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NurnericalAnalysesoftheMolecularDynamics

intheMassRatio-EnergyPlanefortheClassicalMorseSystem

withTwoDegreesofReedom

AkiraNARITA

Theperiodicorbitsandthefixedpointsinthesurfacesofsectionareanalyzednumericallyinthe
massratio-energyplanefortheMorsesystemwithtwodegreesoffreedom. Theyaresurvivalsofthose
intheharmonichmitandcanbeidentifiedbythesamerationalrotationnumbersasinthislint,andthe

presenceregionsofthemspreadwithmassratioinincreasingenergy.Theseresultscanexplainthemass
ratiodependenceofbifurcationpatternsshowedbyMatsushitaand'Ibrasaka,andareverycloselycon-
nectedwiththeKAMtheorem.

1 ． Introduction

ThemoleculardynamicsinthelinearsymmetricaltriatomicmoleculesofCX2typesuchasCO2has
●

beenstudiedthusfarbymanyauthors[1-6].ThesumoftwoMorsepotentials,oneforeachC-Xbond,
hasbeenassumedasthetotalpotentialenergy.TheHamiltoniandescribingtheintramolecularvibrations

●
D

ofthisCX2typemoleculeisgivenbytheequations[3],
● ●

H=K+V, ………….…….….….…………………….……………………･…………(1)

K=鶚芸器型[ (f,2+i,')+γ刺， ………………………………….………………･…．(2)2ml+m2

V=D[1-exp(-arl)]2+D[1-exp(-ar2)]2, ……….……….……………………･……………(3)

、11

γ＝両手両(0＜γ＜')， ……･……"…･……………………………………………………(4)

whereK=(internalkineticenergy),V=(totalpotentialenergy),m,=(massofX-atom),m2=(massof
C-atom), ri=(displacementfromtheequihbriumbonddistance), a=(scaleparameter),D=(dissociation

energyofC-Xbond)andf!=dri/dt(t : time). Thismodelhastwoparameters,massratiodependent

parameter)'andenergyE.The)'valuesforsomemoleculesareasfollows, 7'=0.4673forN20, 7'=0.5714
forCO2,7=0.5968forBO2and7=0.7273forCS2.

Morerecently, forthismodelsystem,Matsushitaand'Ibrasaka[2]showedthepatternchangesin
Poincaresurfacesofsectionasafunctionof%dUetobifurcationsofvariousfixedpointsfromthecentral
island[18]. Furthermore, theyplottedtherelativeareaofthecentralislandstothewholeregionasfunc-
tionsof7'assumingthattheregionexceptthecentral islandsarechaotic・ Theplots.showedthatthe
)Fdependenceoftheareaisoscillating.Theseareveryinterestingresults. Particularly, theareaisalmost

zeroat7'=0.263forE=Dbecauseofthe3:1resonance[7]・ Atthis)',the3-fixedpointsdegenerateto
thecentrall-fixedpoint. Fromthissituation, thealmostcompleteergodicbehaviourcanbeseenat
γ＝0.263．

MymainpurposeistoclarifytheoriginofthepatternchangesinthePoincare surfacesofsection

mentionedabove. Iwillproceedbyconsideringthemodificationsoftheperiodicorbitsintheharmonic
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limitforE－少0,duetothenonlineareffectofthepresentMorsepotential.Thecalculationswillbecarried

outnumericallybasedonthemodelgivenbyeqs. (1)-(4),aswillbedescribedinthefollowingsections.

2．Equationsofmotion

introducingthedimensionlessvariables,x=a(rl+r2),y=a(rl-r2)andて=a[2D(2m,+

wecangettheequations,

l
………………………………………………………………(5).px2+可丁可尹y2,

Ineqs. (2)-(3),

m2)/ml(ml+m2)]1'2t,

K=百両
V=2-4exp(-x/2)cosh(y/2)+2exp(-x)cosh(y), …………………………………………(6)

wherepxandpyaremomentumsconjugatetoxandy,respetively,andDisadoptedasenergyunit(D=1).

Theequationsofmotioncanbeeasilyderivedfromeqs. (5)and(6),

X=px/(1+7),#=py/(1－γ), …………………………………･……………･………………．(7)

bx=-2exp(一x/2)cosh(y/2)+2exp(-x)cosh(y), ……………………………………･…･,(8)

by=2exp(-x/2)sinh(y/2)-2exp(-x)sinh(y), …………………………･……．．…………(9)

where・=j¥Thissystemisseparablefor7'=0,aseasilyseenfromeqs (2)and(3)[21Thesolution
for)'=0isgivenbytheequation,

ri=a-11n[Ai+Bicos(qj!て+｡i)], [Bi2=Ai(Ai-1),のi2=Ai~']･ ……………………………(10)

whereA!andd!areintegralconstants.Thissystemisalsoseparablefor)'=1[2].Wegetpy=0for7'=1

Thisleadstoy=Oorexp(-x/2)cosh(y/2)=1/2fromeq. (9).TheformergivestheThiele-Ⅶlsonsolution

[3],andthelattergivesthesolution,

exp(x)=*><｛:蹴期隣三慨蝿I) ………………………………仙
ThepresentsystemcannotbeseparableforO<)'<1[2].

