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Some Generalization of Stability Theorem by Utilizing
Vector Valued Liapunov Function
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I, Introduction

It is well-known that A.M.Liapunov has discussed the stability of solutions of the
system of differential equations by utilizing a scalar function satisfying some conditions.
Liapunov's second method is a very useful and powerful instrument in discussing the
stability of the system of differential equations. Its power and usefulness lie in the fact that
the criterion of stability can be decided from the differential equations without any knowl-
edge of their solutions. However, it is very difficult to find the Liapunov function satisfy-
ing certain conditions. Therefore, it is important to obtain a weak sufficient condition for
a stability theorem.
In (1) , V.M. Matrosov obtained the test for stability with the simultaneous use of the |
several Liapunov functions. In this case, each function satisfies less rigid conditions than

the one function occurring in the corresponding theorem of Liapunov's second method.

His works show that the use of the several Liapunov functions can lead to a more flex-
ible theorem.

In this paper, we will state some generalization of Matrosov's stability theorem.

2. Definitions and Notations

Let I denote the interval 0= t<{e and R" denote Euclidean n-space. |
For x €R", let ll x 1l be any norm of x, and we shall denote by Su the set of x such

that Il x Il <H, H>O0.
We consider a system of differential equations

dx

(1) T f(t,x).

Suppose that f(t,x) is continuous in (t,x) on I x Sy and that f(t, x) satisfies the i
Lipschitz condition with respect to x, moreover f(t,0)=0.

Let us consider the real functions V;(t, x), Va(t,x), , Vk(t,x) which satisfy that
Vi(t,x) is a scalar continuous function in (t,x) on I X Sy (i=1, -+ , k) and let \./i (t,x) '
be the derivatives with respect to t, taken relative to the equations (1), and let Vi (t,0)=0, ‘
Vi (£,0) =0.

For the set of these functions V= (Vy, , Vk), we introduce the norm
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NVI=1V I+ + | Vi I .
Let Ry be sup{llV(t,x)lIl : (t,x) €Ix Sy} and G be {(t,x): tel, Il V(t,x)I<R, }.
where Rz > R, or Ry =,

Let the following system of equations be given
(2) _d_—Y.' = w; (t,yl JEETERES , yk) (i=1, ...... , k)'

where the functions w; are real and continuous on G, and w; (t,0) =0.
We introduce the following definitions.

(Definition 1.} The zero solution of the system (1) is said to be stable if for any € >0
and any to € | there exists (€, 1) >0 such that the inequality Il xoll < 8(e, to) implies
I x (t,to, x) I < € for all t=Zto, where x(t,to,xo) denote the solution of system (1) satisfy-
ing the initial condition x (tq,tg,x0) =Xo.

(Definition 2.) The zero solution of the system (1) is said to be uniformly stable if &
of (Definition 1.) is independent of tg .

(Definition 3.) The zero solution of the system (1) is said to be asymptotically stable
if it is stable and if there exists 0,(ty) > 0 such that Il xoll < 8¢(ty), x(t,tg,xe) —> 0 as
t — oo,

(Definition 4.) The zero solution of the system (1) is said to be uniformly attractive if
for any € >0 and to€I there exist >0 and T( ¢ ) >0 such that the inequality Il xoll <
0o implies IIx (t,to,xo)ll < ¢ for all t=ty + TCe).

(Definition 5.3 The zero solution of the system (1) is said to be uniformly asymptoti-
cally stable if it is uniformly stable and uniformly attractive.

(Definition 6.) The zero solution of the system ( 2) is partially stable with respect to
Vi, e » ym (1=m=k) if for any € >0 and any to €I, there exists §=8 (e, to) > 0 such
that llyoll <& implies |y;(t,tg, yo)l 4+ + lym(t,to,y0)l <e for all t=t,.

