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l｡ Introduction

Itiswell-knownthatA.M・Liapunovhasdiscussedthestabilityofsolutionsof the

systernofdifferentialequationsbyutilizingascalarfunctionsatisfyingsomeconditions.

Liapunov､ssecondmethodisaveryusefulandpowerful instrument indiscussingthe

stabilityofthesysternofdifferential equations. Itspowerandusefulness lie inthefact that

thecriterionofstabilitycanbedecidedfromthedifferentialequationswithoutanyknowl-

edgeoftheirsolutions. However, it isverydifficult tofindtheLiapunovfunctionsatisfy-

ingcertainconditions. Therefore, itisimportanttoobtainaweaksufficientconditionfor

astabilitytheorern.

In(1] ,V.M・Matrosovobtainedthetest forstabilitywiththesimultaneoususeofthe

severalLiapunovfunctions. Inthiscase, eachfunctionsatisfies lessrigidconditionsthan

theonefunctionoccurring in the correspondingtheoremofLiaPunov･s secondmethod.
HisworksshowthattheuseoftheseveralLiapunovfunctionscanleadtoamoreneX-

ibletheorern.

Inthispaper,wewill statesomegeneralizationofMatrosov'sstabilitytheorem.

､

’
2．DefinitionsandNotations

’

Let ldenotetheintervalO≦t<ooandR"denoteEuclideann-space.

ForxERn , let llxll beanynormofx, andweshalldenotebySHthesetofxsuch
that llxll<H,H>0.

Weconsiderasystemofdifferentialequations

dx
(1) -*z-=f(t,x).dt

Supposethatf(t,x) iscontinuousin(t,x)onl×SH andthat f(t,x) satisfies the

Lipschitz conditionwithrespecttox,moreoverf(t,0)=0. ".･

LetusconsidertherealfunctionsV,(t,x),V2(t,x),……,W(t,x) which sati¥y $hat
Vi(t,x) isascalarcontinuousfunctionin(t,x)on l×SH(i=1, ･･…･ ,k) andletVi (t,x)
bethederivativeswithrespecttot, takenrelativetotheequations(1), andletVi(t,0)=0,
●

Vi(t,0)=0.

For the set of these functionsV=(V,,･･････,Vk),we introduce thenorm

’

’
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IIVII=IVI I+……+IVkl･

LetR, besup{ IIV(t,x)ll : (t,x)el×SH } andGbe {(t,x) : tEI, IIV(t,x)||<R2 },

whereR2>RI orR2=o｡ ●

Let thefollowingsystemofequationsbegiven

dvi
(2) 一｣=wi (tlyl l……,yk) (i=1,……,k) ,dt

wherethefunctionswi arerealandcontinuousonG, andwi (t,0)=0.

We introducethefollowingdefinitions.

(Definition l.) Thezerosolutionofthesystem(1 ) issaidtobestableifforanye>0

andanytoEI thereexists6(E, to)>0suchthattheinequalityllxoll<6(E, to) implies

llx(t,to,xO)II<e forall t≧to,wherex(t,to,xo)denotethesolutionofsystem(1)satisfy_
ingthe initial con(litionx(to,to,xo)=xo.

(Definition2.) Thezerosolutionof thesystem(1) issaid tobeuniformlystable if 6
of (Definitionl.) is independentofto.

(Definition3.] Thezerosolutionofthesystem(1 ) issaidtobe asymptotically stable
if it isstableand if thereexists60(to)>0 suchthat llxoll<60(to), x(t,to,xo)－→0as
t －－→ ‘幻

●

(Definition4.) Thezerosolutionofthesystem(1 ) issaidtobeuniformlyattractive if
forany E>0andtoEI thereexist 60>0andT(E)>O suchthattheinequality llxoll<
60 implies llx(t,to ,xo)ll<e forall t≧to+T(E) .

[Definition5.] Thezerosolution､ofthesystem( 1 ) issaidtobeuniformlyasymptoti-
callystableif it isuniformlystableanduniformlyattractive.

[Definition6.] Thezerosolutionofthesystem(2) is partially stablewithrespectto
y】 ，……,ym(1≦m≦k) ifforanyE>0andanytoEI, thereexists 6=6(E , to)>Osuch

that llyoll<6 implies ly,(t,to,yo)|+……+ lym(t,to,yo)|<E forall t≧to.