ThesecondandthethirdordertermsofthepresentMorsepotentialVagreeswiththeharmonicand

theanti-Henon-Heilestypepotentials[8], respectively. Intheharmoniclimit, co,=(1+7')-1'2andの2＝

(1－カ-1'2arefrequencies.Therotationnumberq[9]inthislimitisgivenbytheequation,

α＝の1/の2＝[(1－γ)/(1+7)]1"(0<q<1). ……………………･……………･……･………(12)

Theequationsofmotiongivenbyeqs. (7)-(9)werenumericallyintegratedbymeansoftheRKG

method・ Theaccuraciesinnumericalcalculationswerecheckedbycomparingtheenergygivenatthe

firststepofiterationwiththatobtainedatthelaststepofit.ErrorsinbothenergieswerelessthanO.5%.

All initialvaluesweretakenontheequipotentialsurface,sincethePoincaresurfacesofsection(y=0and

py>0)canbecompletelyfilledwithtraversesofthephasecurvesobtainedbymovingthemalongit.The

numericalresultsobtainedinthiswaywillbedescribedinlatersections.

3.Periodicorbits

Thetrajectoriesintheharmonicsystemaredefinedbytheequationx=A,cosaてandy=A2cos(て+'),

whereA,anddareintegralconstants. Notethatqisdefinedbyeq. (12)anddisthephasedifference.

Thetrajectoryidentifiedbyqand.willberepresentedbyH(cM,｡)below. ThepropertiesofH(cr,｡)are

wellknown[10],andtheyhavebeenlefrredtoastheLissajousfigures.
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Sincethesecondorderterminthepre-

sentMorsepotentialagreeswiththehar-

monicpotential,myinterestsconcentrateon

themodificationsofH(q,｡)duetothenon-

lineareffectofthepotential,particularlyfor

therationalrotationnumberq=m/n.

TheperiodicurbitsObtainednumerically

forthepresentMorsesystemareshownin

fig.lforsomerationald. Infig.1,E=0.4is

selectedand7'valuesarecalculatedfromeq.

(12)forgivenq.Thisfigureindicatesthat

theperiodicorbitsintheharmoniclimitcan

surviveonlyfortheparticularphasediffer-

ences.Thatis,onlytheperiodicorbits,cor-

respondingtoP=0forevenmandtod=0

(solidlineinfig.1)andjr/m(dashedhne)for

oddm,cansurvive. However, itshouldbe

notedthattheseperiodicorbitsaredistorted

fromthoseintheharmonicsystembecause

Uthenmllineareftctoftheハ伽fsepotential.

Onlyparticular initialvaluecangivethe

periodicorbitsshowninfig､l.However,the

problemobtainigthe initialvaluefor the

periodicorbit identifiedbyqandjisnot

referredhere.Theseperiodicorbitsaresta-

bleconcerningtheslightshiftoftheinitial

value. Thentheybecomefatandchange

intotheperiodictube[11]. Infact,thesegive

theellipticfixedpointsinthex-pxPoincare

surfacesofsection,andtheperiodictubes

givetheislandsofthefixedpoints[1].Thefglvethelslandsofthefixedpointslll.Thes
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Fig.1Survivalsoftheperiodicorbitsintheharmonic

limitforsomerationalrotationnumbersq=m/n. qisre-

latedto)'byeq. (12).Themostouterboundaryineach

figureistheequipotentialcurveforE=0.4. Foroddm,

thesolidandthe(bshed linesshowtheperiodicorbits

identifiedbyd=0andj=7r/m,respectively.

urvivedperiodicorbitcharacterizedbyrationalq(=m/n)with

evenmgivesthen-ellipticfixedpoints,aseasilyseenfromfig､l.Fbroddm,becausetherearetwostably

survivedperiodicorbitscorrespondingtod=0and7r/m,andeachofthemgivesthen-ellipticfixedpoints,

theytotalygivethe2n-ellipticfixedpoints.Notel二hatqistheaveragerotationnumber.

