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Partial Stability Theorems by Liapunov’s Second Method o
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(Received on 30 October, 1982) 1

1. Introduction

Liapunov's second method enables us to decide stability and boundedness from the
differential equations without any knowledge of their solutions.

However, it is difficult to find Liapunov's function V (t,x) satisfying certain conditions.
Therefore, it is important to obtain a weak sufficient condition for stability and
boundedness theorem.

[n this paper, by using this method, we give sufficient conditions for stability and
asymptotic stability relative to a part of the variables.

2. Definitions and Notations

Let [ denote the interval 0= t<e and R" denote Euclidean n-space.
We consider the system

dx _
Te =f (t,x), 1)

where the function f(t,x) is defined and is continuous in (t,x) on [xR", and f(t,0)=0.
We shall study the question of the stability of the solution x=0 relative to
Xp, ,Xm,(0<m= n). Denoting these variables by y; =x; (i=1,- ,m), we introduce

m 1 n
the notation |y | = (igly?)2 Uxl = (ST,
- i=1

We assume that,
(a) in the regiont=0, |y|=H (H>0), f(t,x) satisfies the conditions for the
uniqueness of the solution,
( b ) any solution x(t) is defined for all t= 0 for which |y (t) = H (H>0).
By x=x (t,t0,%0), we denote the solution of ( 1 ) satisfying the initial conditions
x (to,to, X0 ) = Xo.
We introduce the following definitions.
[Definition 1] The solution x=0 is y—stable if for any € >0 and any to€l,
there exists a & (tg,€) >0 such that |xo | <& implies |y (t,tg,x0) | <& for all t=to.
[Definition 2] The solution x=0 is uniformly y— stable if the & above i1s independent
of to.
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[Definition 3] The solution x=0 is asymptotically y— stable if it is y—stable and if
there exists a 89 (to) >0 such that | xo | < 8o (tg) implies y (t,to,x0)— 0 as t —> oo,
[Definition 4] The solution x=0 is asymptotically y—stable uniformly in xo from the

K
region D: i5’:]x;20< 0%, —olxjp< e (j=k+]1,- ,n) for 6 >0

if it is uniformly y—stable and if given any ¢ >0 and any to €[, there exist § > 0 and
T (to,€) >0 such that if xo€D, |y (t,to,x0)! <€ for all t=to + T.

[Definition 5] For a continuous function V : [ x R® — [, we define the function

Vb (4,x) =lim g (V (t+h, x+hf(t,x)) =V (t,x) ),

3. Preliminary Results

[Theorem 1} If there exists a continuous function V : [ X R® =1 such that
(i) wv(,0)=0,
(1)  a(t,lyl)S V(t,x), where the continuous function a : [ x[ -1 s a (t,0)=0,
a(t,r)>0 for ra 0 and increases monotonically with respect to t for each fixed r,
(i) v, (t,x)=0,
then the solution x=0 is y—stable
For the proof, see ( 1 ).
[Theorem 2) If there exists a continuous Sfunction V : [ xR" =1 such that,
(i) alyl)=EV(t,x), where a(r) iscontinuous increasing, positive definite function,
() vy (t,x)=0 on [xR",
(iii) Viy (t,x)= —m,(t) for t and x such that forany 7>0 V (t,x) = 7 and

Iyl SH (H>0), where fomn(t) dt= e,

then the solution x=0 is asymptotically y—stable,
For the proof, see ( 2 ).
(Theorem 3) If there exists a continuous function V - [ x R® — | such that,

. k 1
(i) a(lyDsSVU,x)=Sb(( X x2)2) for msk=n, Wwhere a(r) and b(r) are
i=1

continuous increasing, positive definite function,
(1) Vi) (t,x)=0 om [xR",

(iii) ('1)(t,x)$—m,,(t) for t and x such that .kleiz = 7? forany >0 and
V i<
ly=H,(H>0), where _rom,, (t) dt=-oo,

then the solution x =0 is asymptotically y—stable uniformly in xo from the region D.
For the proof, see [ 2 ).
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4. Main Results

[Theorem 41 If there exists a continuous function V : [ xXR" -+ | such that,

(i) a(t,lyl) =V (t,x), where the continuous function a : x| —1 s a(1,0)=0,
a(t, r)>0 for r 0 and increases monotonically with respect to t and r.