[Definition7.] Thezerosolutionofthesystem(2) issaidtobepartiallyuniformly
stablewithrespect toy, ,……,ym if 6of [Definition6.] isindependentofto .
[Definition8.] Thezerosolutionofthesystem(2) issaidtobe'partiallyasymptoti-
callystablewithrespect toy, , ･ ･…． ,ym if it ispartiallystablewithrespecttoy,,……,ym
andifthereexists60(to)>O suchthat llyoll<60(to) implies lyl(t,to,yo) | +……＋
lym(t,tO,yO) | －→0ast -－→。。 ●

[Definition9.) Thezerosolutionof thesystem(2) issaidtobepartiallyuniformly
asymptoticallystablewithrespect toy, ,……,ym ifit ispartiallyuniformlystablewith

resspecttoyl ,……,ymandpartiallyuniformlyattractive, i.e., ifanye>0 andany toEI

thereexixt 60>0 andT=T(E)>O suchthat l lyoll<6o implies lyl (t,to,yo) |+･…．．＋
lym(t,to,yo) |<e forall t≧to+T(E).

[DefinitionlO.] AscalarfunctionU(t,x) iscalledpositivelydefiniteifthereexistsa
continuousincreasingfunction？（r），where？（0）＝0， suchthatや(llxll ）≦U(t,x) holdS
forall t≧to.

[Definitionll.) AscalerfunctionU(t,x)admits aninfinitesimal upperboundifthere

existsacontinuousincreasingfunction9ｸ（r），where 9ｸ（0）＝0， suchthatU（t,x)≦9ｸ(llxll）

｜
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1

holdsintheneighborhoodof theoriginandforall t≧to.

3. PreliminaryResults

【TheoremA] Z,""Je7℃〃isfん"c"O"SVI (t,x),……,Vk(t,x) 加s%ssi"g"Ie/b//oz4ﾉ伽9

'mbeγ〃es"I×SH:

(i) /〃ん刀c〃O"SVI(t,x)≧0,……,Vm(t,x)≧0 (l≦mrZk) α〃＃純ん"c"o"VI (t,x)

十･･…･+Vm(t,x) jS加s""e/yd"j"〃e ，
●

(ii) "2ede7'j"α〃"9s形/α〃"e/O＃加砂s/"" (1) αγeVi(t,x)=wi(t,V)+Wi(t,x)(i=l,…,k),

z"/WFWi(t,x)≦0 α咽α花CO"〃""O"S ，

(iii) "cZ〃幼e〃"C"O"Swi(t,V) jS"O刀-dec7msj"z"〃ん""ecj jo"te/Mc"o"sVI,･． ． ． ． ． ，

Vi_, ,Vi+1 ,……,Vk"G.

〃幼eZe7汐so〃〃o"yl=0,･….. ,yk=00/"ieayS""(2) iSS舷〃e(0γαSy"2"わ〃αz//ys"6/e) z"肋

”功“/功yl ,……,ym 〃〃”幼eαﾌ〃j〃O"Syol≧0,…,yOm≧0,z4ﾉ"e"y｡=(yol ,…,y｡k) , "2e7@ ′舵
ze7℃”/鰯jo"x=0qf"3eSys""@ (1) jss"6/e(oγαSy沈〆o〃"//ys/gbﾉe).

【TheorernB】 "072eα〃s加/舵〃y加妨e影sq/TheoremA/〃／

(iv)"ie〃"c"O"SVI (t,x) ,･…･･ ,Vk(t,x) (zd"z〃α〃j〃メガ〃9s〃α/"""加"” ●

〃/加郎α6〃伽qf"2ezeγひ""sjo〃〃/加砂sfe772 (2) is〃"油γ加伽/〃γ巴s力〃/o to(0γ 的e

@Sy"2p加〃Csｵα〃〃〃js〃"油γ沈伽的7℃功eC//Oyol. ,…,yOm,tO),"2e72r舵Sm〃"/yo//舵z"o"/""0〃

o/･t"eSyS陀沈(1)伽〃加邸冗加γ"z"j/〃形妙“/mto(o「幼e@sW721/o"cs/(z6j〃〃醜〃bez"z物γ沈め肋

7'esb"r toxOα〃to).

Fortheproofofthesetheorems,see [1).

