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Introduction

In[6]O'Neill introducedthenotionofaRiemanniansubmersion. Let,r;M-→M'beaRiemannian

submersion. H.B.Lawson[5]andR.H.Escobales[2]haveshownsomerelationsbetweensubmanifolds

ofMandthoseofM'.

InthispaperwewiUshowthatifasubmanifoldNofMislocallysymmetric,thenasubmamfOld,r(N)

ofM' isalsolocallysymmetricprovidedsomeconditions.

1 ．Submersions

LetMandM'beRiemannianmamfoldsofdimensionsm+pandmrespectively. ByaRiemannian

submersionwemeanaC･｡mapping7r;M一M' suchthat 7risofmaximalrankand7rcpreservesthe
Q

lengthsofhorizontalvectors, i.e., vectorsorthogonaltothefiber,r-'(y)forsomeyEM'.

Throughoutthispaper,weassumethatthefibersaretotallygeodesicinM.

LetXdenoteatangentvectoratxEMThenXdecomposesasVX+HX,whereVXistangentto

thefiberthroughxandHXisperpendiculartoit. IfX=VX, itiscalledaverticalvector;andifX=HX,

itiscalledhorizontal. Letrand〃車denotetheRiemannianconnectionsofMandM' respectively.

WedefineatensorAassociatedwiththesubmersion. FbranyvectorfieldsEandFonM,

AEF=V"JE(HF)+"'歴(VF).

Aisa(1,2)-tensor,andithasthefollowingproperties[6] :

(1)Ateachpoint,AEisaskew-symmetriclinearoperatoronthetangentspaceofM,anditreverses

thehorizontalandverticalSubspaces.
～

(2)AE=A歴．

(3)Fbrhorizontalvectorfields,Ahasthealternationproperty

AxY=-AYX.

WedefineavectorfieldXonMtobebasicprovidedXishorizontaland7r-relatedtoavectorfield

X*onM'. EveryvectorfieldX*onM'hasauniquehorizontalhftXtoM,andXisbasic.

Lemmal . [6]. IfXandYarebasicvectorfieldsonM, then

(1)g(X,Y)=go(X*,Y*)。汀，

(2)"[X,Y]isthebasicvectorfieldcorrespondingto[X*,Y*],

(3)""xYisthebasicvectorfieldcorrespondingtor*x*･Y*,wheregandg｡arethemetricsofM

andM' respectively.

Lemma2. [6].LetXandYbehorizontalvectorfields,andVisverticalvectorfieldsonM

(1)'vX=""vX,

(2)"xV=AxV+VFxV,

(3)PxY=""xY+AxY.

Then
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Furthermore, ifXisbasic,""vX=AxV.

DenotebyRthecurvaturetensorofMThehorizontalliftofthecurvaturetensorR*ofM'willalso

bedenotedbyR* ;explicitly, ifh,,h2,h3,h4arehorizontaltangentvectorstoM,weset

g(R*h!"(h3),h4)=g*(R*hi*hz*(h3*),h4*)・汀

wherehi*=7r*(hi)

Lemma3. [6].LetX,YZ,HarehorizontalvectorfieldsandVandWareverticalvectorfields, then

(1)R(X,MYW)=g(("vA)xYW)+g(AxV,AYW),

(2)R(X,MZ,V)=g((rzA)xYV),

(3)R(X,YZ,H)=R*(X,Y;Z,H)-2g(AxYAzH)+g(AYZ,AxH)+g(AzX,AYH).

2．Submanifolds

SupposenowthatNisann+p-dimensionalsubmanifoldofMwhichrespectsthesubmersionJr.

Thatis,supposethereisasubmersion7r;N-→N'whereN' isasubmanifoldofM'suchthatthediagram

f

N－－一一一一一一→M

l !, l"汀

Nー－－→M'

commutesandtheimmersionfisadiffeomorphismonthefibers.Weassumethatthefibersaretotally

geodesicinN.

