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1. Introduction

It is well-known that A. M. Liapunov has discussed the stability of solutions of the system of
differential equations by utilizing a scalar function satisfying some conditions. Liapunov’s second
method is a very useful and powerful instrument in discussing the stability of the system of differential
equations. ’

Its usefulness and power lie in the fact that the criterion of stability can be decided from the
differential equations without any knowledge of their solutions.

However, it is great difficult to find the Liapunov function satisfying certain conditions. Therefore,
it is important to obtain a weak sufficient condition for the stability theorem. (cf. [1], [2], [3])

In the previous papers [5], [6], [7], we obtained weak sufficient conditions for the stability and the
asymptotic stability.

The purpose of this paper is to give some extension of the sufficient conditions for the uniform
stability and the uniformly asymptotic stability.

2. Definitions and Notations

First, we summarize some basic definitions and notations we will need later on.

Let'I denote the interval 0 < ¢ < oo and R” denote Euclidean n-space. For x € R", let x| be any
norm of x, and we shall denote by Sx the set of x such that x| < H, H > 0.

We consider a system of differential equations
o L= s,
where x is an n-vector and f(¢,x) is an n-vector functions.

Suppose that f(¢,x) is continuous on I X Sy and that f(¢#,x) is smooth enough to ensure existence,
uniqueness and continuous dependence of the solutions of the initial value problem associated with (1),
moreover, f(¢,0) = 0.

We shall denote by C(IX R" R") the set of all continuous functions defined on 7 X R" with valued
in R". Throughout this paper a solution through a point (f,%0) € I X R” will be denoted by such a form
as x(¢,to,%0).

We introduce the following -definitions.

(Definition 1.] The zero solution of the system (1) is said to be stable if for any € > 0 and any fe [ there
exists a &(e,t) > 0 such that the inequality ||zl < &(e,%) implies [x(¢,4,%0)ll < € for all ¢ 2 f.
(Definition 2.) The zero solution of the systeni (1) is said to be uniformly stable if 8 of (Definition 1.)
is independent of .

(Definition 3.) The zero solution of the system (1) is said to be uniformly attractive if for any € > 0 and
any #, ¢ I there exist 8o > 0 and T'(&) > 0 such that the inequality |xo] < 8o implies [lx(#,%,%0) < € for
all ¢ = to+ T(e). ’
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(Definition 4.) The zero solution of the system (1) is said to be uniformly asymptotically stable if it is
uniformly stable and uniformly attractive. )

(Definition 5.) Corresponding to a continuous scalar function V (¢,x) defined on an open set, we define
the function

Vat,x) = Tm - V(t+hathf(6,2)= V(z0)).

In case V(¢,x) has continuous partial derivatives of the first order, it is evident that

Vat,x) = 2180 1(1,0),

where “-” denote a scalar product.
3. Preliminary Results

A. M. Liapunov and T. Yoshizawa gave sufficient conditions for the stability, the uniform stability
and the uniformly asymptotic stability. Here, we repeat those theorems.
(Theorem 3.1.) Suppose that there exists a Liapunov function V(t,x) defined on I X Sy which satisfies
the following conditions :
(i) V(0 =0,
(ii) allxl) = V(t,x), where a(r) is continuous, increasing and positively definite,
(iii) Vw(t,x) £0,
Then, the solution x = 0 of the system (1) is stable.
(Theorem 3.2.) If condition (ii) in Theorem 3.1. is replaced by

(i) allxl) = V(¢,x) < blx]), where a(7) and b(7) are continuous, increasing and positively

definite, ,
the solution x = 0 of the system (1) is uniformly stable.
[:I‘heorem 3.3.) Under the same assumptions as in Theorem 3.2., if
Valt,x) £ —clxl), where c(7) is continuous on (0,H) and is positively definite, then the solution
x =0 of the system (1) is uniformly asympiotically stable.
(Theorem 3.4.) Suppose that there exists a Liapunov function V(t,x) defined on I X Su, which satisfies
the following conditions :

(i) allzl) = V(t,x) = blx]), where a(r) and b(r) are continuous, increasing and positively
t{eﬁnite,

(i) Vi(t,x)+ V*(t,2)>0 uniformly on 0< v < |x| < H, for any v >0, as t—, where
V*(t,x) is continuous and there exists a continuous function c(r) >0 for 0 < » < H such
that c(Ixl) = V*(¢,%).

Then, if the solution x =0 of the system (1) is unique to the right, it is uniformly asymptotically
stable.
For the proof of these theorems, see (2], (3).

4. Main Results

Before we state main results, we give the following lemma we shall need later on.
(Lemma) Swuppose that f(t,x) of the system (1) is continuous on a <t =< b, |x—x(t) < 7,7 >0,
where x0(t) is a solution defined on a < t < b, and that x!(t) is unique to the right. Then, given any
€ >0, there exists a 8 > 0 such that if a < to < b and ||lxo—x0(to)| < &, we have |x(2,t0,%0)— %0(2)|| < &
for t & (to,b).

