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1.Introduction

Itiswell-knownthatA.M・Liapunovhasdiscussedthestabilityofsolutionsofthesystemof

differentialequationsbyutilizingascalarfunctionsatisfyingsomeconditions. Liapunov'ssecond

methodisaveryusefulandpowerfulinstrumentindiscussingthestabilityofthesystemofdifferential

equations.

Itsusefulnessandpowerlieinthefactthatthecriterionofstabilitycanbedecidedfromthe

differentialequationswithoutanyknowledgeoftheirsolutions.

However,itisgreatdifficulttofindtheLiapunovfunctionsatisfyingcertainconditions.Therefore,

itisimportanttoobtainaweaksufficientconditionforthestabilitytheorem. (cf. [11, [2], [3].)

Inthepreviouspapers[5], [6], [71,weobtainedweaksufficientconditionsforthestabilityandthe

asymptoticstability.

Thepumoseofthispaperistogivesomeextensionofthesufficientconditionsfortheuniform

stabilityandtheuniformlyasymptoticstability.

2.DefinitionsandNotations

First,wesummarizesomebasicdefinitionsandnotationswewillneedlateron.

Let.IdenotetheintervalO≦t<mandR"denoteEuclidean"-space. ForxER", let llxllbeany

normofx,andweshalldenotebyS"thesetofxsuchthatllxll<H,H>0.

Weconsiderasystemofdifferentialequations

”
(1) －＝／(/,苑)，

〃

wherexisan".vectorand/(/,x) isan"-vectorfunctions.

Supposethat/(t,x)iscontinuousonI×S"andthat/(t,x)issmoothenoughtoensureexistence,

uniquenessandcontinuousdependenceofthesolutionsoftheinitialvalueproblemassociatedwith(1),

moreover,/(f,0)=0.

WeshalldenotebyC(I×R",R")thesetofallcontinuousfUnctionsdefinedonI×R"withvalued

inR".Throughoutthispaperasolutionthroughapoint(to,x｡)EI×R"willbedenotedbysuchaform

aSX(/,/o,Xo).

Weintroducethefollowingdefinitions.

[Definitionl.] Thezerosolutionofthesystem(1)issaidtobestableifforanye>0andany/0EIthere

existsa6(E,/0)>Osuchthattheinequalityllxoll<6(E,#0)impliesllx(t,/0,xo)ll<Eforallt≧/0．

[Definition2.] Thezerosolutionofthesystem(1)issaidtobeuniformlystableif6of[Definitionl.]

isindependentofro.

[Definition3.] Thezerosolutionofthesystem(1)issaidtobeuniformlyattractiveiffOranye>0and

anyjoEIthereexist60>0andT(E)>Osuchthattheinequalityll"oll<6oimpliesll"(j,to,"0)II<Efor
allf≧f0+T(E)&
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[Definition4.] Thezerosolutionofthesystem(1)issaidtobeuniformlyasymptoticallystableifitis
uniformlystableanduniformlyattractive.

[Definition5.] CorrespondingtoacontinuousscalarfunctionV(/,x)definedonanopenset,wedefine
thefUnction

肺,")=厩去{V(f+","+"(#,"))-V(#,x)}.
IncaseV(/,")hascontinuouspartialderivativesofthefirstorder, itisevidentthat

if',(',")=¥+帯ゾ(#,x),
where;@･''denoteascalarproduct.

3.PreliminaryResults

A.M.LiapunovandT.Yoshizawagavesufficientconditionsforthestability,fheuniformstability
andtheuniformlyasymptoticstability.Here,werepeatthosetheorems.

[Theorem3.1.] S"Pose"#"e""s応αL"""0"ん"c加〃V(t,x)〃『""o"I×S〃""jMsaj域Es
肋g/MMi"gco"成吻"s：

(i) V(/,0)=0,

(ii) q(||xll)≦V(/,x),""g""(")isco""""o"S,"c7EKzsi"gα加加si""gly6〃ﾂ"蝿
(iii) I/i,)(/,")≦0,

T脆","eso伽加〃x=0qf"esjAs彪獅(1)iss"肋．

[Theorem3.2.]"co"成加〃(ii)加剛eo""83.Z. isl"mcgα勿

(ii)' "(||"II)≦V(/,x)≦6(||"ll),”"27'igzz(7')a"d6(7')α花“加加"0"s,"c"as蝿α”加s城"g〃
、 〉

z〃?"地

"eso〃伽〃x=0qf"esjIs""@(1)魔〃"肋γ7"〃s如伽．

[Theorem3.3.] U"庇γ肋9sα"29‘zss""ゆ伽"sas伽Z伽0〃柳3.2.,"
●

V(1)(/,")≦一c(IIxll), zM"gc(7') isco""""0@@so"(0,H]α"‘〃s加sj伽gな〃『"地,伽〃伽so"伽〃
x=0Q/"esys彪加(1)is〃"肋γ刎yaSy"ゆゎ"""s"肋．

