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1 ． Introduction

Supposethatthefamiliesofmotionsaredefinedbyas)Istemofdifferentialequations

4=F(t,zl
dt

(1)

Wecanassumewithoutlossofgeneralitythat F(t,0)=0

1nadditionto(1), letaperturbeddifferentialequation

¥=F(t,w)+G(t,w) (2)

IngeneralthetermG(t,w)describestheeffectofsmalldisturbancescausedbyfriction,currentheat,

etc. Itmustbereahzedthatoftensuchdisturbancesarenotaccuratelyknown; ingeneral, thereareat

mostestimatesfOrtheperturbations・ InparticulartheassumptionG(t,0)=0hasnojustificationwhatso-

ever.Butitsomissiondeniesthehypothesisthat(2)evenadmitsthesolutionz=0.

TherefOreweintroducetheconceptoftotalstabilitywhichistheextentionoftheusualstability. In

theSovietterminologythistypeofstabilityiscalledstabilityunderconstantlyactingperturbations,which

wasintroducedbyDubogin[1].

Manyauthorshavediscussedthetotalstability[2], [3], [4], [5], [6].

Wealsostatedsomeextentionsofthesufficientconditionsforthetotalstabilityandthetotalbound-

ednessinthepreviouspaper[7].

Inmanyapplications,weneedtoseethequalitiesnotofthewholesolutionbutofthepartial.

Inthispaper,wedescribeseveral resultsconcerningthetotalstabilityandtotalboundednesswith

respecttoapartofthesolutionsofdifferentialequations.

2.TotalStabilityandTotalBoundedness

LetldenotetheintervalO≦t<ooandRPdenoteEuclideanp-space.ForzER, letllzllbetheEuclidean

normofz,andweshalldenotebySHthesetofsuchthatllzll≦H,H>0.

Weconsiderasystemofdifferentialequations(1),wherezisap-vectorandF(t,z)isap-vectorfunc-

tionwhichisdefinedonaregioninl×RP.
侭』

Throughoutthispaperasolutionthroughapoint(to,zo)inl×RPwillbedenotedbysuchaformas

z(t;zo,to).IfforanycompactsetKCR9thereexistsaconstantL(K)>OsuchthatllF(t,z)-F(t,z')ll

≦L(K)llz-z'llforzEK,z'EK,weshallwriteF(t,z)ECo(z).

Weintroducethefollowingdefinitions.

(Definitionl)

Thezerosolutionof(1)issaidtobeumformlystableifforanye>0andanytoEI thereexistsa

6(E)>0suchthattheinequalityllzoll<6､impliesIIz(t ;zo,to)ll<Eforallt≧to.
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(Definition2]

Thezerosolutionof(1) issaidtobeuniform-asymptoticallystableifitisuniformlystableandthere

exist60>0andT(E)>0foranyE>Osuchthatifllzoll<60, IIz(t ;zo,to) ll<Eforallt≧to+T(E).

(Definition3)

Thezerosolutionof(1)istotallystable, ifgivenE>0,thereexistsaa(E)>Osuchthatforanyequation

(2),wherellG(t,z)ll<athesolutionz(t ; z｡,to)of(2)satisfiesIIz(t ;zo,t｡)ll<Eforanyinitialvaluesuch

thatllzoll<at≧to≧0.

[Definition4)

Thesolutionsof(1)aretotallybounded, ifgivenq>0, thereexisttwonumbersB(d)>0, )'(q)>Osuch

thatifzoES"thenllz(t ;zo,to) II<B(d)forallt≧to,wherez(t ;zo, to)isthesolutionof(2)inwhichIIG(t,z)II

＜γ(q),providedq<IIzII<B.

(Definition5)

CorrespondingtoacontinuousscalarfunctionV(t,z)definedonanopenset,wedefinethefunction

V,",(t,z)-WFIV(t+h,x+hF(t,z))_V(t,z)'
IncaseV(t,z)hascontinuouspartialderivativesofthefirstorder, itisevidentthat

V'伽,(t,z)=¥+gl,z),
3V

where!! ・"denotesascalarproduct.