〃s acγj〃”ノ【TheorernC】〃ス : I→Risa""/WJo"sん"c"O"，幼g〃”〃0"u=ス(t)u

加j〃αr幼go"g", zMjcIZ jss/α〃e,〃"肋γ"/yS/α〃eoγ〃"-czsW"/o"""ys"6/eaccO泡j咽/O

心《｡)…(VtoEI) (3A>0) (Vt≧to)

"(｡)d｡≦A,(JA>0) (VtoEI) (Vt≧to)

"(｡)d｡--",一…07,(VtoEI)

See [2).

4．MainResults

Beforewestaternainresults,wegivethe followinglemrnaondifferentialmequalities

ofWazewski.

【Lemma] L鈍〃sco"s"""@eSystefw(2).SzJppose的α＃""ん"C"0"wi (t,y) Q/"leSyS/e"@

(2) js"o"-decγazs"gz""ん""ec＃加yl ,…,yi-1 , yi+1 ,…,yk j冗肋eso液eOp”7噸jO〃 j2．

丁膨れんγα"y加j"(to,yo)eg,""e"jsjO"e""""/ag7itZ/y+(t,to,yo) α〃0"eノα"γ加彫97tz/
y~(t,to,yo) d戚"αメ0" [to,").

MO7'go"e7', /"ん"c虎o〃s甲，（t）,…〃k(t) 6egjzﾉg〃CO"〃""o"s/ydWb"""α6/ej〃 /舵j伽e7ﾉαノ
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(to,cz) sIM/肋／ 印i（to）＝yoi （i＝1,…,k) α湖（t〃1（t）,…,甲k（t)）Ej2妙加刀 tE[to,").

型_望_山2－≦w, （t,？!(t),…,ハ(t)）〃
dt

dPi（t）(oγ一＝毫Wi （t,？,（t） ，…〃k(t)),
dt

伽刀やi(t）≦y『(t,to,yo） （0γ91(t）≧yr(t,to,yo) )/bγα〃te(to,") (i=l,…,k).

Fortheproof, see (6).

【Theorem l] S”加蛇＃加/幼e7eexis＃肋gん刀c"O"SVI(t,x) ,…,V.k(t,x) 虹"W蝿／舵ん〃024ﾉj増

co"di"o"s"I×SH :

(i ) /heん"c"07JSVI (t,x)≧0,…,Vm(t,x)≧0(l≦m≦k), q"da(t, IIxII )≦VI(t,x)

＋…+Vm(t,x) , z""e7ea(t,r) iS""""zJO"Sj"(t,r) O" I×Ra咽a(t,r)>0んγ rf0,

a(t,0)=0,

(ii) /加伽γj"α伽9s〃α〃"e加妨eSysie772 (1) α形
●

Vi (t,x)=wi(t,V)+Wi (t,x) (i=l,…,k), z4ﾉｶ""eWi (t,x)≦0α湿αγgCO"〃""O"S ，

(in) "碗〃f舵／〃C"07@Swi(t,V) iS"O"-de℃71"sj昭伽娩形ゅ”わ＃純血沈"O刀S

VI ,…,Vi-, ,Vi+1 ,…,Vk"G.

〃〃ieze71oso/"〃o"yl=0,…,yk=0Q/"leSyS/e772 (2) jSs""ez4ﾉ〃ﾉ2 7F""j加yl ,…,ym 〃?””幼e

COMMO"Syol≧0,…,yOm≧0,2"んe7℃yo､yol ,…,yOk), "'e72 ＃舵Ze7℃SOJ"〃o"x=0 0/"eSysew

(1) iss〃〃e
●

Proof. Foranye>0 (0<e<H), ifweassumethat

inf{VI (t,x)+･･･+Vm(t,x) : tEI, IIxII≧e }=0, thenthereexists

(tl ,xl)EI×SH suchthat llxl ll≧E andVI(t, ,x,)+･･･+Vm(t, ,x,)=0.

Ontheotherhand,by (i) fort,≧0, llxl ll≧e,weobtain

VI (t, ,x, )+…+Vm(t, ,x,)≧a(t,,llx,ll)>0. Thisisacontradiction.Thereforewehave

0<inf{VI(t,x)+…+Vm(t,x) : tEI, IIxII≧6 }≦R1.

Therefore, ifwetakeapositivenumber P(E) suchthat

p(E)<inf{VI(t,x)+…+Vm(t,x) : tEI, llxll≧6 } , thenwehave llxll<ewhent≧O

andVI (t,x)+…+Vm(t,x)≦p(E).

