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|. Introduction

Liapunov has discussed the stability of solutions of a system of differential equations by utilizing a
scalar function satisfying some conditions.

For the boundedness as well as the stability, the Liapunov's theory is very useful and the relations
between Liapunov functions and various types of boundedness are very similar to those between Liapunov
functions and various types of stability.

We have also discussed sufficient conditions for the boundedness in [1], [2] and [3].

In this paper, by using the Liapunov’'s second method, we describe a weak sufficient condition for
boundedness and partial boundedness theorem.

2. Definitions and Notations

Let I denote the interval 0<t< oo and R® denote Euclidean n—space. Let | x| denote the norm of x
for xeRn. Let z=(x, y) € R"XRm, .

We shall denote by CIXRrXRm, Rk) the set of all continuous functions defined on IXRrXR™ with
values Rk.

Let F(t, x) e CAXR", Rm). For a system

dx = ([, X) = esccccccscveccccssnsccne R R R R R R R PR RN
—dt—— F(t, X), (1)

a solution through a point (te, X0) € IXR" will be denoted by such a form as x(t, to, Xo).
Let f(t, x, y)e CAXR*XRm, R®) and g(t, x, y) € CUXR"XRm, Rm). We consider a system of differential
equations

dx _
F_f(t, X, Y)

% =g(t, x, y).

Throughout this paper a solution of (2) through a point (to, zo)=(te, X0, o) in IXR*XR™ will be denoted by
such a form as (x(t, to, zo), Y(t, to, zo)).

We introduce the following definitions.
[Definition 1] The solutions of (1) are uniformly bounded, if for any ¢>0 and any to €I, there exists a
B(e) >0 such that | xo |< e implies | x(t, to, xo)| <(a) for all t=to.
[Definition 2] The solutions of (1) are uniformly ultimately bounded for bound B, if there exists a B>0
and if corresponding to any «>0 and any to €1, there exists a T(a)>0 such that | %o | <« implies that
| x(t, to, X0)|<B for all t=to+T(a).
[Definition 3] The solutions of (2) are partially uriformly bounded with respect to x,
if for any «>0 and any to €1, there exists a 8(a)>>0 such that | zo|<a implies that
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| x(t, to, zo)] <B(a) for all t=to. v
[Definition 4] The solutions of (2) are partially uniformly ultimately bounded for bound B with respect to
x, if there exists a B>0 and if corresponding to any «>0 and any to €1, there exists a T(a)>0 such that
| 20| <« implies that | x(t, to, zo)] <B for all t=to+T(a).

[Definition 5] Let V(t, x) and V(t, x, y) be continuous scalar functions defined on open sets, and which
satisfy locally a Lipschitz condition with respect to x and (x, y) respectively. Corresponding to V(t, x) and
V(t, x, y), we define the functions

Vo (t, x)—hm {V(t+h x+hF(t, x))—V(t, x)}

and V’(z) (ty X, Y)=E§0K{V(t+h’ X+hf(tv X, y)r Y+hg(t, X, y))—V(ty X, Y)}

respectively. In case V(t, x) and V(t, X, y) have continuous partial derivatives of the first order, it is
evident that
Vi 6, 9=2F + 2. Ft, )

v 3V
ot

where - " denotes a scalar product.

and Vit x, V)=2— -1t x, y)+—- g(t, x, y),

3. Preliminary Results

[Theorem 1] Swuppose that there exists a function V(t, x) € CIXSk, R), where Sk={x||x|=2K, xR} for a
sufficiently large K, which satisfies the following conditions;

@) alt, |x|)sV(t, x)<b(|x|), where the function a(t, r) is continuous in (&, 1) and a(t, r)- oo uniformly
m t as r- o0, and the function b(r) is continuous,

(i) V' (t, x)=<0.
Then the solutions of (1) are uniformly bounded.

[Theorem 2] Suppose that there exists a function V(t, x, y) € CUX Dk, R), where Dx={(x, y)||x|+|y|=K,
x€Rn, ye R"} for a sufficiently large K, which satisfies the following conditions;

@) at, |x])=V(R, x, Y)Sb(|x|+]|v]), - where the function a(t, 1) is continuous in (t, r) and a(t, r)- oo
uniformly in t as r— oo, and the function b(r) is continuous,

(i) Ve (t, x, y)=0.
Then the solutions of (2) ave partially uniformly bounded with respect to x.

4. Main Results

[Theorem 3] Suppose that there exists a function V(t, x) € CAX Sk, R), where Sk={x||x|=K, x € Rn}
Jor a sufficiently large K, which satisfies the following conditions;

@ alt, |x)sV(t, x)<b(x|), where the function a(t, r) is continuous in (t, r) on IXI, a(t, r)- o
uniformly in t as r-oo and nondeceasing with respect to t for each fixed r and to r for each fixed t, and the
Sfunction b(r) is continuous on I,

(i) V' (t, X)S —c(t, |x|), where the function c(t, r) is positive, comtinuous in (t,r) on IXI and
nondecreasing with respect to t for each fixed r.
Then the solutions of (1) are uniformly ultimately bounded.

Proof. By Theorem 1, the solutions of (1) are uniformly bounded, and hence, there exists a B>0
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such that if to€l, | xo|=<K, |x(t, to, xo)|<B for all t=to. Moreover, for any a>0, there exists a 8(a) such
that if to€ I and K<|xo|<a, |x(t, to, X0)|<B(a) for all t=to. By (ii), there exists a 7(2)>0 such that
Vi (t, x)<—y on 0=t< oo, K<|x|=p(a), and by (i) there exists L(8(a))>0 such that b(|x|)<L(8(e)) on
K=|x|<8(a).

Let T=T(a)=-l;{L(ﬁ(a))—a(0, K)}. Suppose that | x(t, to, x0)] >K for all t € [to, to+T], we have

a(0, K)=a(t, K)<alt, | x(t, to, Xo))< V(t, to, X0) < V(to, x0)— y(t—to)<b(| x0[)— y(t—to)

<L(B(e))— y(t—to).

If t=to+T(a), we have a(0, K) < a(0, K). This is a contradiction. Thus, there exists a t; such that
| x (1, to, xo)| <K for to<ti=to+T, and hence, if t=t; and K<|xo|=<a, we have |x(t, to, x0)| <B.

Therefore, for any >0 and any to €I, there exists a T(2)>0 such that | xo| <« implies | x(t, to, x0)| <B
for all t=to+T(e). This shows that the solutions of (1) are uniformly ultimately bounded.

The following theorem can be proved by the same argument as in the proof of Theorem 3.

[Theorem 4] Suppose that there exists a function Vit, x, y)€ CIXDx XR™, R), where Dxk={(x, y)l|x|+|y|=
K, xeR», yeRm} for a sufficiently large K, which satisfies the following conditions;

@) att, |x)SV(t, x,y), where the function a(t,r) is continuous in (t,r) on 1XI, a(t, r)- oo uniformly in
t as r— oo and nondecreasing with respect to t for each fixed r and to r for each fixed t;

(i) V&, x, Y)=b(x|+|y|), where the function b(r) is continuous on I;

(i) V'@ (t, x, y)S —c(t, | x|), where the function c(t,r) is positive, continuous in (t,r) on IXI
and nondecreasing with respect to t for each fixed r.
Then the solutions of (2) are partially uniformly ultimately bounded.
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