LetSbesecondfoundamentalformofthesubmanifOldN.LetNk (k=1,2,………,m-n) be

orthonormalnormalvectorfieldsofN. Letg(")andg*("*)denotetheinducedmetrics(connections)of

NandN'respectively. ThentheGauss-Weingartenformulasaregivenby

"xY=PxY+h(X,Y), "xE=-SEX+DxE X,YE%(N),EE%"N),

whereg(SEX,Y)=g(h(X,Y),E)andDistheconnectioninthenormalbundleT(N)4.Notethatthenormal

spaceisalwayshorizontal.ⅦぅsetCEX=HSEHXwhereXistangenttoN.Thenwehavethefonowing

equations

(2.1)SEX=CEX+AEX,

(2.2)SEV=DvE－『vE=DvE-HrvE

whereXandVarehorizontalandverticaltangentvectorsonN[2].

LetAbeatensorassociatedwiththesubmersionJr;N-－→N'.Thenwehave

AxY=AxY+h("X,VY) X,YE%(N).

LetVi(i=1,2,……,p)beorthonormalverticalvectorfieldsonN. FromAxYisvertical,forhorizontal
p

vectorfieldsX,Y,wesetAxY=zai(X,Y)Vi.LetRandR*denotethecurvaturetensorsofNandN'
f＝l

respectively・ FbrhorizontalvectorfieldsX,Y,ZandHonNwehave

(2,3)R(X,YZ,H)=R*(X,Y;Z,H)-2g(AxYAzH)+g(AYZ,AxH)+g(AzX,AYH).

WesetD(X,Y;Z,H)=-2g(AxYAzH)+g(AYZ,AxH)+g(AzX,AYH).

Lemma4.LetX,YZ,HandCbehorizontalvectorfieldsonN.Then

('cD)(X,MZ,H)=={-2.i(Z,H)R(X,YC,Vi)-2qi(X,Y)R(Z,H,C,Vi)
+di(X,H)R(YjZ,C,Vi)+qi(Y;Z)R(X,H,C,Vi)

+qi(YH)R(Z,X,C,Vi)+qi(Z,X)R(YH,C,Vi)}.

Proof・Fromthefollowingequations
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C(D(X,YZ,H))=-2g("c(AxY),AzH)-2g(Ax､fPc(AzH))

+g("c(AYZ),AxH)+g(AYZ,'c(AxH))

+g(Pc(AzX),AYH)+g(AzX,'c(AYH)),

'c(AxY)=("cA)xY+ApcxY+Ax("cY)

andLemma3.(2),wehave

("cD)(X,YZ,H)=C(D(X,YZ,H))-D(rcX,YZ,H)-D(X,PcYZ,H)

-D(X,Y"cZ,H)-D(X,YZ,"cH)

=-2g(("cA)xYAzH)-2g(AxY('cA)zH)+g(("cA)YZ,AxH)

+g(AYZ,("cA)xH)+g(('cA)zX,AYH)+g(AzX,(EA)YH)
p

＝z{－2qi(Z,H)R(X,YC,Vi)-2qi(X,Y)R(Z,H,C,Vi)
i＝1

+qi(X,H)R(YZ,C,Vi)+qi(MZ)R(X,H,C,Vi)

+qi(YH)R(Z,X,C,Vi)+qi(Z,X)R(YH,C,Vi)}. q､e.d

Lemma5.LetMbeaspaceofconstantcurvaturec・AssumAEF=0,whereFishorizontalandtangent

toNandEisnormaltoN.ThenR(X,YZ,V)=0,whereX,YZarehorizontalvectorfieldsonNandVis

verticalvectorfieldonN.