AccordingtoWazewski,slemma, theexistenceoftheupperintegraly*(t,to,yo) ofthe

system(2) is guaranted. Byvirtueoftheassumptionofstabilityforthezerosolution

ofsystem(2)Withrespecttoy, ,…,ymwhenyol≧0,…,yOm≧OalongP(e) forto≧0,

wecanfindapositivenumber60=60(p(E) , to)(0<60~<p(E)<RI) suchthat

lyl+(t,to,yo) | +…+lyjh(t,to,yo) |<p(6) forall t≧to whenlyo,l+…+lyOk l≦60,

yo1≧0,…,yOm≧0． SinceV=(VI ,…,Vk) iscontinuousonl×SH, for60>0andto≧O

thereis 77=77(60 , to)>0 suchthat

.(3) IVI (to,xo) |+…+IVk(to,xo) |≦60 forall llxo ll<万・

Letusshowthat foranyxoES,7andanytoEI, llx(t,to,xo)11<e forall t≧to. Ifwe

assumethatthisisnottrue, thereexistx¥ESw andt'>to suchthat x(t',, to,x;)=E l

but llx(t,to,x;)||<eWhentE[to,t'@).

Letussety;!=V! (to,xi) (i=l, ･･･ ,k). Thenby(3),

I
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ly;!|+…+ly;k l=IVI(to,x;)|+…+IVk(to,x6) |≦60,
butaccordingtothecondition( i )

y6,=V! (to,x;)≧0,…,y;m=Vm(to,xr)≧0,andbychoosing60

ly,+(t,to,y;) |+…+ly$(t,to,y;) |<p(E) forall te(to,t"j.

LetusconsiderthefunctionsV! (t,x(t,to,x6)) (i=1,…,k) whicharecontinuously

differentiablewithrespect tot inthe interval (to,te+dat),wh(:rcAt>0issufficiPntlysmall.

Byvirtueofthecondition(ii) ,

dV! (t,x(t,to,x;))≦w! (t,V(t,x(t,t｡,x;))) f｡rall tE[t｡,t"+4t).
dt

Therefore,byapplyingWazewski･slemma,weget

Vi(t,x(t,to,xr))≦yr(t,to,y6) (i=1,…,k) forall tE(to,t.), andconscqucntly
rn rn

ZV! (t,x(t,to,x;))≦三,lyi(t,to,y;) |<p(e)･i＝l

Thereforewehave

llx(t,to,x;)II<e fbrall te(to,t"] and inparticular l lx(t｡ ,to,x;)11<e ,

whichcontradictstheassumptionwehavernade・ Thisproves thcstabilityof thezero

solution ofthesystem(1).

忠

ﾄﾖ1 6

ﾛ？

0

【Theorem2] [/"d""ie"z"zeasS況加'〃O"s〃T"”7画〃 1， ”207画zﾉeγz"eszippo"〃Iα′
(iv) IVi(t,x) |≦bi( llxll ), Z""g形妨eん"c"072sbi(r) α花CO"〃""o"s_ "@c7'"sj昭α〃9

pas〃zﾉe/yda/伽〃e, (i=1,…,k).

〃/"eze71oso〃〃o"Q//"esys""z (2) js〃"伽γ"/ys"6/ez"〃んγe"ec/ /oy' ,…,ym〃〃eγ〃22

CO"αj〃O"S yol≧0,…,yOm≧0, "ie7@"Zeze7りso/"〃O〃〃//2eSys/e"@ (1) is〃"物γ祝〃s/α〃e ●

Proof. BythesameargumentasinTheoreml,foranye>0,wecanchoose

P(e)>0 suchthatp( e)<inf{VI(t,x)+…+Vm(t,x) : tEI, l lxi l≧E } andthenwe

have ilxll<ewhent≧0andVI (t,x)+…+Vm(t,x)≦p(E).

Sincethezerosolutionof (2) isuniformlystablewithrespect toy, ,･･ ･, ymunderthe

conditions yol≧0,…,yOm≧0 forany toEI, thereexixts 6=6(p( E ))>0 suchthat

lyf(t,to,yo) |+…+|yf(t,to ,yo) |<p(E) forall t≧tO, if lyO, l+･ ･･+lyOk l≦6 and

yol≧0,…,yOm≧0． Bythecondition（iv)， thereexists v＝〃（6（6））＞O suchthat

b(77)<6, therefore, ifllxo l l<77 , IVI (to,xo) |+…+IVk(to,xo) |<6 foranytoEI.

