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1. Introduction 

Explicit soIutions of differentiaI equations are often whoIly out of the question. 

Our purpos巴 insoIving most of the differentiaI equations is to see their qualities rather than 

the concrete expressions of their soIutions such as series or elementary functions. 

Liapunov's second method enables us to decide stability and boundedness from the differentiaI 

equations without any knowledge of their soIutions. (cf. ( 1 J， ( 5 J， ( 6 J) 
C.Corduneau ( 2 J and H.A.Antosiewitz ( 3 J observed that the Liapunov's second method 

depends basicaIly on the fact that a function u( t) satisfying the inequality u( t)ζw(t， u(t)) 

(u( to)く ro)is majoriz巴dby the maximaI soIution of the scalar differentiaI equation r=w(t，r)，r(to)=ro 

In this paper， using this method， that is， by the comparison with a scalar differentiaI equation， we 

巴xtendthe Liaqunov's second method to various partiaI stability theorems of the system of the 

clifferentiaI equation. 

2. Definitions and Notations 

。，

Let 1 denote the intervaI 0ζt<∞ and Rn denote EucIidean n-space. For x E Rn， Iet 11 x 11 be any 

norm of x. Let n> 0 and m> 0 be two integers， and consider the two continuous functions 

f: IxDxRm→Rn， g: 1 x D x Rm→Rm， where D is a domain such that 11 x 11 <hζ∞，lIyll<∞(h> 0 ).We 

assume that f (t， 0， 0 ) == 0 and g (t， 0， 0 ) == 0 for any t E 1 and further that f and g are smooth 

enough in order that， through every point of IxDxRm， there passes one and only one soIution of the 

differentiaI system 

且互=f(t，x，y) 旦工 =g(t，x，y). (1) dt ."， '.'J" dt 

Let the soIutions of ( 1 ) be y-prolongeable. A soIution through a point (to， Xo， yo) in 

IxD xRm wiU b巴 denotedby a form as (x (t， to， Xo， yo)， y (t， to， Xo， yo)). 

Suppose that there exists a scalar differentiaI equation 

且ヱ=w(t， v)， 
dt 

(2) 

where w is the continuous function defined on 1 x R， w (t， 0) == 0 and satisfies the conclitions which 

ensure the existence and uniqueness of the soIutions of ( 2 ). A soIution through a point (to， vo) 

in 1 x 1 wiIl be denoted by such a form as v (t， to， vo )ー

We introduc巴 thefoIlowing definitions 

【Definition 1] Th巴 soIutionv = 0 of ( 2 ) is stable， if for any e > 0 and any to E 1， there exists 

a d'( to，ε) > 0 such that if vo < d'(to，ε)， we have v(t， to， vo)<εfor aIl t;;;;>to・

[Definition 2 ] The soIution v = 0 of ( 2 ) is uniformly stable， if the o above is independent of to・

【Definition 3] The soIution v = 0 of ( 2 ) is asymptoticaIly stable， if it is stable and if there 

巴xistsa d'o (to ) > 0 such that if Voくれ (to)，v(t， to， vo)→ o as t→∞. 

[Definition 4] The ・soIutionv = 0 of (2) is equi-asymptoticaIIy stable， if it is stable and if 
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glven anyε> 0 and any toε1， there 悶 sta 0'0 (to)>0 and a T(to， e)>O such that if 

Voくれ (to)，v(t，to，vo)<εfor all t:;;;.to + T (to， e) 

[Definition 5] The solution v = 0 of ( 2 ) is uniformly asymptotically stable， if it is uniformly 

stable釦 dif given anyε> 0 and any to E 1， there exist a do> 0 and a T ( e ) > 0 such that if 

vo< 0'0， v(t， to， vo)<εfor all t:;;;. to + T (ε) 

[Definition 6】 Thesolution x = 0， y = 0 of ( 1 ) is partia11y stable with respect to x if for any 

ε> 0 and any to E 1， there exists a 0'( to， e ) > 0 such 11 xo 11 + 11 yo 11 < 0' implies 

11 x(t， to， Xo， yo) 11 < e for all t孟to・

【Definition 7] The solution x = 0， y = 0 of ( 1 ) is partially uniformly stable with respect to x， 

if the 0' above is independent of to・

[Definition 8] The solution x = 0， y = 0 of ( 1 ) is partia11y asymptotically stable with respect 

to x， if it is partially stable with respect to x and if there exists a 0'0 (to ) > 0 such that 

11 XO 11'+ 11 yo 11 < 0'0 implies x(t， to， Xo， yo)→o as t→∞ 

[Definition 9] The solution x = 0， y = 0 of ( 1 ) is partia11y uniformly asymptotically stable 

with respect to x， if it is partia11y uniformly stable with respect to x and if there exist a 0'0 and a 

T(ε) > 0 such that 11 Xo 11 + 11 yo 11くれ implies11 x (t， to， Xo， yo) 11 <εfor all t:;;;. to + T( e) . 

