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1． Introduction

Consider a systemof differential equations

dx
=F=f(t,x)． (1)
dt

Wecanassumewithoutlossofgeneralitythatf(t,0)三0．

Inadditionto(1),letaperturbeddifferentialequations

dx
-X-=g(t,x). (2)ddt

Ifasystem(2) isconsideredastheequationsofmotionforareal, physicalsystemupon

whichcertainsmallperturbationforcesact, describedbyg(t,x)-f(t,x), itmustberealized

thatoftensuchforcesarenotaccuratelyknown; ingeneral, thereareatmostestimatesforthe

perturbations.Thus, theassumptiong(t,0)三Oisanidealizationnotjustifiedbyphysicalreality.

Ifthisassumption isdropped, the stabilitystatement that small perturbationforcesg(t,x)

-f(t,x)produceonlysmallderivationscannotbeformulatedbymeansoftheusualstabilityconcept.

Thenanextensionofthisconcept,calledthetotalstability, isneeded.

IntheSoviet terminologythistypeofstabilityiscalledstabilityunderconstantlyacting

perturbations,whichwasintroducedbyDubo&in[1].

Manyauthorshavediscussedthetotalstability[2],[3],[4],[5],[6].

Byintroducingthelimitingequations,ArmadoD'anna[9]showedtheuniformlytotalstability

anduniformlytotallyasymptoticstabilityofaboundedsolutionofanalmostperiodicequation.

Inthispaper,wewillstatetheuniformlytotallyasymptoticstabilityofthezerosolutionof

ageneralsystemofdifferentialequationsbyusingaLiapunovfunction.

2． DefinitionsandNotations

LetldenotetheintervalO<t<ooandRJ'denoteEuclideann-space.ForxEIf',letllxll be

theEuclideannormofx,andweshalldenotebySH thesetofxsuchthat llxll<H,H>0.
Letusconsiderasystemoftheequations(1)withfEC(I×W,If')whereWisanopensubset

ofRJ'andC(I×W,RJ')denotesthecollectionofallcontinuousfunctionsdefinedonl×Wwith
valuesinRJI.

Thefunctionf issaidtobeadmissible if forevery(W｡,jb)EI×W,thereexists aunique
noncontinuablesolutionx(t,toiFfigr:蓬照i撫捌態;･職W(t1'総竺熊)ⅡIfforanycompactsetKC

<L(K) llx-x' l l forxEK,x'eEK,weshallwritef(t,x)Ea｡(x).
Weintroducethefollowingdefinitions.

[Definitionl]

Thezerosolutionof (1) issaidtobeuniformlystableifforanye>0andanytbEI there
existsa6(6)>0suchthattheinequalityll ]bll<6(e) implies llx(t,tb,x｡,f) ||<e forallt>
ら． い

昭和61年2月

1

1 1



三二一＝一＝==＝=一二一一一~~~~‐乏畳 一==＝=＝＝一=一一一一一一~一

－44－

MikiKUDO,MasamichiASO,ShoichiSEINO

[Definition2]

ThezerosolutionOf (1) issaidtobeuniformlyattractiveifthereexista6｡>0andaT(e)

>0foranye>0suchthatif l l ]くoll<6o, llx(t,ij,X｡,f) ||<e forall t>tb+T(E).
[Definition3]

Thezerosolutionof(1)issaidtobeuniformlyaSymptoticallystableifitisuniformlystable
anduniforlnlyattractive.

[Definition4]

Thezerosolutionof (1) issaidtobeuniformlystableifforanye>0thereexistsa6=6(6)

suchthatif (tb,JE)EI×S6,andifgEC(I×W,RJI)andsatisfiesllg(t,x)-f(t,x) ||<6fort>t｡,
l lxl l<e, therfariysolutionx(t,%,X｡,g)ofthesystem(2) satisfiesllx(t,tb,Xo,g) ll<e forall t
＞ら・
[Definition5]

Thezerosolutionof (1) issaidtobeuniformlytotallyattractiveiftherearetwonumbers

'and-｡,0<6<e｡,andforeachr>0, thereexists&T(7)>0anda@(r)>0such !ha'
if (tb,x｡)E'×S6,andifgEC(I×W,RJ') andsatisfies llg(t,x)-f(t,x) | |<6(r) fort>tb, l lxll
<ea, thenanysolutionx(t,tb,X｡,g)ofthesystem(2)satisfieo llx(t,%,Jt,g) l l<rforallf>tb
+T、

[Definition6]

Thezerosolutionof(1)issaidtobeuniformlytOtallyasymptoticallystable, ifitisuniformly

totallystableandisuniformlytotallyattractive.