Bythesarneargurnentastheone inTheoreml, .itcanbeprovedthat forany toEI

andanyxoESW, ||x(t,to,xo) ||<e forall t≧to,whichshowstheuniformstabilityofthe

zerosolutionof thesystem( 1).

Next,weshalldiscussthetheorernsonasymptoticstabilityanduniformlyasymptotic
･●p

stabilityofthezerosolutionofthesystem( 1).

【Theorern 3】 〃肋ecoMj加刀 (i) "T""だ籾 l isγ印ねcedb"

( i/ VI (t,x)≧0,…,Vm(t,x)≧0(1≦m≦k), α"d

a(t, I IxII )≦VI (t,x)+…+Vm(t,x) , 2"h"ea(t,r) /sco"虎""0"s"(t,r) 0" I×R,

a(t,r)>0んγrキ0, a(t, 0)=0 c"da(t,p(t))→O j加伽esp（t）→0 as t→｡。 ●
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〃//ieze7'oso〃"o" yl=0,…,yk :=0〃幼esys/e"z (2) isαり加〆0面cα〃yS/αb/ez"j幼γe"ec/ io

yl ,…,ym ""d""ieCO"di"O"SyOl之0,･･･ ,yOm≧0, "j〃〃2eZe7りso〃〃o"Q/＃舵SyS/e"2 (1) js
dSy772p/o"cα〃ys"6/e ●

Proof. ByTheorem l, thezerosolutionof ( 1 ) isstable・ Since thezerosolution

of (2) isasymptoticallystablewithrespect toyl ,…,ymundertheconditions

yol三･0,…,yOm掌' 0,forany e>0andanytoEIthereexists T=T(E,to,yo)>0suchthat
nl

Zlyr(t,to,yo)|<e forall t≧to+TwhenyoES6 andxoES",where･ 60 and
i－l

"arethesc inTheorcm l. Accordingto(ii), byapplyingWazewski,slemma,we get
nl

ZVi (t,x(t,to,xO))<e forall t≧to+T.
i ・ロ’

I rn

Thus, for llxo ll≦" wehave limZVi (t,to,xo))=0.
1 ．－ i－l

Accordingto ( i ), sincea(t, llx(t,to,xo)ll )≦V(t,x(t,to,xo)),wehave limllx(t,to,xo)II=0.
t→oo

Thereforethezerosolutionof (1 ) isasymptoticallystable.

【Theorem4] S"加se"la/ //W℃erisi"ieルガC"o"s VI(t,x),…,Vk(t,x) de/"edO" I×SH
錘〃s/Wzgノルe/b//ot"j"gco"d"jo"s :

( i ) VI(t,x)≧0,…,Vm(t,x)≧0 (1≦m≦k), α"d

a(t, llxll ) ≦VI (t,x)+…+Vm(t,X) , "ﾉﾉ227Fa(t,r) isco加加"oz4s"(t,r) o" I×R α刀d

a(t,r)>0 /b7 r=0, a(t,0)=0,

( ii) /hederj"α〃zﾉes"/α〃zﾉe/o"2esys/e772 (1) α花
●

Vi (t,x)=wi (t,V)+Wi (t,x) (i=1,…,k), z"ﾉ29?℃Wi(t,x)≦0 α"dαγeco"/伽"O"S,

(iii) eacli〃〃2eん"C伽"Swi(t,V) iSwO"-dgC7F〔zs2噌伽的7℃幼gc/加／"eん"C"0"S

Vi ,…,Vi-, ,Vi+, ,･． ･ ,Vk i"G,

(iv) IVi (t,x) |≦bi ( IIxII ) (i=l,…,k), z"ん97℃bi(r) is co加加"O"s,〃C7azs釦gα"d
,0sj〃"吻da/Y"〃e ●

〃"lezemso/"加刀y'=0,･･･ ,yk=0 qf"2esys花加(2) is〃刀加γm/yaSy加〆o〃cα"yS舷〃e伽幼

"esbec/ /oyl ,…,ym""d""2eCO"dj"0"SyO,≧0,…,yOm≧0,/舵〃肋eZe”so/""0〃〃的e砂Sfg加
(1) js〃"油γ籾/yaSy加〆0〃cα〃ysi(z6/e ●

Proof. ByTheorem2, thezerosolutionof (1) isuniformlystable. Weshallprove

thatthezerosolutionof(1.) isuniformlyattractive. BythesameargumentasinTheorem l,

itcanbeprovedthat foranye>0 ifwetake ｣o(6)>O suchthat

p(E)<inf{VI(t,x)+…+Vm(t,x) : tEI, IIxII≧E } thenwehavellxll<ewhen t≧O
andVI (t,x)+…+Vk(t,x)≦p(6).

