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PartialStabilityTheoremsbyLiapunov'sSecondMethod

ShoichiSEINo, Miki KuI)o, MasamichiAso
の

(Receivedon30()ctober, 1982) 1

1.Introduction

Liapunov'ssecondrnethodenablesustodecidestabilityandboundednessfromthe

differential equationswithoutanyknowledgeoftheirsolutions.

However, itisdifficult tofindLiapunov'sfunctionV(t,x)satisfyingcertainconditions.

Therefore, it isinlportanttoobtainaweaksu｢｢icient condition for stabilityan(1
boundednesstheorem.

Inthispaper, byusingthismethod,wegivesufficientconditionsforstabilityand

asyrnptoticstabilityrelativetoapartof thevariables.

2｡DefinitionsandNotations

Let ldenotetheinterval O≦t<ooandRndenoteEuclideann-space.

Weconsiderthesystem

dx
=f(t,x), （ 1 ）

dt

wherethefunctionf(t,x) isdefinedandiscontinuousin(t,x)on l×Rn, andf(t,0)=0･

Weshallstudythequestionofthestabilityof thesolutionx=0relativeto

Xl ,……,Xm,(0<m≦n)． Denotingthesevariablesbyyi=xi (i=l,……,m), we introduce

thenot伽｡ ' ,'､i=i", , × ' ==,x"
Weassurnethat,

(a) intheregiont≧0, lyl≦H(H>0), f(t,x) satisfies theconditionsforthe

uniquenessof thesolution,

(b) anysolution x(t) isdefinedforall t≧0 forwhich ly(t) |≦H(H>0).

Byx=x(t,to,xo),wedenotethesolutionof ( 1 ) satisfyingtheinitialconditions

x(to,to,xO)=xo. ．． ，

Weintroducethefollowingdefinitions.

【Definition l] Thesolutionx=0 isy-stableif forany e>0andany toEI,

thereexistsa6(to,e)>0suchthat lxo l<6 implies l y(t,to,xo) |<e forall t≧to.

【Definition 2] Thesolutionx=0 isuniformlyy-stableif the 6aboveisindependent

of to.
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【Definttion 3] Thesolutionx=0 isasymptoticallyy-stableif it isy-stableandif

thereexistsa60(to)>O suchthat l xo l<60(to) impliesy(t,to,xo)-→0as t-→。。 ●

【Definition 4] Thesolutionx=0 isasymptoticallyy-stableuniformly in xo fromthe
k

regionD:=xfo<62 , －．．<xjo<oo (j=k+l,……,n) for 6>0
i酉l

1f it tsuniformlyy-stableandifgivenany E>0andanytoEI, thereexist 6>0 and

T(to,E)>O suchthat ifxoED, ly(t,to,xo)|<E forall t≧to+T.

【Definition 5] ForacontinuousfunctionV: 1×Rn→I,wedefinethefunction

V(I)(t,x)=";{V(t+h,x+hf(t,x))-V(t,x) }.

3. PreliminaryResults

【Theorem l】 〃的e形欽is/saco刀〃""”s〃刀c"0"V: I×RJ'→I郵的/〃r

( i ) V(t,0)=0,

(i i) a(t, lyl )≦V(t,x), 2"舵""leco刀〃"“"s〃"αjo"a: I×I→[ isa(t,0)=0,

a(t,r)>0 /bγ rキ0 α"。〃cγeasesm0"0m加cα"yz"j的γe""r to tんγ”的/jXedr,

(iii) V(･,) (t,x)（iii） V(,) （t，x）≦0,
肋g〃〃ieso/"〃o"x=0 isy-s/(z6/e ●

Fortheproof,see ( 1 ].

【Theorem 2】 〃肋e""isisoco"""“"sん刀C"o"V: I×Rn→I郵的肋αオ ，

( i ) a(lyl)≦V(t,x), Z(ﾉ舵花a(r) isco"〃""o"s"""si",加s""ed蛾〃だeルガc"0"，
7

(ii) W,) (t,x)≦0 0" I×Rn,

(iii) W) (t,x)≦－m7(t)んγ t α"dxsc4ch r加＃んγα〃〃>0 V(t,x)≧W α〃
‐

rom"(t)dt=oo,lyl≦H(H>0), ”ﾉ2e7F

/he〃"2eso/"〃o"x=0 is(zSy"Wo〃αz//y y-sm〃g.

Fortheproof, see ( 2 ).

【Theorem 3】 〃〃ie7＠“js応αCO""""0"S〃"C伽〃V: I×Rn→I郵吻/加オ 9
k l

( i ) a( lyl )≦V(t,x)≦b((Zx:)2 )んγm≦k≦n, 〃"e1℃a(r) @z"b(r) αγe
i＝I

CO"だ""o"s"c7eas"Zg,加sj〃〃ed砿加"ん"c"0〃

(ii) W) (t,x)≦0 0" I×Rn,
k

M1)(t,x)≦－m"(t) /Wt cz"dx"的〃"!=,xf≧〃2ん'α〃〃>0c"d(iii)

f;n,(t)dt=｡｡,lyl≦H, (H>0), 勿加彫 ｡m"(t)dt=｡。
ﾒｶe〃〃､eSO/"〃o"x=0 js(zsy"が0〃Ca〃yy-S/α〃e〃"油γ"/y"xo /""@"ie7WjO"D.

Fortheproof, see ( 2 ].
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【Theorern 4】 〃的e71ee"s応αCO"〃刀"o"s〃〃c"o"V: 1×Rn __"I sZ4cﾉz "icr ，

( i ) a(t, lyl )≦V(t,x), ZOlie""ieCO加加"O脚s／"刀c"o"a : I×I→l is a(t,0)=0,

a(t,r)>0んγ rキ0 α"d"cγ“望s"0"ojo"icα〃y〃〃/2 7'esp"' 'o t c"dr.