ThenumericalcalculationsfurthermoreclarifiedthatH(m/n, 7r/m)forevenmandH(m/n, ,r/2m)for

oddmcansurvive.However,becausetheyareunstableconcermngtheslightchangeoftheinitialvalue,

theygivethek-hyperbolicfixedpoints(k=nforevenmandk=2nforoddm) inthex-pxsurfacesof

section.Itshouldbeemphasizedthatthe3:1resonancecanbeunderstoodastransitionofthephase

differencefortheperiodicorbitidentifiedbyo=2/3fromd=0to.=,r/2,duetotheinstabihtyofthe

orbit[2]. ItshouldbenotedthattheperiodicorbitcorrespondingtoA,=0andA2-0intheharmonic

systemcanalsosurvive.Thisorbitisstableconcerningtheslightchangeofthentmlvalueandgivesthe

centrall-fixedpoint[1,2]. TheperiodicorbitcorrespondingtoA,+0andA2=Ocanalsoexist,while

unstableconcenngtheimtialvalue,andgivestheboundaryinthex-pxsurfacesofsection.Thiswillbe

referredtoastheThiele-Ⅷlsonmode[1-3].

ThereasonthatE=0.4ischoseninfig.listhatthisenergyisconvienientforserchingthesurvivals

ofH(m/n,｡)becauseofnovisuallychaoticmotions.Ⅷ2reportedforCO2moleculethatvisuallychaotic
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1Fig.2Presence regions of the representative

periodicorbits identifiedbytherational rotation

numbersq=1, 4/5, 2/3, 1/2and2/5inthe7-E

plane・ Serchingtherightboundaryineachregion

numericallyisverydifficultforE>0.7withexcep-

tionofq=lbecauseofabundantchaoticmotions.

Then,verysmall intervalof7'mustbetaken(△γ＝

10-4)． Thepredictedrightboundarycurvesare

shownbythedashedlines,becauseexistencesof

theperiodicurbitscouldnotbeverifiedthere.NOte

thattheislandsaroundeachellipticfixedpdntbe-

comeabruptlysmallbytheslight increaseof7

fromtheleftboundariesforE>0.7. The3:lres- E
onancecanoccuronthedotdashedline.、Seethe

textabout●参

.8

.S

､4

motionscanbeobservedforE>0.5[1].Ac-

cordingtothenumericalcalculationsperformed

now, theenergyatwhichchaoticmotionsbegin

visuallydoesnotalmostdependson)'exceptfor

γ三0andγ三1,andisE=05Thisresultissimilar
tothatbyCasatiandFbrd[12]Notethatthecha-

oticmotionsareabundantparticularlynearthe

boundaryinthex-pxsurfacesofsection,forE>0.5

[1,2].

､2

○ ・， 、4 、e .8 1

γ

4.Separationsofthefixedpointsfromthecentral isiand

Letusdenote)'calculatedfromeq. (12)forq=m/nby7'n,m. DoestheperiodicorbitM(m/n,｡)also
existforslightlyshiftedγfromγh,､？M(m/n,‘)istheperiodicorbitinthepresentMorsesystem,andit

isthesurvivalofH(m/n,d),wherej=0, 7r/mforevenmandd=0, ,r/m, ,r/2mforoddm. Firstly, this
questionwillbesolved. Secondly,theoriginforthe7'-dependenceofthebifurcationshowedbyMatsus-
hitaand'IbrasakawiUbeconsidered.

NumericalcalculationsshowedthatM(m/n,｡)canalsoexistforslightchangeof7'from)'n,m.That

is, theinitialvaluegivingtheM(m/n,｡)canbeserchedforarangeof7' including)'n,m.Thepresence

regionofM(m/n,｡) inthe7'-Eplaneisshowninfig.2forsomerationalrotationnumbers. Thisfigure
showsthatthepresenceregionofM(m/n,')spreadsconcerning7' inincreasingE.Thisfigurefurthel=

moreshowsthatM(m/n,｡)existsuntilthetwobodydissociationthreshold(E=1),whiletheislandsof
eachelhpticfixedpointsbecomesmallbecauseofdevelopmentofchaoticmotionsinthevicinityofit[1,

2]. Infig.2,thepresenceregionofM(m/n,')arenotshownforlargerdenominatorsofm/n,becausethe
spreadconcerning7'inincreasingenergyissmall.

Letusincrease7'forafixedEWhen)'crossestheleftboundaryfbrthepresenceregionofM(m/n,

d) infig.2,anappearenceofitbegins. Then, inthex-pxsurfacesofsection,thek-fixedpointswiththe
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ellipticorthehyperboMccharactersduetoM(m/n,.)(k=nforevenmandk=2nforoddm)separate

fromthecentral island.Ontheleftboundarycurve,M(m/n,｡)isdegeneratetotheperiodicorbitgiving

thecentrall-fixedpoint.Withincreasing7'fromtheleftboundary,thefixedpointsduetoM(m/n,d)

movetowardtheboundaryihthesurfacesofsection.When),arrivesattherightboundaryofM(m/n,

｡), thefixedpointsareontheboundaryinthesurfacesofsectionbecauseofdegeneracyofM(m/n,j)to
thexaxis(Thiele-剤Ⅷlsonmode).