[Definition 10] For a continuous function V: IxDxRm→R， we define the function 

V'(1) (t， x， y) = li~-1~p土 1 V(t+h， x+hf(t， x， y)， y+hg(t， x， y)) -V(t， x， y)l. 
目叶苦 h 

In case V(t， x， y) has continuous partial derivatives of the first order， it is evident that 

av . av "， "av 
V' (1 ) (t， x， y) =ヲτ+ax・f(t，x， y) + ~・ g(t， x， y)， 

where 

3. Preliminary Results 

【Theorem 1】 LetV: 1→R be such that， 

(i) V(to)ζVo， 

(ii) V(t)く w(t， V ( t)) on 1， 

then V(t)ζv(t， to， vo) on 1. 

For the proof， see ( 1 ). 

【Theorem 2] (C.Corduneanu (1964)) Suppose there exists a continuously differentiable function 

V: IxDxRm→R， such that 

( i) V (t， 0， 0 )三 0，

(ii ) a ( 11 x 11 )ζV(t， x， y)， where the function a( r) is continuous on 1， a( 0)= 0， a( r)> 0 for 、
rキ oand increases monotonically， 

(iii) V(t， x， y)ζw (t， V (t， x， y))， 

then 

(a) stability of the solution v = 0 of ( 2 ) implies stability with respect to x of the solution 

x = 0， y = 0 of ( 1 ); 

(b) asymptotic stability of the solution v = 0 of ( 2 ) implies equi-asymptotic stability with 

respect to x of the solution x = 0， y = 0 of ( 1 )， provided the solutions of ( 1 ) do not approach 

∞ ma自nitetime; 

if moreover， 

(iv) V(t， x， y)ζb ( 11 x 11 + 11 y 11 )， where the function b ( r) is continuous in 1， b ( 0 ) = 0， 

b( r)> 0 for rキ oand increases monotonically， 
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then 

(c) uniform stability of the solution v = 0 of ( 2 ) implies uniform stability with respect to x 

of the solution x = 0， y = 0 of ( 1 ); 

(d) uniformly as戸nptoticstability of the solution v = 0 of ( 2 )， along with the same 

assumptions as in( b ) for the existence of solutions， implies uniformly asymptotic stability with respe仁t

to x of the solution x = 0， y = 0 of ( 1 ). For the proof， see ( 3 ). 

4. Main Results 

【Theorem 3 1 If th巴reexists a continuous function V : IxDxRm→R such that 

(i) V(t，O，O)=O， 

( ii ) a (t， 11 x 11 )ζV (t， x， y)， where the function a (t， r) is continuous in (t， r) on 1 x R， 

a(t，O) =0， a(t， r)> 0 for r宇 oand increases monotonically with respect to t for each fixed r， 

(iii) V'(I)(t， x， y)ζw (t， V (t， x， y))， 

and if the solution v = 0 of ( 2 ) is stable， then the solution x = 0， y = 0 of ( 1 ) is partially stable 

with respect to x 

(Proof) From the stability of v = 0， it follows that for any e > 0 and any to E 1， there exists a 

甲(to，ε) > 0 such that if vo <甲(to，ε)， then v (t，to， vo) < a(to，ε) for all t? to. Since V is continuous， we 

shall see the existence of a d'(to，ε) such that if 11 Xo 11 + 11 yo 11 <d'(to，ε)， then V(to， Xo， yo)<vo. 

By the comparison principle， we hav巴

V(t， x(t， to， Xo， yo)， y(t， to， Xo， yo))ζv(t， to， vo) 

Now， suppose that a solution (x(t， to， xo， yo)， y(t， to， Xo， YO)) of ( 1 ) such that 

IIxoll+llyoll<d'(to，ε) satisfies 11 X(tl， to， xo， yo) II=e at some tl>tO. Then we have 

a (tJ， ε)=a(tJ， 11 X(tl， to， Xo， YO) 11)ζV(tl， x(h， to， Xo， yo)， y(tl， to， Xo， YO)) 

ζV(tl， to， vo)<a (to，ε) . 

This is a contradiction， because a (t， r) increases monotonically with respect to t for each fixed r. 