(Definition 7.) The zero solution of the system ( 2) is said to be partially uniformly

stable with respect to y;, ,¥m if 0 of (Definition 6.) is independent of tq .
(Definition 8.) The zero solution of the system (2) is said to be .partially asymptoti-

cally stable with respect to y;, = , ym 1if it is partially stable with respect to yj,--=*-- , ¥Ym

and if there exists 0o(tg) > 0 such that llyoll <0¢(ty) implies |y (t,to,yo)| + - +

lym (t,to,y0)l — 0 ast — oo,

(Definition 9.) The zero solution of the system (2) is said to be partially uniformly
asymptotically stable with respect to y;, - ,¥m 1if 1t 1s partially uniforihly stable with
resspect to yy, 2ym and partially uniformly attractive, i.e., if any € >0 and any to € I
there exixt 90> 0 and T=T(e)>0 such that llyell <38, implies |y (t,to,yo)| + - +
lym(t,to,y0) | < € for all t=ty+ T(e).

(Definition 10.) A scalar function U (t,x) is called positively definite if there exists a
continuous increasing function ¢ (r), where ¢(0) =0, such that ¢(Ixll )< U (t,x) holds
for all t=t,.

(Definition 11.) A scaler function U(t,x) admits an infinitesimal upper bound if there
exists a continuous increasing function ¢ (r), where ¢ (0)=0, such that U(t,x) < ol x1)
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holds in the neighborhood of the origin and for all t=to.

3. Preliminary Results

[Theorem A) Let there exist functions V,(t,x), , Vi (t,x)  possessing the following
properties in [ xSy :
(i) the functions V,(t,x)= 0, ,Va (t,x)2 0 (1=m™= k) and the function V,(t,x)
e + Vm(t,x) s positively definite
(il )  the derivatives relative to the system (1) are \./; (t,x)=w;(t,V)+ Wi(t,x)(i=1,,k),
where W;i(t,x)= 0 and are continuous,
(ii) each of the functions w;(t,V) is non-decreasing with respect to the functions V, -
Viet, Viep, oo , Vi in G,
If the zero solution y, =Q,----- .Yk =0 of the system (2) is stable (or asymptotically stable) with
respect to vy ----- ,ym under the conditions yo, 2 0, yom = 0,where yo= (yo, -, yox ), then the
zero solution x=0 of the system (1) 1is stable (or asymptotically stable)
[Theorem Bl If one adds to the hypotheses of Theorem A that

(iv) the functions V,(t,x), L Vk(t,x) admil an infinitessmal upper bound.
If the stability of the zero solusion of the system (2) is uniform with respect to ty( or the
asymptotic stability is uniform with respect to yo1,**, yom .to), then the stability of the zero solution

of the system (1) will be uniform with respect to t, ( or the asymptotic stability will be uniform with
respect to Xo and tg).

For the proof of these theorems, see (1.
[Theorem C) If X2:1 — R is a continuous function, the equation uy= A(t)u has a critical
point at the origin which is stable  uniformly stable or equi-asymptotically stable according to

t
(Ve (3A>0) (vizw) [1()ds= A,

0

t
(FA>0) (Vigel) (Vizt) [A(s)ds= A,

t
or(V tg €1) f;l(s)ds*-w as t — oo,
0

See (2.
4, Main Results

Before we state main results, we give the following lemma on differential inequalii;.iés
of Wazewski.
[Lemmal Let us consider the system (2 ). Suppose that each function w;(t,y) of the system
(2) is non-decreasing with respect to y1,""",yi-1, Yi+1 ", Yk in the some open region L.
Then for any point (t5,y0) 2 Q , there exist one upper integral y*(t,to,yo) and one lower integral
vy (t,to,y0) defined on (ty,a).

Moreover | let functions @1(t),,9x(t) be given continuously differentiable in the interval
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(to,a) such that ®i(tg)=yo; (i=1,- k) and (t,@,(t),,Px(t)) € & when t € (to, ).

If d—g"é(tl)— = wi (6, 21(8),, er(t))

(or Ei-idié;) > owi (Lo (L), (),

then @i(t) <y (tto,yo) (o0or @i(t) =y (t,to,y0) ) Sforall t €(to, @) (i=1, k).
For the proof, see (6].

