+"/(2,z))-V(#,%)} .
●

V(')(r, %)

IncaseV(r,z) hascontinuouspartialderivativesof thefirstorder, it isevident that

鶚＋器．/(', 蕊)，
●

I/(,)(/,%)=

where ".“".'' denoteascalarproduct.

3． PrelirninaryResults

Insornecases, the followmgtheoremonboundedness ismore convenient toapply.

Weconsiderasystem.

dx
-Lf=f(t, x,y)
dt

（2）

"=9(t, x, y),
dt

wheref(t,x,y)EC(I×Rn×RrWRn) andg(t,x,y)EC(I×Rn×Rm,Rm).

T.Yoshizawa gave a sufficient condition for the uniformboundedness and the

uniformlyultimabelyboundedness.Here,we rもpeatthose theorems.

【Theorern3. 1】

S""ose ＃〃オ的e"e e"s/s α〃α""Oりん"C〃O"V(t, x, y)da/Y"edO"0=t<｡｡，

llxll+llyll=K, ZMe"eKCα冗加ノα堰q z"〃C〃sα〃s/ies＃舵ん〃oz4)"gco〃〃jo"s;

(i)V(t, x,y)""as加j呼伽〃y〃"物γ"2/yんγ (t,x)aSllyll→｡｡，

(ii)V(t,x,y)<b(IIxll , llyll ), z"""eb(r,s) isco"〃""0"s;
●

(iii)V(2)(t,x,y)≦0.

Mりγ9ozﾉeγ s""ose幼αォ COγ7℃s加”伽g〃eac/2M>O Me"e"s/s α〃α”"0〃ん"c〃0〃

W(t,x,y)da/"edO7zO=t<｡｡, llxll三K,(M), llyll=M, z"加形Kl ccwbeノα増az(ﾉ〃c〃sαがS／jeS
ｵ"eん〃oz""gco〃伽0"S; ・

(iv)W(t,x,y)""dS tO"W""y〃"物γ"/yんγ (t, y)"IIxII→｡｡，

(v)W(t,x, y)≦c(IIxII ), z"〃γgc(r) /sco"伽"0蝿
●

(vi)W(2)(t,x,y)≦0.

T〃〃ォ舵soﾉ"〃0"so/(2)"e〃"胸γ"〃加"""e"

【Theorem3.2】

Fo7""Zes"s""

0=t<｡｡, IIxII<｡｡，

(2), Lzss"碗g /加オ オ"e花e"sis dzL"'""0〃ん"C〃0"V(t,x,y)de〃"edo"

llyll三K>0, z"師C〃Sαｫs/ies j〃ん〃0岬"gco"""o"s;
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(i) a( llyll )=V(t,x,y)=b( llyll ), ""ere a(r) α"d b(r) αγe CO加吻"0蝿j加7Fas"W

α刀αa(r)→oo as r→｡｡，
●

(ii)V(2)(t,x,y)二一c( llyll ), uﾉ舵γe c(r)>0 jsco加伽"O蝿

S必加OSe t加メ COγγeS加刀""groeac〃〃， 肋"e exis#saZ,"""O〃ん"C"O7ZW(t,x,y) d〃伽edofz

0=t<-, llxll三K!(M/llyll三M, z4ﾉ畑chsaガゾjesメ舵/b"oz""gc"""ofzs;

(iii)a,( IIxII )三W(t,x,y)=b,( IIXII ), Uﾉｶe7e a,(r) c"db,(r)"e co加伽"ozJs GMa,(r)

→oo aSr－令◎o，
●

(iV)W2)(t,X,y)≦0.

"o7eo"e7; ass"77ze r〃オ ノe""gB6es"cﾉﾛ ｵ加j b(K)<a(B), メノze"e"srsaL""""oz)ん"C〃”

U(t,x,y) da/j"edo" T=t<･･, llxll三K2＝0, llyll=B, "ﾉ師C〃 Sα〃Mjes #"eん〃oz4)2"g

co刀伽〃O"S;

(v) a2( IIxII )=U(t,x,y)=b2( IIxII ),〃舵沌a2(r)a"b2(r) α形CO加疏"”sα〃j"c形as醜g
●

(vi)U(2)(t,x,y)三一C2( IIXll ), z"舵7e C2(r)>0 jSCO"jMOzJ&

Tﾉ7e"meso/"〃o"sq/(2) αγe必"油γ加ﾉy〃〃航α花ﾉy加必"ded.

For theproofof these theoICms, see [1].
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4 Result

【Theorem4. 1】

凡γメ舵sj's"77z (2),ass必加e t加オ メ舵γe e"sおα〃α〃"”ん"C〃Of2V(t,x,y)da/WedO"

I×Rn×SR, @"/W･eK>0ca刀加ノα増e, ZIﾉ〃C〃Sα〃s/Yes"ieん〃oz""gco"j"o7@s:

(i) a,(t, llyll )≦V(t,x,y)≦b,( llyll ),""e7ea,(t,r) js co""MozIs"(t,r), a,(t,r)>0

んγα"yr=0, c,(t,r)三0,加加郎旭as8"g〃〃んγespec＃幼オルγeac"/rX"

γα"αa,(t,r)一→｡。 αsγ－→｡。 〃"物γ"/y j" r, b,(r) js co郡伽加z‘sα"。

2"c形as2"g,
●

(ii)V(2)(t,x,y)≦－c,(t, llyll ), z"舵7e c,(t,r)>0 jScO""ガ"ozjs"(t,r).

