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1.Introduction

TheHamiltondynamicalsystemwithtwodegreesoffreedomunderthenonlinearpotentialenergy

isoneofrecenttopicsinphysicsandmathematics[1-3].TheHamiltonianinthissystemisgivenbythe
equation,

H=~(の,21x2+Qj璽璽")+V(x,y). （1）

'xandlJ,aremomentumsconjugatetocoordinatesxandy,respectively.の,andの2arefrequencies.

V(x,y)isthepotentialenergy.Themotionsinthissystemcanberepresentedbythephasecurvesin

thefourdnensionalphasespace.Thetrajectoryisthephasecurveprojectedontothex-yplane.When

V(x,y)isnonlinear,thissystemisingeneralnonintegrableandthechaoticbehaviorscanbeobserved,
whilethephasecurveisonatwodimensionaltorusinthephasespaceintheparticularcases, inwhich
thissystemisintegrable.

WhenV(",y) isequal totheharmonicpotential I/iy(",y)=("2+y2)/2, thesolutionsofthe
Hamilton'scanonicalequationare

"=A,cos(の,/+｡,), y=A2COS(の2j+j2). （2）

Aiandji(j=1,2)areintegralconstants.Thetrajectoriesdescribedbyeq.(2)arewellknownasthe

Lissajousfigures(abbreviatedasLF). Puttingr=の2/＋の2',/の,,wecangettheequations,

X=A,COS", y=A2COS(r+') （3）

with

α＝の1/の2andd='2-d,/" （4）

WeassumeO<q<1below・ LFcanbespecifiedbyfrandj． LFrepresenttheperiodicorbitsfor

rational tralthoughthequasi-periodicorbitsforilTationala・

Thepresentauthoretal. [4]adoptedthemolecularvibrationsinthelinearsymmetrictriatomic

molecules, inwhichtheMorsepotentialisassumed,asanexampleofthedynamicalsystemwithtwo

degreesoffreedomandhavestudiedthesystem.TheMorsepotential isgivenbytheequation[5],

V(",y)=2-2e~xﾉ2(eyﾉ2+e-J'/2)+e-x(ey+e-j'). (5)

Here,thetwobodydissociationenergyisadoptedastheenergyunit.Thesecondordertenninthis

potentialagreeswiththeharmonicpotential.Thethirdordertermistheanti-Hgnon-Heilestype[7].

ThepresentauthorfurtherhasanalyzedthebehaviorsofsolutionsinthisclassicalMorsesystemmthe

"-Eplanebymeansofcomputerexperiments(E: totalenergy) [5]. Thisanalysishasclarifiedthe

followingfacts;

(1) ThiSsystemisnonintegrableexceptq=1andq=0.Thechaoticbehaviorscanbeobserved

macroscopicallyfOrE≧･0.5excepttheregionsnear"=0andfr=1[8]､

(2)Whenqisairreduciblefraction(q="/"),theperiodicorbitsinthissystemaresurvivalsof

onesintheharmonicpotentialwiththeparticularphasedifferences'(j=0,〃"@foreven"@,j=0,
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jr/2","加forodd")．Theyexistuptothetwobodydissociationthreshold.Theperiodicorbitswith
'=0and'="/"("@=odd)arestablewithrespecttotheslightchangeoftheinitialvalueandgive
then-ellipticfixedpointsinthePoincaresurfacesofsection(y=O,,y>0).However,thosewith'=
"/w@("2=even)andj=7r/2"@("@=odd)areunstableandgivethen-hyperbolicfixedpoints.

(3) Theperiodicorbitcharacterizedbyarational (rbecomestoexistinmorespreadingregion
includmgitscrwithincreasingofenergy.ThisleadstomoreintelligibleinterpretationoftheKAMand
Poincar6-Birkhofffixedpointtheorems[1-3].

Therearesomereferences[6],inwhichLFforvarious(randjarelisted.But,theyareinsufficient

concerning'. Inmystudy,LFfor'=""@andd=jr/2"@werenecessary.Thepurposeofthisnote
istomakethemorecompletelistofLFandistoclarifythesymmetricalpropertiesofLF.
LFforsomekindsofrationalq(="@/")anddaredrawninlaterfigures, inwhichtheaxisof

Intheseabscissasdenotesthex-axisandthatofordinatesthey-axisalthoughtheyarenotshown.

figures,jislimitedtoO≦‘≦jr/"2.Thislimitationisdueto[Theoreml]andrrheorem2]inthenext
section,whileitissufficienttolimit'withinO≦｡≦〃/2"from[Theorem4].

2.SymmetriesinLissajousFigures

Withoutlossofgenerality,wecanputA,=A2=1ineq.(3).LFspecifiedby(randjisdenoted

byLF(cI,'). Letusassumethattrisrational(q="@/","and"arerelativelyprimeintegers).

[Theoreml] LF("@/",｡)istheevenfunctionwithrespectto'

Proof.Thechangeofvariable,r=-t, isperformedineq. (3).Then,wegettheequations,

"=cos¥', y=cos('-"
TheserepresentLF("/",一‘).Therefore,LF("@/",')=LF("@/",-').