[Theoreml)

S"〃OSG的〃F(t,z)Q/(1)"CO城""o"so"I×SHa"dF(t,0)=0.

"F(t,z)ECo(z)α"dが油gso如加〃q/(1M〃"加γ籾･aa)""p航加胸s〃"e,"e""jS加刷りs"6Je.

[Theorem2)

S"，加Sc的α/F(t,z)Qf(1) jSCO""""0"so"I×RI'α"α肋αj的e”〃おおα“""""0"s〃"c伽"V(t,z){〃加αメ

0"D:0≦t<m, IIzII≧L, 2"""L"@fzy6GMge, z"〃℃九sα"S/ibs"e/b"02"j"gco"d"わ"s ；

(i) a( IIzII )≦V(t,z)≦b( IIzII ),"""ea(r)α"αb(r) @z"co""""0"s伽c形as蝿α"da(r)→oo as
r→○○

(ii)V(t,z)EC｡(z),α"αV'(,)(t,z)≦－c( IIzII ), z{ﾉﾉ'e"c(r)>0iSCO""""0"s，

Z物e","eso如加"sq/(1)αγg勿如"y加""d〃

Forproofsofthesetheorems,seereference(4).

(Theorem3)

S"'加Sc鯛〃F(t,z)Q/(1MCo""""0"so"I×SHα"d/加jF(t,O)=0.

"F(t,z)ECo(z)a"dが肋e〃“商/Sα""C肋〃V(t,z)"‘""edo"I×S脇”"た〃s"Mes"2"Jo""g

cO"伽加"s ；

(i) V(t,0)=0α"αV(t,z) jSCO""""0"s/"(t,z),

(ii) a(t, IIzII )≦V(t,z)≦b( IIzII ),"/We/"g〃"c伽"a(t,r) jSco""""0"si"(t,r)0"I×I, a(t,0)=0,

a(t,r)>0iﾌγr声0α"d/"c7'gasesw@0"0必"""yz(/伽形Spec/jotα"dr,α"db(r)応αCO""""0"s

2"c花asi"g加s"”ん"c伽"，

(iii)V'(,)(t,z)≦一cV(t,z), "ﾉﾙe〃α c>0応αCO7@s""f

(iv)IV(t,z)-V(t,z') |≦K･ IIz-z'll,""2れ'K>0isfzco"s/Zz"/.

Zｿ'e〃肋gze”so〃伽〃Q/"iesJAs花加(1)応加如"ｿs〃"9．

(Theorem4)

S"ppose肋α/F(t,z)Q/(1)"CO""""0"so"I×RPα"d娩鉱的g花錘js応α“"伽"0"s血"c肋〃V(t,z)>0
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"""edo"D:0≦t<", llzI I≧L, z"/zej'EL加〃6〃α増E,〃"たんs"MEs"22/b"oz(ﾉ/"gco"成加"s；

(i) a(t, IIzII )≦V(t,z)≦b( IIzII ), 2"/ig""22ん"c伽〃a(t,r) jSco""""0"s/"(t,r)α"da(t,r)→CO

〃"油γ"､妙加tasr→、

(ii)V(t,z)ECo(z),

(iii)V'(,)(t,z)≦一c(t, IIzI I ), z"加花的e〃"c伽〃c(t,r) jSco""""0"s/"(t,r)α"d"e"exおおk(q,6)>0

s"ch的〃c(t,r)>k(q,6)んγα≦r≦β・

剛g〃肋gsO〃わ"sQ/(1)α〃加刎な60""庇d

Forproofsofthesetheorems,seereference(7)

3．PartiallyTotaIStabilityandPartiallyTotalBoundedness

WeshalldenotebyC(I×Rm×Rn,Rk)thesetofallcontinuousfunctionsdefinedonl×Rm×Rnwith

valuesinRk.

