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1 ． Introduction

Liapunovhasdiscussedthestabihtyofsolutionsofasystemofdifferentialequationsbyutihzinga

scalarfunctionsatisfyingsomeconditions.

Fbrtheboundednessaswellasthestabinty, theLiapunov'stheoryisveryusefulandtherelations

betweenLiapunovfunctionsandvarioustypesofboundednessareverysimilartothosebetweenLiapunov

functionsandvarioustypesofstability.

Wehavealsodiscussedsufficientconditionsfortheboundednessin[1], [2]and[3].

Inthispaper,byusingtheLiapunov'ssecondmethod,wedescribeaweaksufficientconditionfor

boundednessandpartialboundednesstheorem.

2．DefinitionsandNotations

LetldenotetheintervalO≦t<ooandRndenoteEuclideann-space.Letlxldenotethenormofx

forxERn. Letz=(x,y)EH×Rm.

WeshalldenotebyC(I×Rn×Rm,Rk) thesetofallcontinuousfunctimlsdefinedonl×Rn×Rmwith

valuesRk.

LetF(t,x)EC(I×Rn,Rm). Fbrasystem

-:¥=F(t,x), …………………………………………………………………(1)
asolutionthroughapoint(to,xo)EI×Rnwillbedenotedbysuchaformasx(t, to,xo).

Letf(t,x,y)EC(I×Rn×Rm,Rn)andg(t,x,y)EC(I×Rn×Rm,Rm).Weconsiderasystemofdifferential

equations

l章測"一一…一…一②
Throughoutthispaperasolutionof(2)throughapoint(to,zo)=(to,xo,yo)inl×Rn×Rmwillbedenotedby

suchaformas(x(t,to,zo),y(t,to,zo)).

Ⅷうintroducethefollowingdefinitions.

[Definitionl] Thesolutionsof(1)areuniformlybounded, ifforanyq>0andanytoEI,thereexistsa

β(Q)>Osuchthatlxol≦αimpliesIx(t,to,xo)|<f!((x)forallt≧to.

[Definition2] Thesolutionsof(1)areuniformlyultimatelyboundedforboundB, ifthereexistsaB>0

andifcorrespondingtoanyq>0andanytoEI,thereexistsaT(q)>Osuchthatlxol≦αimpliesthat

|x(t, to,xo)|<Bforallt≧to+T(q).

[Definition3] Thesolutionsof(2)arepartiallyuniformlyboundedwithrespecttox,

ifforanyq>0andanytoEI,thereexistsa6(q)>Osuchthatlzol≦αimpliesthat
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|x(t,to,zo)|<6(q)forallt≧to.

[Definition4] Thesolutionsof(2)arepartiallyuniformlyultimatelyboundedforboundBwithrespectto

x, ifthereexistsaB>0andifcorrespondingtoanyq>0andanytoEI,thereexistsaT(Q)>Osuchthat

|zol≦αimpliesthat lx(t,to,zo)|<Bforallt≧to+T(G).

[Definition5] LetV(t,x)andV(t,x,y)becontinuousscalarfunctionsdefinedonopensets,andwhich

satisfylocallyaLipschitzconditionwithrespecttoxand(x,y)respectively. CorrespondingtoV(t,x)and

V(t,x,y),wedefinethefunctions

V"｡)(t,x)=厩昔{V(t+h,x+hF(t,x))-V(t,x)}

and V'蝿)(t,x,y)=厩舎{V(t+h,x+hf(t,x,y),y+hg(t,x,y))-V(t,x,y)}
respectively. IncaseV(t,x)andV(t,x,y)havecontinuouspartialderivativesofthefirstorder, itis

evidentthat

V,｡,(t,x)=gf+:¥F(t,x)

and V"",(t,x,y)-¥+:¥f(t,x,y)+%g(t,x｡y),
where<<･ ''denotesascalarproduct.

3．PreliminaryResults

[Theoreml] S"'加se的〃伽"eXiSfSα〃"α”V(t,x)EC(I×SK,R), 8"ﾉ22"gSK={xI IxI≧K,xERn}〃α

s2城℃だ〃〃必噌gK,"んたんs"域es的g〃んz"/"gco"αj伽"S；

(i)a(t, IxI)≦V(t,x)≦b(|xl),"""g形"ん"c""a(t,r) isco""""0"s/"(t,r)""da(t,r)→。。〃"肋''"@jy

加t"sr→函,α"d的g""c伽〃b(r) iSco""""0"s，

(ii)V'(,)(t,x)≦0.