S"〃oSg メ加＃ CO"杉S加刀｡〃gmgac/2L>0, "2e7ieexiSrsα〃αp""oりん"C〃O"W(t,x,y)da/Y"edo"

I×S;(L!×SL,""Cl@ Sα"s"es伽ん"O如加gCO〃j伽"S：

(iii)a2(t, llxil )=W(t,x,y)≦b2(llxll ), "ﾉ加"a2(t,r) jsco""""0"s"(t, r), a2(t,r)>0

んγα〃r=0, a2(t,0)三0,"o"gc"as"gz"〃〃形specオ加＃んγα"ヅノなeαγ

α〃a2(t, r) -→｡。 αSγ-→｡。 〃加允γ加〃j〃 オ, b2(r) jsco""""O"S,
●

(iv)W(2)(t,x,y)≦0．

Mo"oz)g7, ass""e オ〃＃C>0 6es"cｶﾒ加オb,(K)<a,(0,C), オ舵7ge"srs a"""抑りん"c〃o〃

U(t,x,y)d""edO"T≦t<｡｡, llxll≧H*>0, llyll≦C, z""c"sα〃s/iesメ〃ん〃oz""gco"〃〃072s：

(V) a3(t, llxll )≦U(t,x,y)≦b3(llxll ), z(ﾉ加"a3(t,r) js co"〃""oz@s /"(t,r), a3(t,r)>0/W

α〃r¥0, a3(t,0)三0α"。"MeC形αS2噸”〃んγespecr加＃α〃γ, b3(r) js

CO"〃""0"sα"d"c"e(zs"g,
●

(vi)U(2)(t,x,y)≦一C3(t, IIXII ), Z"加形C3(t,r)>0 jSCO"ﾉ伽"0"s"(t,r).

Tﾉ32〃＃舵so/"〃o"sq/(2)α"〃"物γ"ﾉy〃〃"α”/y加""ded.

Proof.Forany ">O such that K<cZ,consider a solution {x(t,to,xo,yo),

y(t, t｡,x｡,y｡)}ofasystem(2),wheret｡EI, llx｡ll≦αandlly｡ll≦α・Choosea"(")>Oso

largethatb,(cZ)<a,(0,B(")).

Firstofall,weprove that lly(t,t｡,x｡,y｡) ||<B(cZ) for ,all t≧t｡. Suppose that this
isnot true,thereisat, suchthat lly(t,,t｡,x｡,y｡)ll≦β(cZ) and t,>t｡. Then there

exist t2 andt3, to≦t2<t3≦t,, suchthat lly(t2, t｡,x｡,y｡) iL｡", lly(t3,t｡,x｡,y｡) II="(")
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and "<lly(t, to,xo,yo) || <"(cz) for t2<t<t3. Consider the function
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V(t,x(t,to,x｡,y｡), y(t,to,x｡,y｡) ) on t2≦t≦t3． Thenwehave

a,(0,"(cz) )≦al(t3, lly(t3, to,Xo,yo) II )≦V(t3,x(t3), y(t3))二V(t2,x(t2),y(t2))

≦bl(lly(t2, to,xo,yo) ll)≦b,((Z),wherex(tK)=x(tK, t｡,x｡,y｡)and

y(tK)=y(tK, t｡, x｡, y｡), k=2, 3, which contradicts b!(cZ)<a,(0,6(cZ)). Thcrefo1℃

lly(t, t｡,xo,y｡) ||<"(cz) fbrall t≧to･

We put l7(cZ)=max{cz, H("(cz))) and consideraLiapunov functionW(t, x, y)

definedon l×s;(8("))×S8(α) ． Chooseaβ*(α)〉Oso large that b2(〃(α))〈a2(0，β*(α))．
We shall showthat llx(t, t｡,x｡,y｡) ||<"*(cZ) forall t≧t｡. Suppose that it is not so,

there isat1 suchthat llx(t,, t｡, x｡, y｡)||≧β*(cZ) and t1>t｡. Thenthereexist t2andt3,

to≦t2<t3≦t,, such that llx(t2, to, xo, y･) II ="(cZ) , llx(t3, t｡, x｡, y｡) II='*(cZ)and

77(")<IIX(t, to, Xo,yo) ||<"*(CZ) fOrt2<t<t3.

Becauselly(t, t｡,x｡,y｡) ll<"(cZ) forall t≧t｡,we have lly(t, t｡, x｡, y･) ll<'(cZ) for

t2≦t≦t3. Consider thefunctionW(t,x(t, to,xo,yo),y(t, to,xo,yo)) on t2≦t≦t3.