[Theorem3.4.] S""ose"〃"g"ex*応αZ,"""0"ん"c伽〃V(#,x)"yWedo"I×S",""c〃sα"Ws
"gjb"b@""zgco"戊加"s：

(i) "(||xll)≦V(/,x)≦6(IIxll), z""g〃α(γ)""d6(")"eco"伽"0"s,"cl修Izs蝿α"d加s漉"g"
dg/加地
●

(ii) Vi,)(#,")+V*(/,")-→O〃"純γ"'lyo"0<γ≦ll"||<H,〃α〃γ>0, 6zs /→｡o,""g"
V*(/,x)isco""""0"sα"α肋g""isなα“""""0"s〃"c伽〃c(")>M)"0<"<Hs"ch
メ加＃c(II"II)≦V*(/,x).

Z流g",が肋gsO伽吻〃%=0Qr"esys""(1) is""""g加妨g惚勉〃"〃"加'刎yaSWqp勿"αz〃
s"6".

Fortheproofofthesetheorems,see[2], [3].

4.MainResults

Beforewestatemainresults,wegivethefollowinglemmaweshallneedlateron.

[Lemma]ad"ose h,zt/(/,")qf"eSjIs""z (1) isco"伽"0"so〃α≦オ≦AII%－"｡(#)ll≦γ,">0,
@"""e%｡(r)たαso〃加冗〃5"edo〃α≦オ≦6,α"‘ﾉﾙαメ"0(t)た〃"""e加娩eγ妙fT"'z,gizﾉg〃α岬
e>0,伽形g沈なα6>Os"c加加オグα≦ｵ｡≦6α"aII"｡－％0(＃｡)ll<6, z"g加"gllx(t,to,"｡)-x｡(/)||<E
"γオE[/0,6].
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Fortheproof,see[2).

(Theorem4.1.] S8"ose"#"""sなα〃"c伽〃V(#,x)EC(I×S",R)〃"bhsα"Ws伽〃んz""g

CO"〃伽"s：

(i) "(/,ll"ll)≦V(t,x),"舵形α〃"c伽〃α(j,γ)isco"伽"oMs"("),

a(")>0ji7γα〃γキOα”α(t,0)=0,

(m) V(#,0)=0
●

(iii) VI,)(t,x)≦0.

T流g〃肋gzg'りso伽吻〃x=0qf"esjls""(1)iss如肱．

Proof. ForanyE>0(0<E<H), ifweassumethat

inf{V(',"):#EI, llxll≧E}=0, thenthereexists(/,,x,)EI×S"suchthat llx,||≧EandV(f,,",)=0.

Ontheotherhand, for /,EI, llx,ll≧E,weobtainV(/,,%,)≧α(/,, llx,ll)>0by(i). This isa

contradiction.ThereforewehaveO<inf{V(/,x):/EI, ||"||≧E}.Hence,ifwetakeapositivenumber

p(E)>Osuchthatp(E)<inf{V(#,x): tEI, ll"ll≧E}, thenwehavell"||<Ewhent≧0and

V(t,")<p(E). ．、

SinceV(t,x)iscontinuousonI×S",forany/0EIandp(E)>0thereisa6=6(E,to)>Osuchthat

V(f｡,"0)<P(E)forllx｡ll<6.

WegetV(/,"(/,＃.,"0))≦V(to,xo),because,by(iii),thefunctionV(/,x(/,jo,xo))isnonincreasingin
j．

Hence,foranye>Oandany/0EI,thereisa6=6(E,/0)>Osuchthat ll"oll<6implies

V(/,x(t,/0,"0))≦V(/0,"0)<p(E)forall＃≧＃0．

Therefore llxoll<6implies llx(/,/0,"0)ll<Eforall #≧jo,whichshowsthestabilityofthezero

solutionof(1).

[Theorem4.2.]駒〃osgj加＃幼g""is歯α〃"c伽〃V(t,x)EC(I×SH,R),"""sαﾒ域gs伽〃んz""Zg

c0"伽加"s：

(i) "(/,||"ll)≦V(/,x),"舵形α""c伽〃α(")isco"伽"0"s伽（ｵ,7),"(")>0んγα"y

γキO,α"dα(/,0)=0,

(M) V(r,x)≦6(||xll),""花α〃"c"0"6(")isco"伽"0"S,"cwas"Zgα"d

加s""eな“ﾉﾂ"地
●

(iii) I/i,)(/,")≦0.