Z物e〃肋esO〃伽"sQ/(1)αγc〃"物γ7"砂加""”a

rl､heoremaS""ose幼α＃伽花exis応α〃"c伽〃V(t,x,y)EC(I×DK,R), '"""eDK={(x,y)l lxl+lyl≧K,

xERn,yERm}jiﾌγas〃7℃""伽必噌EK,峨峨sα"S/ies伽〃ん""gco"倣わ"S,．

(i)a(t, |xl)≦V(t,x,y)≦b(IxI+lyl), .”"g""ん"c""a(t,r) jSco""""0"sj"(t,r)α"da(t, r)→｡。

"泥加γ'"砂加taSr→m,α"d的g〃"c伽〃b(r) iSco""""0"s，

(ii)V'(2)(t,x,y)≦0．

肋e〃幼gso伽加"sQf(2)"''e""〃妙〃"加γ"@jy60""ded2""'℃Speα加x、

4.MainResults

[Theorem3] S"加se娩鰯伽形exiS応α〃"c加〃V(t,x)EC(I×SK,R),"/WeSK={xllXl≧K,xERn}

/t)γas@"じた"吻伽geK,""た〃sα焔"どs肋g允肋"j昭CO"醐加"S,．

(i)a(t, |xl)≦V(t,x)≦b(IxI), Z""形"ん"c伽〃a(t, r) jSco"”"0"s/"(t, r)0"I×I, a(t, r)→。。

""物γ"2な"t"Sr→COα"α〃0""cefzsi"g""''eSpem加tんγ”C"伽edrα"α功rんγeaC"伽edt,α"d肋g

/""C伽〃b(r) jSco""""0"so"I,

(ii)V'(1)(t,x)≦一c(t, IxI), 2""e〃伽〃"c伽〃c(t,r) jS加s”2ﾉ9, CO伽""0"s/"(t, r) 0"I×Iα"。
"0"庇c〃αS2"gZ"肋〃spec"ot/b7'"c"/iredr.

別e〃肋esO如加"sQ/(1)""g〃"純γ"y〃"伽αたり加""庇a

Proof・ ByTheoreml,thesolutionsof(1)areuniformlybounded,andhence,thereexistsaB>0
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suchthatiftoEI, |xol≦K, lx(t, to,xo)|<Bforallt≧to.Moreover, foranyq>0, thereexistsaB(Q)such

thatiftoEIandK<|xol≦α, lx(t,to,xo)|<B((r)forallt≧to. By(ii), thereexistsa7'(Q)>0suchthat

V1,)(t,x)≦一γonO≦t<",K≦|xl≦β(q),andby(i)thereexistsL(B(q))>Osuchthatb(IxI)<L(B(q))on

K≦IxI≦β(Q).

LetT=T(q)=÷{L(B(q))-a(O,K)}.Supposethatlx(t,to,xo)|>Kforallte[to,to+T],wehave
a(O,K)≦a(t,K)≦a(t, |x(t,to,xo)I)≦V(t,to,xo)≦V(to,xo)一γ(t-to)≦b(Ixol)－γ(t-to)

<LMq))一γ(t-to).

Ift=to+T((x),wehavea(0,K)<a(0,K).Thisisacontradiction. Thus, thereexistsat,suchthat

|x(t,,to,xO)|≦Kforto<t,≦to+T,andhence, ift≧t,andK<Ixol≦α,wehavelx(t,to,xo)|<B.
Therefore,foranyq>0andanytoEI,thereexistsaT(Q)>Osuchthatlxol≦αimpheslx(t,to,xo)|<B

forallt≧to+T(Q)． Thisshowsthatthesolutionsof(1)areuniformlyultimatelybounded.

ThefollowingtheoremcanbeprovedbythesameargumentasintheproofofTheorem3.

[Theorem4] S"加se伽/伽〃exiSﾒsα""α”V(t,x,y)EC(I×DK×Rm,R), z""2"DK={(x,y)llxl+lyl=

K,xERn,yERm}んγas""iむた"jjy"7gEK, z""幼卿域Bs"g〃んz""gco"成加"s,．

(i)a(t, IxI)≦V(t,x,y),""〃"ん"c肋〃a(t,r) isco""""0"s"(t,r)0"I×I,a(t,r)→CO〃"加,,",妙加

tasr→”α"α〃0"〃c71"s/"g""'修Spec"otんγgac"伽edrα"d加rんγ“c"伽edt;

(ii)V(t,x,y)≦b(IxI+lyl),"ﾉ"e形"ん"c伽〃b(r) jSco""""0"so"I;

(iii)V'(2)(t,x,y)≦－c(t, |xl),"g形伽加､c伽〃c(t,r)魔加s"伽,CO""""0"S/"(t,r)0"I×I

α"。〃0"dｾc形as"g""7℃Speα加tんγeac"伽edr.

肋g〃枕esO伽加"sQ/(2)α花加γ加吻〃"加γ"@jy〃"伽α彫砂加""｡αﾒ．
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