Because the functionW(t,x(t, t｡, x｡, y｡) , y(t, t｡, x｡, y｡)) is nondecreasing in t,

a2(0,"*(cz))≦a2(t3, IIX(t3, to, Xo, yo) II )≦W(t3,x(t3),y(t3))≦W(t2, x(t2) , y(t2))

≦b2(77(")), whichcontradictsb2(77(cZ))<a2(0,e*(cZ)).

Therefore, for any cZ>0 andt｡e l, thereexist 6*(cZ)>0andB(cZ)>0 suCh that

llXoll≦α, llyoll≦αimplies llx(t, t｡, x｡,y｡) | |<"*(cZ) and lly(t, t｡, x｡, y｡) II<6((Z) for

all t≧t｡. Thismeans that thesolutionsof (2) areuniformlybounded.

Nextweshall prove that there isat, >t｡ suchthat lly(t1, t｡, xo,y｡) ll<K・ Infad,

ifweassume that this isnot true, then l ly(t, to,x｡,y｡)II)≧Kforall t≧t｡.By (ii),there
existsa7(cZ)>O such that if llxll <oo andK≦llyll≦β( {X), </(2)(t, X, y)≦－γ(").
ThereforewehaveV(t,x(t,t｡,x｡,y｡),y(t,t｡,x｡,y｡))≦V(t｡,x｡,y｡)一γ((Z)(t-to).

1f t>t｡+T,(cZ),whereT](cZ)=(b!(cZ)-a,(0,K))/r(Qf),
a,(0,K)≦V(t,x(t, t｡,x｡,y｡), y(t, t｡,x｡,y｡))≦V(t｡,x｡,y｡)一γ(")(t-t｡)

<b,(cZ)-b,(cZ)+a,(0,K)

=a,(0,K),

and hence there arise a contradiction、 Consequently, there is a t, such that

lly(t1, t｡,x｡,y｡) II<Kandt｡≦tl<to+T,(cZ). By the choice of C, we can see that

l ly(t, t｡,x｡, y｡)||<Cforall t≧t,. Thus, bytheuniformlyboundedness ofsolutionsof
(2),wehave lly(t, t｡,x｡,y｡) ll<Cforall t≧t｡+T,(cz).

NowweputK*=max{C,H*}. Then, if llxrll≦K*and l lyrll≦K,*
(3) | |x(t, t｡,xまyr)||<"*(K*) forall t≧to･

Aswas seenabove, lly(t, to, xo, y｡)||<Cforall t≧t｡+T,(cZ),and consequently
lly(t, t｡,x｡,y｡) II<Cforall t≧t｡+T,(cZ)+T.Supposethat llx(t, t｡,xo,yo) l l≧K* for all
t≧t｡+T,(")+T・ ForK*≦IIxII≦β*(cz), llyll≦Cand t≧T, by (vi/ there existsa

●

7"*(cZ)>0suchthatU(2)(t,x,y)≦一γ*(cZ),andhence

U(t,x(t, t｡,x｡,y｡), y(t, t｡,x｡,y｡)) "・

≦U(t｡+T,(cZ)+T, x(t｡+T,(cZ)+T, t｡, x｡, y｡), y(t｡+TI(")+T, t｡, x｡, y｡))
一γ*(")(t-to－T,(cz)-T).

1

If t>t｡+T,(cI)+T+T2(cZ),whereT2(cZ)=了菜r豆~T{b3(6*("))-a3(0,K*)),
a3(0,K*)≦U(t,x(t, to,xo,yo), y(t,to,xo,yo))<b3(6*("))-b3(6*("))+a3(0,K*)

=a3(0,K*),

I
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wehaveacontradiction. Therefore, there existsa t* suchthat IIx(tft｡, x｡,y｡)||<K*

andt｡+T,(cz)+T≦t*<t｡+T,(cZ)+T2(cZ)+T, andhence, by (3), l lx(t,to,xo,y･) ll<6*(K*)
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for all t≧tf because llx(t*, t｡, x｡ , yO) ll<K*, lly(t*, t｡, x｡, y｡) ll <K* and

x(t, t*x(t*), y(t*))=x(t, t｡, x｡, y･).Thuswe have llx(t, t｡, x｡, y｡) II<"*(K*) forall

t≧t｡+T!((Z)+T2(fZ)+Tand lly(t, to,xo,yo) II<Cforall t≧t｡+T,(").

IfweputB="*(K*)andT*(cZ)=T,(cZ)+T2(cZ)+T, clearlyC≦BandT,(")≦T*(").

Hence, forany">0andanyt｡EI, if llx｡ll≦α, llyoll≦α,wehaveaBandaT*(")such

that llx(t, t｡,x｡,y｡) ll<Band lly(t, t｡,x｡,y･) II <Bforall t≧t｡+T*(cZ),where Bis

clearlyapositiveconstant independentofparticularsolutionsandT*(cZ) is a positive

constantdependingonlyon cZ>0. Thisproves that thesolutionsof (2) aI℃uniformly

ultimatelybounded.
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