Sincethezerosolutionof (2) isuniformlyattractive, foranye>0andany toEI,
thereexist 6>0andT=T(E)>0suchthat if

nl

l yol l+…+lyOk l≦6and yol≧0,…,yOm≧0, thenZ! lyr(t,to,yo) |<p(｡) [oral]
t≧to+T・ Accordingtothecondition(iv),wecanchoose6,>O suchthat b(61)<6,

J ● 今

whereb(r)=bl(r)+…+bk(r).
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k

Forany toEIand llxo ll≦6! ,wehaveZ,IV! (to,xo) l<6.i－1

Letusassurnethatfor to and llxo ll≦6,,thereexists t･>to+T suchthat
llx(tf,to,xo)II=E , llx(t,to,xo) ||<e forall tE(to+T,t*).
Weputyoi=Vi (to,xo) (i=1,･･･ ,k). Bythechoosing6,
『n

Z,lyt(､,to,yo) |<p(-) forall te(to+T,t"j because

|yoll+…+lyokl=IVI (to,xo) |+…+IVk(to,xo) |<6, yo,=VI (to,xo)=0

･･･ ,yom=Vm(to,xo)≧0．
rn nl

Byvirtueof (ii), !=,V,(t,x(t,to,Xo))≦i=ily;(t,to,yo) |
『n

byapplyingWazewski.slernma,andconsequently !=,V! (t,x(t,to,xo))<p(E)

forall tE[to+T,t*). Thereforewehave llx(t,to,xo) ||<e forall tE[to+T,t｡), and in

particularllx(tato,xo)ll<e,whichcontradictstheassumptionwehavemade.Therefore

thezerosolutionof (1) isuniformlyattractive・ Thiscompletestheproor.

1県q
q4

fU‘

5｡Example

Letusconsidertheequation

dx
=(Sint+e-t)x+(Sint-e-t)y-(x3+xy2) sin2tdt

(E)

¥=(sint-e-()%+(sint+e-I)y-(x2y+y' ) @m2$dt

anddefinethefunctionsVI (t,x,y)andV2(t,x,y)asfollows :

V!(t,x,y)= e-((x+y)',V2(t,x,y)=/e-!(x-y)a
ThisfunctionVI (t,x,y)doesnotsatisfytheconditionsofourtheorem,

becauseVI (t,x,y)=0asx=-y. ThefunctionV2(t,x,y)doesn't, either.

Howeverifweconsidel@ thevectorV=(V, ,V2), thenweseethat thisfunctionV

satisfiesourresultsasfollows.

1｡) Itisclearthat VI (t,x,y)≧0, V2(t,x,y)≧0andV,+V2=e~t(x2+y2). We set

a(t,r)=e-tr2・ Thisfunctionsatisfiesthat a(t,r)>0 for r¥0, a(t,0)=0.

Theinequalities V,= e-t(x+y)2≦x2+y2andV2= e~((x-y)2≦X2+y2
irnplythat Vl andV2havetheinfinitesimalupperbound.

●

2｡) Bythesimplecalculation,wehaveV,=w, (t,V, ,VZ)+W, (t,x,y),
昏●ぐ

wherew1(t,V1 ,V2)=4sint・V,whichisnon-decreasingwithrespect toV2 and

W, (t,x,y)=-(x+y)2(x2+y2)e-(sin2t--;e~!(x+y)'which isnegativeandcontinuous
int,xandy.

●

Alsowehave V2=w2(t,V1 ,V2)+W2(t,x,y),wherew2(t,VI ,V2)=4e~tV2whichis

non-decreaSmgwithrespecttoV, and
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W2(t,x,y)=-(x-y)2(x2+y2)e-1sin2t一合e-t(x-y)2which isnegativeandcontinuous
in t,xandy.

3｡) Considerthesystem

且¥=4sint･y1dt

(Eノ′
¥=4e-!y2.dt

K4sinSd｡
t

4"and r:dor』smsds≦4″and ‘‘4e~ods≦4Forany to≧0,wehave
to

Therefore, byTheoremC, thezerOsolutionof (E)~ isuniformlystable.

APPlyingourtheorem,wehavefourldthat thezerosolutionof (E)Euniformlystable.

I

0
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