[Definition7]

CorrespondingtoacontinuousscalarfunctionV(t,x)definedonanopenset,wedefinethe

function

V(I) (t,x)=罵嵜{V(t+h,x+hf(t,x))-V(t,x)}.
IncaseV(t,x)hascontinuouspartialderivativesofthefirstorder, it isevidentthat

皿÷鶚f(t,x),v(1) (t,x)=W

where"･"denotesascalarproduct.
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Ｉ3． PreliminaryResults

【Theorernl】

S"ppose t加t f(t, x)of(1) jsco7ztmuouso7z l×SH (mdf(t, 0)=0｡

"f(t,x)E%(x) (z"dift/ieso/"o"o/(1) js""j/brmﾉgaSy77ZPO加堀cα"ySt(Z6Je,Me71 it iS tO2α"Z/
sia61e.

Forproofofthistheorem, see[5].

【Theorem2】

S叩pose t加Z f(t,x) of(1) jSco7zZ航uOUSO7Z l×SHα"。j加t f(t, 0)三0．

"f(t,x)ECo(x) (z7zdj伽加γee"sZsQLja加刀oりん〃c〃o7zV(t,x)de/j,zedo" I×SH,
2"/Mc/Zs(z"s/jest/Zeん〃OZ"j7ZgCO7Zd"jO72S;

(i)V(t,0)三0(z7zdV(t,x) jSco72j加哩o秘S i7Z (t,X),

(ii)a(t, lixll )≦V(t,x)≦b( IIxII ),"舵γe肋eん刀c〃o'za(t, r) jsco"2加拠o秘s伽

(t, r) on l×I, a(t,0)三O,a(t,r)>0/b7･r≠0α”d伽cγeasesmo〃o加加cα〃y

”〃んγespeci to i (z7zdr,Q7zdb(r) jsQco""""ousj71c7･e@si7zg, Pos〃"eん7zc"07z,

(iii)V1,) (t,x)≦一cV(t,x), zMe7･ec>0jsQco7zsia城，
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(iv) IV(t,x)-V(t,x') |≦KIIx-x' ll ,I"んe7･eK>0jS(z co7zSta7zi.

Tﾉie7z tﾉZeZe7･OSOん"07z o/ tﾉtesl/ste77z(1) jsiotα〃zノsi(z6Je.
Forproofofthistheorem, see[8].

4． MainResult

【Theorem3】

S叩pOse j加f f(t,x) o/(1) (z71dg(t,x) of(2)q7･eadmjssi6Je.

〃2ﾉte7･ee"jsis (zLja加冗oシ伽ctjo7zV(t,x) t"ﾉZjchissatjsfjes t舵．/b〃o切加gco刀｡伽o〃s；
(i) V(t,0)=0Q"dV(t,x)EC(I×SH,R),
(ii) a(t, llxll )<V(t,x)<b( IIxll ), 2"ﾉle7･e tﾉieん7ZCtiO7Za(t,r) jSCO7Z"7zzjouSm(t,r)

o刀I×I,a(t,0)=0,a(t,r)>0/brr≠0α九．刀O7ZdeC7･eaSeS 77ZO7ZO加加cα〃gt""h.

7.esPect tot (mdr, (z7zdb(r) jsQco7zZ加迦OUSj7ZCre(ZSj7Zgl POS舵加eん刀c〃o刀，

(iii)V1,) (t,x)<一αV(t,x),"ﾉle7"e">0jS(ZCO7ZS2α〃j，
(iv) IV(t,x)-V(t,x') |<KIIx－x' ll ,"/te7･eK>0iSQco7zst(z7zj.

Tﾉie7Z illeZe7･OSOJ泓匝07ZO/ (1) jSi"'i/b7･77ZIZノ ォota〃Z/αSl/77DpiO"Cα〃l/sZ(z6Je.
[Proof]

Wefirstshowthatthezerosolutionof (1) isuniformlyasymptoticallystable.