Considerasystemofdifferentialequations

f(x,y)=(f,(t,x,y), f4) （3）

andaperturbedsystem

:(u,v)=(f,(t,u,v), f,(t,u,v))+(g,(t,u,v),g4) {4}
Thesearethecasesthat, insystems(1)and(2),

z=(x,y)ERm×Rn,

w=(u,v)ERm×Rn,

F(t,z)=(fl(t,x,y), f2(t,x,y)) and

G(t,w)=(gl(t,u,v),g2(t,u,v))

wheref,,g,EC(I×Rm×Rn,Rm)andf2,g2EC(I×Rm×Rn,Rn).

Letw(t ;wo,to)=(u(t ;wo,to),v(t ;wo,to))bethesolutionof(4)startingfromwo=(uo,vo)atto.

Weintroducethefollowingdefinitions.

(Definition6)

Thezerosolutionof(3) ispartiallytotallystable, ifgivene>0, thereexistsa6(E)>Osuchthatfor

anyequation(4),wherellG(t,w)ll<6;thesolutionw(t ;wo,to)satisfiesllu(t;wo,to)ll<Eforanyinitial

valuesuchthatllwoll<6;t≧to≧0.

(Definition7)

Thesolutionsof(3)arepartiallytotallybounded, ifgivenq>0, thereexisttwonumbers6(cI),7'(cr)>0

suchthatifllwo ll<q, thenllu(t ;wo, to) l l<B(d)forallt≧to,wherew(t ;wo,to) isthesolutionof(4) in

whichIIG(t,w) II<7'(Q),providedq<IIwII<B.

(Definition8)

CorrespondingtoacontinuousscalarfunctionV(t,x,y)definedonanopenset,wedefinethefUnction

V'(3) (t,x,y)=屈告{V(t+h,x+hf,(t,x,y),y+hf2(t,x,y))-V(t,x,y)}.
IncaseV(t,x,y)hascontinuouspartialderivativesofthefirstorder, itisevidentthat

V'(3)(t,x昨鶚+¥f,(t#x,y)+¥4y'
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[Theorem5)

S"加Sc的〃F(t,z)Q/(3)ACO""""0"so"I×SI1α"d的α/F(t,0)=0.

"F(t,z)ECo(z)α"dが肋gγE錘舳αCO""""0"S伽"C肋〃V(t,x,y) (M"2d0"I×D×Rn(Dおα血沈α加

/"Rm),""たんs〃械乞s肋g〃ん〃"gco"dj肋"s ；

(i) a(t, IIxII )≦V(t,x,y)≦b( IIxII ),"舵〃肋g〃"c伽〃a(t,r)*co""""0"si"(t,r)0"I×I,a(t,q=

0,a(t,r)>0んγr差0α"d応〃0"晩cﾉ'ゼビZSii"g〃肋〃Speα加tα"dr,α"db(r)応αcり"伽""‘s"､c7azs‐

2"g加s/""g〃"c伽〃α"db(0)=0,

(ii)V'(3)(t,x)≦－cV(t,x,y),〃舵〃aciS!2pos"伽“"s〃"f

(iii)IV(t,x,y)-V(t,x',y') |<KIIz-z'll,"G',rz=(x,y),z'=(x',y')α"｡αX応α加S"伽Cり"S"",

的e〃肋gzg'りso畑加〃Q/"eays彪加(3) jS"γ加伽加伽なs舷"2．

[Proof) ForanyE>0,choosea6,(E)>Osothatb(6i)<a(0,e),0<6,<Eandalsoa6(E)>Ososmallthat

6<等位,0<6<6,. Supposethatasolution
W(t ;Wo,t｡)=(U(t ;Wo,to),V(t ;Wo,to))

of(4),wherellwoll<6andIIG(t,w) ll<6,satisfiesllu(t ;wo,to) II=Eatsomet.