Fromthefactsmentionedabove, theoriginfortheseparationsoffixedpointsconcerning)'fromthe

central islandshowedbyMatsushitaandTbrasaka[2]canbenowexplainedmoreradically.Thatis,with

increasing)'forafixedE,because)'goesacrosstheleftboundaryofM(m/n,｡) inthelargeorderof

rationalrotationnumberm/n, thefixedpointssuccessivelyseparatefromthecentral islandinthesame

orderandmovetowardtheboundary.Notethatorlytheseparationsofthefixedpointsidentifiedbythe

rotationnumberm/nwithsmalldenominatorfromthecentral islandweregiveninref.2, becausethe

numericalserchingsforthemwithlargenaredifficult. Sincetherationalnumbersaredense, therecan

coexistinfimtelymanychainsoffixedpointsinthesurfaceofsectionforapointontheγ－Eplane.This

maybeanexplanationforthePoincare-Birkhofftheorem[13-16]intermsofthesurvivalsandthespreadS

ofthepresenceregionoftheperiodicorbitsintheharmomclimit. Fbrexample,forthepointindicatedby

●.infig.2,thefixedpointsidentifiedbym/nsatisfyingl/2<m/n<2/3cancoexistinthesurfaceofsection.

5.KAM(Ko｣mogorov-Arnold-Moser)instabilities

WithincreasingEforafixed7'infig.2, theenergygoesacrosssuccessivelytheleftorthenghtbound-

ariesofthepresenceregionsformanyM(m/n,#).Whentheenergycrosseseachoftheseboundaries,

theresonanceconditionscanbesatisfied. Theseconditionsinducetheinstabihtiesfortheinvarianttori

[17]. Thesetoriaregivingthecentral islandsandtheboundaryinthesurfaceofsection, immediately

beforetheenergytrversesoftheleftandtherightboundariesinfig.2,respectively.Theinvarianttori are

destoriedandchangeintothenewtoribythetraverses・ ThenewtorigivetheKAMsurfacesaroundthe

n-fixedpdntscausedfromtheM(m/n,').TheinvarianttmficanbedestmiedatsmallerEfor)'near7'n,m,
sincethenthetraversesoccurinthesmallerE.

Thus, thespreadingsofthepresenceregionsf()rM(m/n,d)with7'inincreasingEcanbeinustration

oftheKAMtheoremitself[13-15].Therefore, theboundarycurvesinfig.2representasetofpomts,on

whichtheloworderresonancesoccur. Furthermore,evenfortheinvarianttoriidentifiedbytheirrational

rotationnumbero, itisweUknownthatthosewithosatisfyingtheKAMinequahtyl｡－m/nl<en-2.5Can

bedestoriedbytheperturbation[13-15]. Thezoneofodeterminedbytheinequalityislargerforthe

smallern.FromthisKAMconsequence,thefactinfig.2,thatthespreadofthepresenceregionwith7'in

increasingEislargeforM(m/n,d)withtherotationnumberofthesmalldenominator,canbealsounder-

stoodqualitatively. Ithinkthattheoscillatingcharacterconcerning)'oftherelativeareaofnonchaotic

regions[2],describedinthesectionl, isalsorelatedtothislargespreadingforM(m/n,")withthesmall
denominator.

6.Discussion

Inthe'Ibdasystemtoo[19], inwhichthepresenth伽Fsepotential is replacedbytheTodapotential,

thesimilarcharacteriticsasinthepresentMorsesystemcanbeObservedforthesurvivalsandthespreads

oftheperiodicqrbitsintheharmmiclimit.But,thechaoticbehaviourscannotbeseenevenforthehigher

energy(atleast,E/D=10)becauseofnodissociationenergy. There, theequalcoefficientoftheseccmd

ordertermwasadoptedforbothpotentials. Itseemsthattheconditions,thatthepotentialhasthedisso-
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ciatimlenergyorthelocalmaximum,maybenecessaryfortheoccurrenceofchaoticmotions[20]. Fbrthe

systemreplacedtheMorsepotentialbytheH6non-Heilespotential [21], themovementsofthefixed

pointswithincreasing7'areoppositetothoseinthepresentMorsesystem,andthesituationismorecom-

plicated,particularlyforsmall )'(0<7'<0.2). But,Casati-FbrdtypeEcwith)'canbealsofOund,except

forγ三0becausethissystemagreeswiththeoriginalH6non-Heilesmodelfor7'=0[21],whereEc isthe

energyatwhichchaoticmotionsbegintooccur. Thedetailedreportonthe'IbdaandtheH6non-Heiles

systemswillbegiveninaseparatepaper.
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