Foranye>0, choosea6,(6)>Osothatb(6,(6))<a(0,6), 0<61(E)<6.Choose6(E)>

Ososmall that cZa(0,6,(6))-K6(E)>0． For an7 (tb,]b)EI×S6(E)and anyg(t,x)
EC(I×W,RI')whichsatisfiesllg(t,x)-f(t,x)ll<6(e) foranjrt=(tb,oo), llXll<e,wesupposethat
asolutionx(t,tO,X｡,g)of (2)satisfies llx(t*,tb,X｡,g) ||>eatsomet*,t*>%.Then thereare
t!andt2suchthattb<t,<t2<P, llx(t,,tb,]b,g) ||=6,(e), llx(t2,tb,tb,g) II=.andthat61(e)<

l lx(t,tO,]b,g) ll<e fortE(tl,t2).
By(iii) ,wehave

V'(t,x(t,tb,JE,g))<一αV(t,x(t,%,]b,g))+K6(e)
＜－αa(t, llx(t,tb,]b,g) l l )+K6(E)
＜－αa(0,6,(e))+K6(E)<0.

ThereforeV(t,x)ismonotonedecreasingalongx(t,tb,Jt,g).
Fromthis,wehave

a(0,6)=a(0, l lx(t2,tb,Xo,g) l l )<a(t2, | |x(t2,tb,zb,g) ll )
<V(t2,x(t2,tb,JE,g))<V(tl,x(tl,tb,nt,g))
<b( IIx(t,,tb,]b,g) ll )=b(61(e)),

whichcontradictsb(6,(6))<a(0,6).

Therefore,llx(t,tb,]b,g) | |<e forallt>tb,whichshowsthatthezerosolutionof(1)iSuniformly
totallystable.

Next,weshowthatthezerosolutionof (1) isuniformlytotallyattractive.

Sincethezerosolutionof (1) isuniformlytotallystable, foranye>Oandany%EI,there
existsa6.=6｡(e)>0, 0<6｡<e, suchthatif lI Jbll<6b(e),andifgEC(I×W,Rn)andsatisfies
llg(t,x)-f(t,x) ll<qa(e) fort>tb, ||xll<g, thenanysolutionx(t,tb,Jb,g) of (2) satisfies
||x(t,tb,'b,g) ||<eforallt>tb.Wechoosea6="(e)>0sufficientlysmallsothata(O,%)-KB
>0 andb(%)>a(0,4)-K@. Let (tb,'b) beanarbitrarypoint in l×S60andg(t,x)
EC(I×W,Rn)beanarbitraryfunctionsuchthat lig(t,x)-f(t,x) ||<αβfort>tb, | |xll<6.

b(qｺ）

LetT(E)b…chthatT(6)=÷logo(0,#j=K8 .
Nowwesupposethatthereisnotat*E(tb,tb+T)suchthat llx(t*,tb,JE,g) ||<2(e).

１
１
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Thenwehave l lx(t,tb,Jb,g) l l>qa(e) forall te[tb,tb+T].By(iii), foranyte[tb,T],wehave
V'(t,x(t,tb,]b,g))<－αV(t,x(t,tb,>b,g))+KIIg(t,x)-f(t,x) ll

＜－αV(t,x(t,%,]t,g))+Kαβ・
Hencewehave

ecZt{V'(t,x(t,tb,]b,g))+cZV(t,x(t,tb,,E,g))}<Kβαeczt,
{ecZtV(t,x(t,tb,X｡,g))}'<Kβαeat・Or

Thereforewehave

ecZtV(t,x(t,%,]b,g))<e[ZtoV(tb,X｡)+K6(ecZt-e(Zto)
<ecZtoV(%,X｡)+KBecZt.

Sincethisinequalityistruefort=tb+T,wehave
V(tb+T,x(tb+T,tb,X｡,g))<e－aTv(tb,X｡)+KB

a(0,6o)-KB
b( ||]bll )+K6O

一
一

b(6o)

a(0,6o)-K6o
＜ b(6o)+K6o=a(0,6o(6))･b(6o)~ b(6n) D(oOノ十処o0=a(0,00(6)).

Thereforewehave

a(0,6o(e))<a(tb+T, l lx(%+T,tb,Jb,g) ll )
<v(%+T,x(tb+T,tb,,b,g))
<a(0,6(E)).

Thisisacontradiction、

Thusweknowthatthereexistsat*E(tb,tb+T)suchthat llx(t*,tb,X｡,9)||<6o(6).
Fromabove, wehave l lx(t,tb,'b,g) ||<e forallt>t* and llx(t,h｡;]b,g)||<e forallt>%+
T(E)．Thisimpliesthatthezerosolutionof (1) isuniformlytotallyattractive.

Thusweseethatthezerosolutionof (1) isuniformlytotallyasymptoticallystable.
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