[Theorem 1) Suppose that there exist the functions V,(t,x) , - Vk(t,x) s#isfying the following
conditions in 1x Sy :

(1)  the functions V,(t,x)Z 0, Vn(t,x) 20(=m=k), and a(t,lIx)=V,(t,x)
44+ Vanlt,x) , where a(t,r) is continuous in (t,r) on 1 xR and a(t,r)>0 for rx0,
a(t,0) =0,

(ii)  the derivatives relative to the system (1) are

{/i (t,x)=w; (t,V)+ W; (t,x) (i=1,--,k), where W; (t,x) = 0 and are continuous

(i) each of the functions w; (t,V) is non-decreasing with respect to the functions
Vi, Vi-1,Vis1,, Vk in G.

If the zero solution y,=0,,yx=0 of the system (2) is stable with respect to y), ,ym under the
conditions yo1 = 0, ,yom = 0,where yo=Cyo1,""",yok), then the zero solution x=0 of the system
(1) is stable. )
Proof. For any ¢ >0 (0<e < H), if we assume that
inf{V,(t,x)++Vnp(t,x) :t€l,Ixll= ¢ } =0, then there exists
(t) ,x1) €IxSy such that Ix;ll= ¢ and Vi(t,x) ++Valt,x)=0.
On the other hand, by (i) for =0, llx|ll= ¢, we obtain
Vit ,xi )+ +Vnlt ,x)) 2 alty,ll x;1)>0. This is a contradiction. Therefore we have
0<inf{Vy(t,x) ++Vnu(t,x):tel, lIxllze }=Ri1.
Therefore, if we take a positive number ©( € ) such that
p(e)<inf{ Vi(t,x) +-+ Vn(t,x) :t€], lIxll=¢€ }, then we have lxl <& when t= 0
and Vi (t,x)++Vn(t,x) S 0(e),

According to Wazewski's lemma, the existence of the upper integral y*(t,to,yo) of the
system (2) is guaranted. By virtue of the assumption of stability for the zero solution
of system (2) with respect to yi,**,ym when yo1=0,,yom= 0 along p(€e) for te=0,
we can find a positive number 0=04( 0 (€ ), to) (0<FH <o (e)<R,) such that

In*Ct,to,yo) I ++ L yh (t,to,y0) | <o (e) for all t=to when |ypl ++ |yox | = &g,
yon=0,",yom=0. Since V= (V,,,Vy) is continuous on IxSy, for ;>0 and to= 0
there is 7 =7 (8,,to) > 0 such that

(3) I Vilto,x0) | +-+4 | Vi(to,x0) | = 8o for all llxe I <7,

Let us show that for any xo €Sy and any to €1, I x(t,te,x0) il <€ for all t=to. If we
assume that this is not true, there exist x* €S, and t* >to such that x(t*, to,xp) =€,
but il x(t,to,x0) il <€ when tE(to,t*).

Let us set yo =Vi(to,x¢) (i=1,-,k). Then by (3),
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Lyl ++ Lybk | =1V, (to,x8) | +--+ | Vi(to,x0) | = 8o,
but according to the condition (i)
yvor =V (to,x5)= 0 , 0 ¥om =Vm(te,xd)<= 0, and by choosing 6o
Iy (t,to,yo) |+ 4+ |yt Ct,to,ye) | <p(e) for all t €(tg,t"). B
Let us consider the functions V; (t,x(t,tg,x0)) (i=1,--",k) which are continuously
differentiable with respect to t in the interval (to,t*+2t), where A\t > 0is sufficiently small.

By virtue of the condition (ii),

dvi; (t"‘d(t“"-"")) = wilt,V(tx(t.to.xe))) for all t E(tg.t* + AL).

Therefore, by applying Wazewski's lemma, we get
Vilt,x (t,to,xd))= yi (t,to,y0) (i=1,-,k) for all t €(te,t*], and consequently

EIV‘ (t,x(t,to,x0))= EII ye (t,to,y0) | <o (e).