Z流g卯娩gzg”so伽加〃〃=0Q/"esjMs彪加(1)商〃"加γ’""s"肋．

Proof・ BythesameargumentasinTheorem4.1.,foranye>0,wecanchoosep(E)>Osuchthat

p(E)<inf{V(#,x): /EI, ll"||≧E}andhencewehavell"ll<Ewhenall#EIandV(#,x)<p(E).From

(ii),wecanchoosea6=6(E)>Osuchthat6(6)<p(E).

By(iii),asthefunctionV(j,"(#,jo,"0))isnonincreasingin/,V(/,"(t,ro,"0))≦V(#0,x｡).

Therefore,foranye>0andanyﾒ｡EI,thereexistsa6=6(E)>0suchthat llxoll<6implies

V(t,x(#,t｡,"0))≦V(to,"0)≦6(6)<p(E)forall t≧＃｡,hence ll%(t,jO,xo)II<Eforall ＃≧ｵ0． This

provestheuniformstabilityofthezerosolutionof(1).

Next,weshalldiscussthetheoremsontheuniformlyasymptoticstability

[Theorem4､3.] S@"加se"f肋gだ“おおα""c伽〃y(t,")EC(I×S",R),""た〃sα"y泥s肋gがん""Zg

co"〃"ひ"s：

(i) "(A: llxll)≦V(Ax), z""e"αん"c加加α(&γ) isco""""0z‘s加仏γ),a(A 7')>/bγα岬

γキ0,"(AO)=0,"c形asgs”肋形"ecｵ加オ/b7'"c"/neαγα"d"c"ases"肋γeSWc#

加γんγ“c"鰍ed"
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(ii) V(/,x)≦6(II"ll),""e''ieα""c""6(")isco""""o"s,"c"4zsi"ga"
加s漉2ﾉeな血だ"地

●

(iii) Vi,)(/,x)≦－c(#,ll"ll),"〃〃α""c伽〃c(7')isco"”"0"s"(")
c(")>0/i7γα岬γ≠0α"αc(t,0)=0.

Z物e犯娩gzg”so〃伽〃%=0qf"esjIsjg"@(1)商況卯加γw@"@sy加伽"αz/"s"6".

Proof. ByTheorem4.2.,thezerosolutionofthesystem(1)isuniformlystable.

Weshallprovethatthezerosolutionofthesystem(1)isuniformlyattractive.
Bytheuniformstability,foranytoEIandH>0,thereexistsa60=60(H)>0forwhich

(2) ||x(/,t｡,"0)ll≦Hforallノ≧/｡ifll"｡ll<60,

andforany/0EIandanyE>0,thereisa6=6(E)>Osuchthatll"oll<6implies

(3) ｜|妬(〃0,"0)||<Eforall＃≧/0．

Considerasolutionx(/,to,"0)of(1)suchthat/oEIandll"｡||<60．Thenthereisa/*>ﾒ｡suchthat

ll”(/掌,＃0,%0)||＜6．

Infact, ifweassumethatthisisnottrue,then6≦llx(/,/｡,xO)ll≦Hforallj≧to.Weput

7'=inf{c("):/EI,6≦γ≦"}, thenO<γ≦c(/,ll"II)for6≦||xll≦H. From(iii),forall j≧ﾒ｡

+T(E),whereT(E)=÷{6(60)-a(0,6)}, V(/,x(#,/0,xO))≦V(j｡,xO)-7(/-/0)≦6(II"｡ll)-7T(E)<
α(0,6)，

ontheotherhand,by(i),

α(0,6)≦α(/,llx(j,t｡,"0)ll)≦V(/,x(/,/0,"0)),whichcontradictstheassumptionwehavemade.Thus,by
(3),wemusthavellx(#,#0,xo)||<Eforallj≧#*・

Therefore, llx(t,#0,"0)ll<Eforallメ≧＃o+T(E),whereclearlyT(E)dependentsonlyone. This

showsthatthezerosolutionof(1)isunifoxmlyattractive.Thus,theproofiscompleted.

[Theorem4.4]a"osg haz#"e""sオ伽0""c伽"sV(t,")EC(I×S",R),W(t,")EC(I×S",R)

”"sかj"g肋e允肋"j"gco"戊加"s：

(i) "(#,llxll)≦V(#,"), 2""e〃α〃"c肋〃α(ﾒ,γ)isco"伽"o"s"("),"(")>0んγα"y

γキO,"(#,0)=0,""ezzses〃肋，惣幼“オ加加）γ“cﾙﾉなgαγα""jWc7@zsesz"M

形”“#加γんγgac"ﾉなgα/，

(n) V(',x)≦6(||"ll),"ﾙg”α""c加〃6(")isco"伽"0蝿加c"as蝿α”

加s鰯"g砂。醜"地

(iii) c(t,||"ll)≦W(/,"), z"膨形α〃"c伽〃c(")isco"伽"ozfs"("),

c(#,7)>M〕γα"yγキOα"αc(/,0)=0,

(iv)"γα"yp,>0α"ap2>0,
●

W/i,)(/,")+W(/,x)-0ast－－→"'〃"物γ"""鋤形"ectjpx

S"Cル伽"p'≦||"||≦p2．

T物g〃鋤gzg”so〃伽〃〃=0qf"esjMs彪沈(1)is〃卯加γ"z妙aSW"'わ"""s"6".