BEFIS9 £ 2 A



Shoichi SEINO

For the proof, see (2).
(Theorem 4.1.) Suppose that there exists a function V (t,x) e C(IX Su,R) which satisfies the following
conditions :
(i) a(tlzl) £ V(t,x), where a function alt,r) is continuous in (t,r),
a(t,r) >0 for any r ¥ 0 and a(t,0) =0,
(i) V(0=0
(ili) Va(t,x) 0.
Then the zero solution x = 0 of the system (1) is stable.
Proof. For any € > 0(0 < & < H), if we assume that
inf(V(¢t,x):tel, |xl = €} = 0, then there exists (#,,x1) € I X Sy such that |z 2 € and V(#,%1) = 0.
On the other hand, for te1, |x:ll = ¢, we obtain V(¢,%1) = a(t, lxfl) >0 by (i). This is a
contradiction. Therefore we have 0 < inf{V(¢,x): ¢t € I, |x]l = €}. Hence, if we take a positive number
o(e) > 0 such that o(e) < inf{V(¢,x): t eI, |x]| 2 €}, then we have |x]| < € when ¢ = 0 and
V(tx)<ple)
Since V(t,x) is continuous on I X Sy, for any te I and p(e) > 0 thereisa 8 = 8(e,%) > 0 such that
V (to,%0) < p(e) for [|xll < 6.
We get V(¢,x(t,t0,%0)) = V(to,%0), because, by (iii), the function V (¢,x(#,%,x0)) is nonincreasing in

Hence, for any ¢ > 0 and any toe I, there is a 8 = 6(e,%) > 0 such that ||z < & implies
V(t,x(#,t0,%0)) = V(to,%0) < p(e) for all ¢ = t.

Therefore ||lxol < & implies [x(¢,¢,%0)l < € for all ¢ = ¢, which shows the stability of the zero
solution of (1).

(Theorem 4.2.) Suppose that there exists a function V (t,x)e C(IX Su,R), which satisfies the following
conditions :
(i) a(tlxl) £ V(¢t,x), where a function a(t,r) is continuous in (t,7), a(t,r) > 0 for any
r 0, and a(t,0) =0,
(i) V(t,x) =< b(lxl), where a function b(r) is continuous, increasing and
. positively definite,
(iii) Vwl(t,x) =0.

Then the zero solution x = 0 of the system (1) is uniformly stable.

Proof. By the same argument as in Theorem 4.1, for any ¢ > 0, we can choose p(¢&) > 0 such that
o(e) < inf{V(t,x):t el |xll = ¢} and hence we have ||| < e when all ¢ e I and V(¢,x) < p(¢g). From
(ii), we can choose a § = (&) > 0 such that 5(8) < o(e).

By (iii), as the function V' (#,x(¢,t,%0)) is nonincreasing in ¢, V(¢,x(¢,t0,%0)) < V (fo,%0).

Therefore, for any € > 0 and any te I, there exists a § = §(e) > 0 such that [lx| < & implies
V(¢,x(¢,t0,%0)) = V(to,%0) = b(8) < o(e) for all ¢t = t,, hence |x(¢,t,%0)l < € for all ¢ = #. This
proves the uniform stability of the zero solution of (1).

Next, we shall discuss the theorems on the uniformly asymptotic stability.

(Theorem 4.3.) Suppose that there exists a function V(t,x) e C(IX Su,R), which satisfies the following
conditions :
(i) at; ||xl) £ VAt x), where a function a(t, r) is continuous in (t, 7), a(t, v) > for any
r %0, a(t, 0) = 0, increases with respect to t for each fixed v and increases with respect
to r for each fixed t,
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(ii) V(t,x) = bllxl), where a function b(7) is continuous, increasing and
. positively definite,
(iii) Va(t,x) = —c(¢,lx), where a function c(r) is continuous in (¢,7)
c(t,7) >0 for any » = 0 and c(t,0) = 0.

Then the zero solution x = 0 of the system (1) is uniformly asymptotically stable.

Proof. By Theorem 4.2., the zero solution of the system (1) is uniformly stable.

We shall prove that the zero solution of the system (1) is uniformly attractive.

By the uniform stability, for any fe I and H > 0, there exists a 8o = 8o(H) > 0 for which
(2) lx(t,to,x0)l = H for all ¢ = to if |xo]l < So,
and for any fe 7 and any e > 0, there is a § = §(¢) > 0 such that ||xo|| < & implies
3) lx(t,to,20)l < € for all ¢ = #.

Consider a solution x(¢,%,x0) of (1) such that fee I and |xo] < 8o. Then there is a #* > # such that
[lx(2*, to,20) < 8.

In fact, if we assume that this is not true, then & < |lx(¢,4,%0)| < H for all ¢ = t,. We put
y =inflc(t,7): tel, 8 = r < H}, then 0 < v = c(¢,lx]) for 8 = x| = H. From (iii), for all ¢ = ¢
+ T(¢), where T(e) = %{b(ao)"d(oﬁ)}, V(t,x(,t0,%0)) £ V(to,%0)—7(t—to) < b([lxl)—rT(e) <
a(0,8), '
on the other hand, by (i),
a(0,8) < a(t|x(¢,to,%0)l) £ V(#,x(t,t0,%)), which contradicts the assumption we have made. Thus, by
(3), we must have [lx(¢,£,x0)] < € for all ¢ = ¢*.