(ii) Vii)(t,x)≦O o" I×Rn,

(iii)W) (t,x)≦－m,7(t)んγ t a"dx s"c" /〃〃Wα〃〃>0,V(t,x)享筌〃

rFn,(t)dt=-,α刀d lyl≦H(H>0), z"舵彩

妨"zMeso〃〃o"x=0 jsasソ加，加〃cα/〃y-s/α〃e ●

Proof. By [ 1 ],thesolutionx=0 isy-stable. Letusshowthat lxol<60 lnl－

pliesV(t,x(t,to,xo))→0ast→。｡,wherethe60 isthesamenumberas iny-stable.

Supposethat it isnotso・ BecauseV'(t,x(t,to,xo))≦0， 「orsome 〃＞O wehave

V(t,x(t,to,xo))≧"． Since ly(t,to,xo) |<E<H, from(iii), it followsthat

r{ V(t｡,xo)-frn"(¥)d｢---rtoV.(r,x(『,to,xo))dr≦V(to,xo)‐rm,(ゞ)d『－－－V(t,x(t,to,xo))=V(to,xo)+
tO

ast→－ . Therefore,wehaveV(t,x(t,to,xo))→Oas t→。。 , andhence,

ly(t,to,xo) |→0as t→。。 from ( i ) and (ii).Thus, thesolutionx=0 is

asyrnptoticallyy-stable.

【Theorern 5】 〃メ加7ee"s/saco耐加"0"s/Wzc"o"V: I×Rn→{ s"cカ ノ〃／ 9
1

k

( i) a(t, lyl )≦V(t,x)≦b((iZ,xf)2)んγm≦k≦n9 Z"加〃伽co""""o"s/Mc加刀

a : I×I→I isa(t,0)=0, a(t,r)>0んγr善0α"。〃cγ”影s"o"0m加cα〃yZIﾉ〃んγespecr /o

tんγeα碗/"edr, cz"db(r) isco"〃"240"s"cγe(zsj"gposj〃"ed耽"〃eん"c/”〃 、

(ii) Vii) (t,x)≦0 0" I×Rn,
k

(iii) Wi)(t,x)≦一m"(t)/Wt @"dxszJCIMM!=ixf≧〃2んγα〃">0 α〃

fn"(t)dt=｡｡,lyl≦H(H>0), z""e71e ｡m"(t)dt=｡。
"""eso/〃わ〃x=0/s (zsy"z"o"ca"yy-S/α6ﾉe〃"物γ加/y" xo/7iOw"Ie l"O"D.

Proof. Firstofall,weshallseethat thesolutionx=0isuniformlyy－stable.

Foranye>0,wecanchoosea6(E)>O sothat b(6)<a(0,6).

Weassumethatasolutiony(t,to,xo) forxoEDsatisfies ly(t,,to,xo) |=6

atsomet,>to・ From( i )and(ii), it followsthat

a(0,e)<a(t, ,e)=a(t, , ly(t, ,to,xo) l )≦V(t, ,x(t, ,to,xo))<V(to,xo)
1

k

≦b((Zx2)2)<b(6)<a(0,e).
i＝1

e●=

Thisisacontradiction,andhence,ifxoED,thenly(t,to,xo) |<E forallt≧to,

whichshowsthatthesolutionx=0isuniformlyy-stable.

By(iii), foranye>0andanytbEI thereexist 60>0andT(to,6)>0
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噸(T)dr=a(川｢"､(")=a(0,E).suchthatb(60)=a(0,H) and

Weassumethat V(t,x(t,to,xo))≧a(0,E) forall te(to,to+T)・ Frorn(i)and(ii),

itfollowsthat

tO+T

"f(｢,x(ゞ､to,xo))dで0<a(0,6)≦V(to+T,x(to+T,to,xo))=V(to,xo)+
tO

Sincethesolutionx=0 isuniformlyy-stable, ly(t,to,xo) |≦Hforall t≧to and

further, by(i),it lbllowsthat
k l

b(")=a(0,E)≦V(t,x(t,to,xo))≦b((,=xf(t,to,xo))2),
k

andhence,"2≦i=!xf(t,to,xo). Thus, theconditionsof (iii) issatisfied,
therefore,wehave

tO+T tO+T

-I m"(r)dr=-a(0,H),rV(?,x(『, ‘o,x‘))dで≦－ m,(『)dr=-a(0,H)，
to to

andit followsthat

k l

0<a(0,E)≦V(to,xo)-a(0,H)≦b((Zxh)r)-a(0,H)≦b(60)-a(0,H)=0.
i－1

Thus,wecanfinda tE(to,to+T) sothatV(tWx(f,to,xo))<a(0,e).

Forsome e>0,weassumethatasolutiony(t,to,xo) forxoED

satisfies ly（t,to,xo）｜＝e atsome t＞ty Thenthereexists t,>tfsuchthat

ly(t･, t｡,xo) |=e and ly(t,t｡,xo) |<e forall tE(t,t,). From( i), itfollowsthat

a(0,E)≦a(t',|y(t;to,xo)I)≦V(t:x(t･,to,xO))≦V(t3x(t,to,xo))<a(0,E).

Thisisacontradiction, andhence, 1ft僻≦to+T≦t, thenly(t,to,xo)1<E. This shows

that thesolutionx=0 isasymptotically y-stableuniformlyinxo fromtheregionD.

Thus, theproof iscompleted.
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