Therefore we have
il x(t,to,x0)il <e for all t €(tg,t*) and in particular il x (t*,tg,xe)il <e,
which contradicts the assumption we have made. This proves the stability of the zero

solution of the system (1),

[Theorem 21 Under the same assumptions of Theorem 1, moreover we suppose that
(iv) [Vit,x) | = bi(ll xII), where the functions bi(r) are continuous, increasing and

positively definite, (i=1,"-*,k).
If the zero solution of the system (2) is uniformly stable with respect to y,,",ym under the
conditions yo1= 0, ,yom = 0, then the zero solution of the system (1) is uniformly stable,

Proof. By the same argument as in Theorem 1, for any € >0, we can choose
o(e) >0 such that o( e )< inf{ V|(t,x) + -+ Vn(t,x) :t€I, iIxil=¢ } and then we
have ilxil <€ when t=20 and Vi (t,x) ++Vn(t,x) =p(e),

Since the zero solution of ( 2) is uniformly stable with respect to y;, ", ym under the

conditions yo1 = 0, ,yom = 0 for any to€Il, there exixts &§ =68 (p( € ))>0 such that

Lyt Ctuto,yo) | ++ Tyn(t,to,y0) | <ple) for all t=to, if lyoy | ++ |y | =9
yor= 0, ,yom = 0. By the condition (iv), there exists 7=7(§(€)) >0 such that
b(7)< 8, therefore, ifil xg il <7, |V (to,x0) | ++ | Vk(to,x0) | <& for any to €I.
By the same argument as the one in Theorem 1, -it can be proved that for any to €1
and any x0€S,, il x(t,to,x0) Il <€ for all t=to, which shows the uniform stability of the

and

zero solution of the system (1),
Next, we shall discuss the theorems on asymptotic stability and uniformly asx'rnptotic

stability of the zero solution of the system (1).
(i) in Theorem 1 is replaced by

and
s condinuous in (t,r) on

[Theorem 31 If the condition

(i) Vi(t,x)=0,,Vn(t,x) 2 0(Us m=k),
alt, I xl1) =Vi(t,x) ++Vy(t,x), where a(t,r)
a(t,r)>0 for rXx0, a(t,0)=0 and a(t,p(t)) =0 implies p(t) -0 as t—.

[xR,
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If the zero solution yy =0, ,yxk =0 of the system (2) is asymptotically stable with respect to
Yi. . ¥Ym under the conditions yo1 = 0, yom = 0, then the zero solution of the system (1) is
asymptotically stable,

Proof. By Theorem 1, the zero solution of (1) is stable. Since the zero solution
of (2) is asymptotically stable with respect to y1,",ym under the conditions
yo< 0, ,yom= 0, for any € >0 and any to€1 there exists T=T (€, to,yo) >0 such that

m

yi (t,to,yo) | <e forall t=2ty+ T when yo€Ss; and x0€S,, where: §o and

7 are these in Theorem 1. According to (ii), by applying Wazewski's lemma, we get

K]

i>?._lVi(t,.\{(t,to.xo)) <€ forall t=to+ T.

‘™3

Thus, for lixg IS 7 we have Ei.m Vi (t,t0,%0))=0.

1

According to (1), since a(t,ll x (t,to,xo)1)< V(t,x(t,to,X0)), we have lti*rg!lx(t,to.xo)" =0.
Therefore the zero solution of (1) is asymptotically stable.

Same TN TN, .

[Theorem 4] Suppose that there exist the functions Vi(t,x),Vi(t,x) defined on 1 x Sy
satisfying the following conditions :
(i) Vitt,x)=0,,Vu(t,x) 20 (Ism=k), and
alt,llxll) = Vi(t,x) + +Vu(t,x) , where a(t,r) is continuous in (t,r) on IXxR and
a(t,r)>0 for r %0, a(t,0)=0,
(ii) the derivatives relative to the system (1) are
\./i (b, x)=w; (t, V) +W; (t,x) (i=1,,k), where W;(t,x)= 0 and are continuous

)

(iii) each of the Jfunctions w,(t,V) is non-decreasing with respect lo the functions
Vi, o Vior, Vier, -, Vi in G,
(iv) Vi, x) I=bi (IxI1) (i=1,,k), where bi( r) is continuous, increasing and

positively definite

If the zer solution y) =0,---,yx =0 of the system (2) is uniformly asymptotically stable with

respect toy, -y, under the conditions yo = 0, yom = 0, then the zero solution of the system
' (1) is uniformly asymptotically stable,

Proof. By Theorem 2, the zero solution of (1) is uniformly stable. We shall prove
that the zero solution of (1) is uniformly attractive. By the same argument as in Theorem 1,
it can be proved that for any € >0 if we take o( € ) >0 such that
p(e)< inf{Vi(t,x) ++Vn(t,x):tel,lxli=e )} then we havellxl<é when t= 0
and V) (t,x) ++V(t,x)=po(e).