Therefore, [x(¢,4,%0)] < € for all ¢ = ¢+ T'(e), where clearly T'(¢) dependents only on ¢. This
shows that the zero solution of (1) is uniformly attractive. Thus, the proof is completed.

(Theorem 4.4) Suppose that there exist two functions V(t,x)e C(IXSu,R), W(t,x)e C(IXSu,R)
satisfying the following conditions :
(i) a(tlzl) < V(t,x), where a function a(t,r) is continuous in (t,r), a(t,r) > 0 for any
r 0, a(t,0) = 0, increases with respect to t for each fived v and increases with
respect to r for each fixed t,
(i) V(t,x) < bllxl), where a function b(7) is continuous, increasing and
positively definite,
(iii) c(tlxl) = W(t,x), where a function c(t,r) is continuous in (t,r),
c(t,r) >0 for any r £ 0 and c(¢,0) =0,
(iv) )for any o1 > 0 and p: > 0, '
Va(t,x)+ W(t,x)—0 as t— o, uniformly with respect to x
such that o, < ||x|| £ ..

Then the zero solution x = 0 of the system (1) is uniformly asymptotically stable.

Proof. First, let us prove the uniform stability of the zero solution of (1).

By the properties of the function b(7), forany ¢ >0 (0< ¢ £ H* < H), we can

choose & = 8(e) > 0 so small that 4(8) < a(0,¢), & < «.

We put D(8,H*) = {x:6 < |x| < H*}. On the domain IxD(8,H"), there exist a y >0 and a
T(e) > 0 such that 7 = W (t,x) and if ¢ = T'(e), by (iv), we have Vm(t x)+W(tx) s =27 hence
@  Valtx) s —%y forall £ 2 T(e), all x € D(&,H").

Consider a solution x(¢,%,x0) of (1) such that f = T'(&), %l < &.

We shall prove that | x(¢,2,x0)] < € for all £ = #, [xl < 6.

If we assume that this is not true, then there are t,,f,t < # < £z, such that |x(#,f,%)| = &

lx (22, to,%0) = € and that 8 < [x(¢,t0, %)l < € for all £ & (#1,2:). By virtue of (i) and (4), it follows that
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a(0,¢) < altz,x(tz,t0,%0)) S V{ta,x(t2,t0,%0)) = V(t1,x(t1,t0,%0)) = b(3) < a(0,e), which contradicts.
Therefore, we have [|x(¢,f0,%0) < € for all ¢ 2 to, |zl < 8.

From the lemma, there exists a 8, = 81(¢) > 0 such that if 0 < # < T'(¢) and |lxoll < 81, then we
have llx(,t0,%0)| < & for all ¢ & (to, T(&)), in particular |x( T(e),to, %) < 8. Thus, if foe I and |xofl < &4,
llx(¢,t0,x0)| < € for all ¢ = 4, which proves the uniform stability of zero solution of (1).

Next we shall show that the zero solution of (1) is uniformly attractive.

From the uniform stability, for any tee I and H* > 0, there is a 8o = So(H*) > 0 such that
lxoll < 80 implies :

(5) [lx (¢, to,20)]l £ H* for all ¢ = ¢,
and for any € > 0 and any toe I, there is § = 8(e) > 0 for which
(6) lx(t,t0,20)l < & for all ¢ = to, if |zl < §.

In the case fo = T(¢), where T'(e) is that obtained in the uniform stability proof above, we consider
a solution x (£, t,%0) of (1) such that £, = T'(e) and x| < 8o. For this solution , there exists ¢* > to such
that |lx(#*,,%0)ll < 6.

Let us assume that this is not true, then 8 = [x(¢,t,%0)| = H* for all ¢ = .

On the domain t = T'(¢), x € D(8,H*), we have (4) and hence, it can be seen that
V(t,x(t,t0x0)) < al0,8) if ¢ = to+ Ti(e), where Ti(e) = 2{b(80)—a(0,0)).

On the other hand, from (i), a(0,8) = V(¢x(¢ t,x0)), which contradicts the assumption.
Therefore, according to (6), we have |x(¢,t,%0)| < € for all ¢ = ¢*.

Thus, l|lx(¢,t0,%0)ll < € for all ¢ 2 to+ Ti(e).

Consider now the case 0 < £, < T(g). For the solution x(¢,%,x0) such that 0 = £, < T(¢), to prove
the uniform attractivity of the zero solution of (1) it is sufficient to show that there exists a
81 = 8:(e) > 0such that |x( T(e),4,%0) < 8. For this purpose, applying the lemma again, we can found
ad, = 8,(e) > 0 for which ||xoll < 8, implies [x(¢,¢,%0)| < & for all ¢ e (fo, T()), and in particular,
lx(T(e),t0,%0)] < &, which shows that the zero solution of (1) is uniformly attractive. This completes
the proof.
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