Proof. FromtheequationofGauss,wehave

R(X,YZ,V)=R(X,YIZ,V)-9(h(X,Z),h(YV))+g(h(X,V),h(YZ)).
海一死

Byassumption,R(X,Y)V=c(g(MY)X-g(MX)Y)=:0. Weseth(X,Y)=Zhk(X,Y)Nk. FromLemma
k＝1

2,(2.2)aITdassumptionWeobtaln
加一施 沈一〃

g(h(X,Z),h(YV))==Pk(X,Z)g(Nk,h(YIV)=ZPk(X,Z)g(SNkV,Y)k＝1
加一加 加一〃

=Zhk(X,Z)g(DvNk-"'vNk,Y)=Zhk(X,Z)g(-HFvNk,Y)
k＝1 k＝1

”冗 加一猟

=Zhk(X,Z)g(-ANkV,Y)=Zhk(X,Z)g(MANkY)=0. q.e.d.
k＝1 k＝I

Theorem・ Let 7r ;M一一→M'beaRiemanniansubmersionwithtotallygeodesicfibersandNisa

submanifoldofMwhichrespectsthesubmersionス『, thatis, thereisasubmersion7r ;N－→N'where

N' isasubmanifoldofM' suchthatthediagram

f

N－一一一一一一一→M

〃l ↑， ｜”
N-M'

commutesandtheimmersionfisadiffeomorphismonthefibers.Weassumethatthefibersaretotally

geodesicinN. LetMbeaspaceofconstantcurvatureandAEF=0,whereFishorizontalandtangentto

NandEisnormaltoN・ IfNislocallysymmetric, thenN' isalsolocallysymmetric.

Proof. LetX*,Y*,Z*,H*andC*betangentvectorfieldsonN',andletX,Y;Z,HandCbetheir

horizontallifts.Using(2.3)andLemmalweseethat

(("*c*R*)(X*,Y*,Z*,H*))。7r

==(C*(R*(X*,Y*,Z*,H*))。7r-R*(F*c*X*,Y*,Z*,H*))。汀

-R*(X*,"*c*Y*,Z*,H*)。万一R*(X*,Y*,"*c*Z*,H*)｡,r

-R*(X*,Y*,Z*,r*c*H*)。兀

=C(R*(X,Y;Z,H))一R*(""cX,YZ,H)-R*(X,""cY,Z,H)

-R'(X,Y;HFcZ,H)-R*(X,MZ,"''cH)

=("cR)(X,YZ,H)+R(V"cX,YZ,H)+R(X,V"cYZ,H)

+R(X,Y;V"cZ,H)+R(X,YZ,V'cH)-("cD)(X,YZ,H). q.e.d.

UsingLemma4,Lemma5andassumptionweobtainr*R*=0, inotherwords,N' islocaUysymmetric.
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Example

Let7r;S2n+1－→CP(n)bethestandardsubmersionfromasphereofradiusone[2][6]. LetDbethe

outwardunitnormalontheS2n+1CR2n+2=Cn+1. LetJisthenaturalalmostcomplexstructureonCn+1.

Let(S2n+1,｡,f, 77,g)bestandardSasakianmanifold. A(2m+1)-dimensionalsubmanifOldNofS2n+1 is

saidtobeinvariant,ifthestructurevectorfieldfistangenttoNeverywhereonNand.Xistangentto

NforanytangentvectorXtoN.AnyinvariantsubmanifoldNwithinducedstructuretensorS,whichwill

bedenotedbythesameletters(',f, ,7,g)asS2n+1, isalsoaSasakianmanifold. LetFishorizontaland
～ ～

tangenttoNandEisnormaltoN.UsingAF(JD)=JFandJF=｡F+V(F)Dweobtaing(AEF,f)=-9(AEF,
～ ～ ～ ～

JD)=g(AFE,JD)=-9(E,AFJD)=-9(E,JF)=-9(E,｡F). FromNisaninvariantsubmanifold,weseethat

g(AEF,f)=0. ThereforeAEF=0. TheexampleofalocallysymmetricinvariantsubmanifoldofS2n+1 is

anumtsphereS2m+1(m<n)withinducedstructure. ThenN'=jr(S2m+1)=CPmislocallysymmetric.
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