(i1) Vi (t,x)<0 on [ xR",

(i) Vi (t,x)= —m, (t) for t and x such that forany 7>0,V (t,x)-=7

and |y|=H(H>0), where [ m, (1) di=o,

then the solution x =0 is asymplotically y— stable,

Proof. By ( 1 ], the solution x=0 is y—stable. Let us show that |x¢ | <&, im-
plies V (t,x (t,to,x0)) =0 as t — >, where the 8o is the same number as in y—stable.
Suppose that it is not so. Because V'(t,x (t,to,x0))= 0, for some 7 > 0 we have
V (t,x (t,t0,%0))= 7. Since |y (t,to,x0) | <e<H, from (iii), it follows that

t t
V(tx (to,x0) =V o x0) + [ VI(r, x (7,10, %00) dTS V (o,x0) = [ my (£)dE = =

as t —> . Therefore, we have V (t,x(t,to,x0)) >0 as t— <, and hence,
| y(t,to,x0)] — 0 as t = from (i) and (ii). Thus, the solution x=0 is
asymptotically y —stable.

[Theorem 5) If there exists a continuous function V : | x R® — [ such that,

K L
(i) at,lyl)=V(,x)=b ((,2_31xi2)2 ) for m= k<= n, where the continuous function

a:IxI—=114s a(t,0)=0, a(t,r)>0 for r X0 and increases monotonically with respect to
t for each fixed r, and b (r) is continuous increasing, positive definite function,
(ii) Vi (t,x)=0 on [ xR",

Kk
(iii) V(i,(t,x)é —m, (t) for t and x such that .Elxizg 7% for any >0 and
is

|y |SH(H>O0), where f:m,, (t)dt= oo,
then the solution x=0 is asymptotically y—stable uniformly in x, from the region D,
Proof. First of all, we shall see that the solution x=0 is uniformly y—stable.
For any € >0, we can choose a §(¢)>0 so that b(8)<a(0,e¢).
We assume that a solution y (t,te,x0) for xg €D satisfies |y (t;,to,x0)| =¢€
at some t; >to. From (i) and (ii), it follows that
a (0,6)<a (ty,€)=a (t, | y (t1,to,x) D=V (t1,x (ty,t0,%0)) < V (to, x0)

k 1
= b((iélx?o)2)<b(6)< a(0,€e).

This is a contradiction, and hence, if xo €D, then |y (t,to,x0) | < € for all t=to,
which shows that the solution x=0 is uniformly y—stable.
By (iii), for any € >0 and any to € there exist 60 >0 and T (ty,e) > 0
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to+T
such that b( 8, ) =a (0, H) and tm',,(T)dT=a(0,H) for b(7)=a(0,¢).
0

We assume that V (t,x (t,to,x0)) = a(0,¢) for all t €(to,to + T). From (1) and (ii),
it follows that
to+'r_
0<a(0,e)s V(tg+ T,x(tg+ T, to,x0))=V (to,x0) + ftOV (r,x(7,t0,x0)) dr7.
Since the solution x=0 is uniformly y-stable, |y (t,to,x0)i = H for all t=t, and

further, by (1) , it follows that

Kk L
b(n)=a(0,e)sV (t,x (t,to,xe D= b((,Elx? (t,to,x0))2),

Kk - e . . o
and hence, 7%= iglx? (t,to,x0). Thus, the conditions of (iii) is satisfied,
therefore, we have

to+T to+T
V'(T,X(T.to,xo)) dts— mﬂ(r)dz-:_a(O:H)y
to to
and it follows that

k
0<a(0,6)5 Vlto,xo) ~al0, H)S b(( ZxkID) —a (0, H)S b(3p)-a (0,H) =0.

Thus, we can find a tE(tg,to + T) so that V(thx (Fto,x0))< a(0,€).
For some € >0, we assume that a solution y(t,to,%0) for xo €D
satisfies |y (t,to,xo)| = € at some t>t. Then there exists t' >t such that
Iy (t', to,x0) I =€ and |y (t,to,x0)| <€ for all t E(t't'). From (i), it follows that
a(0,e)<a(t,ly (tito,x0) 1 )= V(t) x (tto,x0)) = V(£ x (t5t0,%0)) < a(0,¢).

" This is a contradiction, and hence, if t=to+ T=t, then |y(t,to,x0) | <é. This shows

that the solution x=0 is asymptotically y—stable uniformly in xo from the region D.
Thus, the proof is completed.
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