Thentherearet,andt2suchthat

llU(t, ;Wo, to) II=6i, llU(t2 ;W0,to) II=E

and ai<llu(t ;wo,to)l1<E fortE(t1,t2).

Ontheotherhand,fortE[t1,t2]
Q

V'(4)(t,u,v)≦－cV(3)(t,u,v)+KIIG(t,w) ll

≦一ca(t,u)+KIIG(t,w) ll

≦－ca(0,6i)+K6<0.

Thus,wehave

V(tl,u(tl ;wo,to),v(tl ;wo, to))>V(t2,u(t2 ;wo,to),v(t2 ;wo, to))･

TherefOre,wehave

a(0,E)<a(t2,E)=a(t2, llU(t2 ;Wo,to) ll )

≦V(t2,u(t2 ;wo,to),v(t2 ;wo,to))<V(tllu(tl ;wo,to),v(tl ;wo,to))

≦b( llu(t, ;wo,to) ll )=b(6,)<a(O, E)

whichisacontradiction.
L

Therefore,llu(t ;w｡,to)ll<E fOrallt≧to,whichshowsthezerosolutionof(3) ispartiallytotally
stable.

(Theorem6)

S"'加sg肋〃F(t,z)Q/(3)"CO""""02@so"I×Rn×RmandthatthereexistsacontinuousfunctionV(t,x,y)

>0dg/r"2d0"D={(t,x,y) ; tEI, IIxII≧L,yERm},"e"L"@"6e〃増e， z""b〃sα"S/ies"2〃ん"蝿
“"｡/肋"s ；

(i) a(t, llxll )≦V(t,x,y)≦b( IIxII ), z"加"2"g/Mc肋〃a(t,r)たα“""""0"s"o"dec形as趣g〃"c‐

肋〃〃(t,r)α"da(t,r)→“〃"物γ"2妙加taSr→“

(ii)V(t,z)ECo(z),Mﾉ""eV(t,z)=V(t,x,y),

(iii)V'(3)(t,x,y)≦－c(t, IIxII ),""2""g""c肋〃c(t,r) jSco""""0"s"(t,r) α"a的e"e加応

k(q,6)>0s"c九伽z/c(t,r)>k(q,6)〃α≦r≦β、

Me""eso伽加"sQ/(3)a"""〃か加刎jy帥""庇α

(Proof) Foranyq>0,chooseaB(q)>Osothata(0,B)>b((x).

By(ii),fOrzsuchthatα≦IIZII , IIz' ll≦β, thereisaK(q)>Osuchthat
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IV(t,z)-V(t,z') |≦KIIz-z' ll .

Supposethatasolutionw(t ;w｡,to)of(4),wherellwo ll<qandIIG(t,w) | |<)'(q),satisfies

llu(t;wo,to)ll=6((r)atsomet.Thentherearet,andt2suchthat

l lU(t] ;W｡,t｡) | |=q. l lU(t2 ;W｡, t｡) | |=6(q)

andthat q<llu(t ;w｡,to) ||<6(Q) forte(t,,t2).

InthedomainQ={(t,u,v)IO≦t<oo, cr<llull<avERm},

V'(4)(t,u,v)≦V'(3)(t,u,v)+KI IG(t,w) ll

≦－c(t,u)+KIIG(t,w) l l .

Therefbre, ifwechoosea7'(q)so伽【γ(α)≦差,wehaveV'(4)(t,u,v)≦0 forllG(t,w) ll<)'((x) inQ
Thuswehave

a(O16)<a(t216)=a(t2, l lu(t2 ;wo' to) ll )

≦V(t2,u(t2 ;wo,to),v(t2 ;wo'to))≦V(t1,u(t, ;w｡,t｡),v(t, ;w｡, to))

<b( | |u(t, ;wo,to) l l )=b(q),

whichcontradictsa(0,6)>b(q).

Therefore,wehavellu(t ;w0, to) ll<"(fr)forallt≧to,whichshowsthatthesolutionsof(3)areparti-

allytotallybounded.
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