Since the zero solution of (2) is uniformly attractive, for any ¢ >0 and any to€l,
there exist >0 and T=T(e)>0 such that if

m
l'yo | ++ 1y =0 and yu =0, yom= 0, then Zx' yi(t, to,y0) | <o (&) for all
£~

t=ty + T. According to the condition (iV), we can choose & >0 such that b(§,)<d
where b (r) =b(r) +--+br).

v;
)
|
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k
For any t€l and lixoll=§, we have Z |V;(to,x0)|<5.

Let us assume that for to and llxoI< &,, there exists t*> to + T such that
ITx (t*, to, x0 )l =€ , Il x (t,t0,x0) | <& for all tE(ty + T,t*).

We put yo;i = Vi (to,x0) (i=1,-",k). By the choosing 9§,
m
E_,ll vy (tto,ye) | <o (e) for all tE€(to + T,t*) because

fyorl++lyox =1 Vi(to,x0) |+ -+ [ Vi (tg,x0) 1 <8, yoar=Vi(to,x0)= 0
TyYom =Vm(to,Xo)20.

m m
By virtue of (ii), EﬁlVi(t,x(t,to.xo))$i§1|yf(t,to.}'o)|
m
by applying Wazewski's lemma, and consequently glvi (t,x(t,to,x0 ) <o C(e)

for all t E(to+ T,t*). Therefore we have | x(t, to,x0) !l <é for all tE€(ty +T,t*), and in
particular Il x(t%to,x0) Il <€, which contradicts the assumption we have made. Therefore
the zero solution of (1) is uniformly attractive. This completes the proof.

5. Example

Let us consider the equation
%tﬁ = (sint+e™) x+ (sint— e Dy—(x3+ xy? sin?t
(E)

%{—-f (sint—e D x + (sint+e Dy—(x*y+y®) sin’t

and define the functions V;(t,x,y) and V2 (t,x,y) as follows :
Vilt,x,y)= %e"(x-i-y)2 , Vo (t,x,y)= —%—e"(x—y)z.

This function Vi (t,x,y) does not satisfy the conditions of our theorem,
because V) (t,x,y)=0 as x=—y. The function Vo (t,x,y) doesn't, either.

However if we consider the vector V= (V;,V2), then we see that this function V
satisfies our results as follows.

1°) It is clear that Vi (t,x,y)=0, Vo(t,x,y)=0 and V,+Vy=e'(x%+ y?). We set
a(t,r) =et'r?. This function satisfies that a(t,r) >0 for r*0, a(t,0) = 0.
The inequalities V;=%e ' (x+y)? = x*+y? and V; =5e ' (x—y)?=s x?+y?
imply that V; and V; have the infinitesimal upper bound.

2°) By the simple calculation, we have \'/’1 =wy (t,Vi, Vo) + W (t,x,y),

where w;(t,V;,V2)=4sint-V; which is non-decreasing with respect to Vz and
W (t,%,y)=— (x+y)2(x2+y?)e'sint—4e ' (x+y)? which is negative and continuous
in t,x and y.

e

Also we have Vao=wsy (t,V,Vz)+ W2(t,x,y), where wz(t,V,,Vz)=4e'V; which is
non-decreasing with respect to Vi and
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Wz (t,x,y) =— (x—y)¥( x2+y?)e 'sin®t ——;e"(x—-y)2 which is negative and continuous
in t,x and y.

3°) Consider the system

ayi_ 4oy
dt 4sint- y,

(E)" g -
‘ t
‘ For any to= 0, we have f 4sin sds= 4a/2 and ft 4e°ds = 4.
i

Therefore, by Theorem C, the zero solution of (E) is uniformly stable.
Applying our theorem, we have found that the zero solution of (E) is uniformly stable.
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