(5)

[Theorem2] LF("@/",')istheperiodicfunctionwithrespecttojwithaperiod27r/"@

Proof. LF("/",'+',)isrepresentedbytheequations,

,'=cos¥r, y=cos(r+'+" (6)
Thechangeofvariable, z･=#+8, iscarriedout.Wechoose8soastosatisfytheequations

48=2", 8+j,=2"(",": integers). (7)
〃

Then,eq.(6)showstheLF("@/",').Fromeq.(7),weget

‘,=筈〃-城) （8）
Sincethereexistintegers"an"satisfying("@"－"た)=1(Appendix),wegetjp=2が"@.Therefore,LF

("/",'+27r/"o)=LF("@/",j).

[Theorem3] LF(w@/",')issymmetrictoitselfwithrespecttothex-axisincase(a)("@=even,"=

odd),withrespecttothey-axisincase(b)("o=odd,"=even)andwithrespecttotheoriginincase

(c)("@=odd,"=odd),respectively.

Proof. Puttingr=#+"jrineq. (3),weget

x=(-1)'"cos讐i, y=(-1)"cos(j+d). (9)
Incase(a),itisobviousthatLFdenotedbyeq.(9)issymmetrictoLF("@/",j)withrespecttothexaxis.
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Thesymmetriesinothercasesarealsoclearfromeq. (9).

[Theorem4] LF("/","/2"@+')issymmetrictoLF("@/"〃2"2-')withrespecttothe"-axisincases

(b)and(c),withrespecttothey-axisincases(a)and(c)andwithrespecttotheoriginincases(a)and

(b),respectively, inwhichcases(a), (b)and(c)aredefinedin[Theorem3].

Proof. LF("/"〃2"@+d)aregivenbytheequations,

"=cos¥r, y=cos(r+,r/加+') ⑩
Changingthevariabler=一#+6,weget

"=cos(¥'-筈8), y=cos(#+呵加-‘-8-7r/"@). 01)
Wechoose8soastosatisfytheequations,

』228＝2戒， 8＋"/"@=(2"+1)" (",":integers). (l"
〃

Then,eq. (11)givesLFsymmertictoLF("/"〃2沈一')withrespecttothe"-axis.Fromeq. (12),we

get

"(2"＋1）＝2"た＋1． ⑬

Thisrelationcanbesatisfiedonlyincases(b)and(c)(Appendix)． Incase(a),therearenotintegers"

and'makingbothhandsequalsince"@(2"+1)=evenand2"た+1=odd.Othersymmetricproperties

canbealsoprovedinthesimilarway.
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・拐浸の（く）凶昌ご望語の式

でロ両ぷち閏潟Ｑぢご冨垣昌員㈲《拐戻の詮ぢ置冨垣昌口飼の。ｐあ．（く）＄轌関語の《息副里属目飼望建二。三彦昌薑遥十竜

●

Ⅱ、ロ巨飼ミ墨ｌ垣Ⅱ壁も消潟Ｑ飼自の二日・竜Ⅱ『で自画垣Ⅱ奄望式でロ㈲謹雫○揖宿ロの二］語二』の日黒あ面の。茜自

・坊＄一語の重鬮室）ｍ昼ご豊用式君面壁閏乱巴昌ち消罵Ｑ飼《倉）冒飼己日ｏ心《閏９日当日・閏呂８○己当事○

圃宮○の彊若豊凶昌○助宣言）即昌魯豊開『君飼哩曾乱巴昌ち揖冨両君頃ｐｇｇ夢《黄のＺ．ｅ日○唱巨日活．ｇ

でのＵコで２の彊凶昌魯望語の、ロ自国途閏のｍ巴昌ぢ揖宿ロ両ロ属申冒飼。理夢《ロの毎侶・『Ⅱ宣言｛薑。己の穂①昼①揖曾２コでの。○昼

●

の逼臼．（閏①、の旨冒軍令｜蔓｜Ｖ豆）Ｑ＋量。Ⅱ震切昌君コロ嵩皇のⅡ壁Ｑ＋（｝＋唾ごミロ昌苗コワの①彊巳属での日消○温口両垣

の三ざ・［什ミ倉）。（震ｌごＨⅡ、言両【Ⅱ起里室）凶昌魯の雲飼の昌呂面《閉ｇ望昌昌目刊Ⅱミｅ・ち○壷

●

室

《》望×の冒○逼飼コワの幽口畳夢。｛一○雫の二》即自『湯娼の酒阿の、ロロ両哩の淵の函の一口｛娼○の揖飼Ｑ》。

【渭昌娼昌ロ両目の畠］《泊の凶巴昌員甸○の司望のロロ両の揖の即の》屋のロ昌隅Ｑ身①陰画里の胸の揖阿（一農一八一星）言で目飼ミ閏宥〔ロ［員の目］

●

喧畠。（程雷貞愚石句搦昌くぜ目星弓国

，呈消ｏｚ）員の二○Ｑ・口．○・国己①命・［○戸への。冒画二。の冨司昌拐酒巴の星の日の室○揖四君巷の日甸でロコ四”属ご閏。四・［［巴

・雪。《等・弓彦（匿雪当胸○浄彦のｚ

毎国・目星）・Ｑ２四・宮○○・里昌凸・拐昌・日暑《での《飼口ぢ［・の《の呂日甸属湯口烏の属宕。ｚ員の。己。白》属寓恒の四・シ・雪［巴

。＄［。（孟雪《自国宮巴の貝ぐづ口里弓困‐這ぢｚ）

《己の《目の二○Ｑ・口．○・四面・でシ《８冒飼二８冨詞呉湯逼里の眉の日の室日四君旨の日飼でロコ鴎恥員《ロ四目当司困・○・函・餡胃］
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