Proof. First, letusprovetheunifoImstabilityofthezerosolutionof(1).

Bythepropertiesofthefunction6("),foranye>0(0<E≦H*<H),wecan

choose6=6(E)>Ososmallthat6(6)<zz(0,E),6<e.

WeputD(6,H*)={%:6≦llxll≦H*}.OnthedomainI×D(6,"*),thereexista)'>0anda

T(E)>qsuchthatγ≦W(/,x)andif/≧T(e),by(iv),wehavei4,)(#,")+W(#,")≦告γ,hencol

(4) I/i,)(/,x)≦一丁γ forallt≧T(E),all"ED(6,H*).
Considerasolutionx(t,ro,"0)of(1)suchthatto≧T(E), llx｡ll<6.

Weshallprovethatllx(/,/o,xo)ll<Eforall＃≧#0, ||%｡ll<6.

Ifweassumethatthisisnottrue,thentherearet,,/2,jo</,</2,suchthat llx(t,,to,%0)||=6,

ll"(#2,#0,xo)II=Eandthat6<II"(#,to,xo)ll<eforall/E(r,,f2).Byvirtueof(i)and(4), itfollowsthat
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zz(0,E)<zz(/2,x(/2,ｵ0,"0))≦V(/2,"(/2,/0,"0))≦V(/,,"(/,,tO,xO))≦6(6)<zz(0,E), which contradicts.
Therefore,wehavellx(/,#0,"0)ll<Eforall /≧t｡, ||兆・||<6.

Fromthelemma,thereexistsa6,=6,(E)>OsuchthatifO≦t0<T(E)and11"o11<6,, thenwe

havellx(r,/0,x0)ll<6forallte[to,T(E)],inparticularllx(T(E),/0,x0)||<6.Thus,if/oEIandllx011<6,,
llx(t,t0,xo)ll<eforall /≧/0,whichprovestheuniformstabilityofzerosolutionof(1).
Nextweshallshowthatthezerosolutionof(1) isuniformlyattractive.

Fromtheuniformstability,foranyioEIandH*>0, thereisa60=60(H*)>Osuchthat

||x｡ll<60implies

(5) ｜|%(〃0,％0)||≦H* forallt≧/o,

andforanye>0andanyﾉ｡EI,thereis6=6(E)>0forwhich

(6) llx(/,j0,"0)ll<E forall t≧j0, if11x011<6.

Inthecase/0≧T(E),whereT(E)isthatobtainedintheunifonnstabilityproofabove,weconsider

asolutionx(#,to,xo)of(1)suchthat/0≧T(E)and11"｡||<60.Forthissolution,thereexists/*>tosuch

that llx(/*,t0,xo)||<6.

Letusassumethatthisisnottrue, then6≦||x(/,/0,xO)II≦H*forall t≧/0.

Onthedomaint≧T(E),xED(6,"*),wehave(4)andhence, itcanbeseenthat

V(/,X(t,to,Xo))<"(0,6)ifi≧/0+T,(E),whereT,(E)=÷{6(60)-"(0,6)}.
Ontheotherhand,from(i),a(0,6)≦V(r,x(/,r｡;"｡)),whichcontradicts theassumption.

Therefore,accordingto(6),wehavellx(/,to,xo)||<Eforall j≧オ*.

Thus, llx(/,jo,x0)||<Eforall /≧/0+T,(E).

ConsidernowthecaseO≦/o<T(E).Forthesolutionx(i,/o,xo)suchthatO≦/0<T(E),toprove

theunifoImattractivityofthezerosolutionof(1)itissufficienttoshowthatthereexistsa

6｣=6,(E)>Osuchthatl1x(T(E),/0,xo)||<6.Forthispurpose,applyingthelemmaagain,wecanfound

a6｣=6,(E)>0forwhichl1%o11<61 impliesllx(t,/0,xo)||<6forall tE[/0,T(E)),andinparticular,

||x(T(E),i0,x0)ll<8,whichshowsthatthezerosolutionof(1)isuniformlyattractive.Thiscompletes

theproof.
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