Hence， ifll Xo 11 + 11 yo 11 <d'(to，ε)， thenll x(t， to， Xo， Yo) 11 < e for all t;;;.to， that is， the solution x= 0， 

y = 0 of ( 1 ) is partially stable with respect to x. 

【Th巴orem 4 1 If there exists a continuous function V : 1 x D x Rm→R such that 

( i) V (t， 0， 0) = 0， 

(ii) a(t， 11 x 11 )ζV(t， x， y)ζb( 11 x 11 + 11 y 11)， where the function a(t， r) is continuous in (t， r) 

on IxR， a(t， 0)= 0， a(t， r)> 0 for r宇 oand increases monotonically with respect to t for each 

fixed r， and the function b ( r) is continuous on 1， b ( 0 ) = 0， and increases monotonically， 

(iii) V'( 1) (t， x， y)ζw(t， V(t， x， y))， 

and if the solution v = 0 of ( 2 ) is uniformly stable， then the solution x = 0， y = 0 of ( 1 ) is 

partially uniformly stable with respect to x. 

(Proof) From the uniform stability of v = 0， it follows that， for any e > 0 and any to E 1， there 

exists a d'(ε)> 0 such that if vo<d'( e)， then v(t， to， vo)<a(O， e) for all t;;;.to. 

Let甲(ε)=b-1(d'(e)). Suppose that a solution (x(t， to， Xo， yo)， y(t， to，xo， yo)) of ( 1 ) such that 

11 Xo 11 + 11 yo 11 <早(ε)satisfies IIX(tl，tO，xo，yo)lI=εat some tl > to・ Thenwe have 

V(to， Xo， Yo)ζb( 11 XO 11 + 11 yo 11) <b(甲(e))=b(b-I (d'(ε) ) ) = d'(ε) . 

If we set v<t=V(to， Xo， yo)， then we have 

a(tl， e)=a(h， 11 x(h， to， Xo， YO) 11)ζV(h， x(h， to， xo， yo)， y(tl， to， Xo， yo)) 

ζv(h， to， vo)<a (0，ε) . 

This is a contradiction， because a (t， r) increases monotonically with respect to t for each fixed r. 
Hence， ifll XO 11 + 11 yo 11 <TJ( e )， thenll x(t， to， Xo， Yo) 11 < e for all tみto，that is， the solution x = 0， 
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y= 0 of ( 1 ) is partially uniformly stable with respect to x. 

【Theorem 5] If there exists a continuous function V : I x D x Rm→R such that 

(i) V(t，O，O)=O， 

(ii) a(t，lIxlI)ζV (t， x， y)， where the function a (t， r) is continuous in (t， r) on I x R， 
a(t， 0)圭 0，a (t， r) > 0 for rキ oand increases monotonically with respect to t for each fixed r and 

a(t，s(t))→ o implies s( t)→ o as t→∞， 
(iii) V'( 1) (t， x， y)ζw (t， V (t， x， y))， 

and if the solution v = 0 of ( 2 ) is asymptotically stable， then the solution x = 0， y = 0 of ( 1 

is partially asymptotically stable with respect to x. 

(Proof) By Theorem 3， the solution x = 0， y = 0 of ( 1 ) is partially stable with respect to x. 

From the asymptotic stability of v = 0， for any to E I， there exists a 8'0 (to ) > 0 such that if 

vo < 8'0 (to)， then lim v (t， to， vo) = O. By the continuity of V， there exists a 80 (to) > 0 such that if 
[-ー・00

11 Xo 11 + 11 yo 11くれ (to)，th巴nV(to，XO，yo)ζvo・ Thereforewe have 

a(t，lIx(t，to，xo，yo)lI)ζV(t， x(t， to， Xo， yo)， y(t， to， Xo， YO))ζv(t， to， vo)， 

and 11 x(t， to， Xo， YO) 11→o as t→∞. 

Thus， we see that the solution x = 0， y = 0 of ( 1 ) is partially asymptotically stable with 

respect to x. 

[Theorem 6] Under the assmption in Theorem 4， if the solution v = 0 of ( 2 ) is uniform1y 

asymptotically stable， then the solution x = 0， y = 0 of ( 1 ) is partially uniformly asymptotically 

stable with respect to x 

(Proof) By Theorem 4， the solution x = 0， y = 0 is partially uniform1y stable with respect to x. 

From the uniformly asymptotic stability of v = 0， it follows that for anyε> 0 and any to E I， there 

exist an加 anda T ( e ) > 0 such that if Vo <加， then v(t， to， vo)<a(O，ε) for all t:;;.to + T(ε). By 

assumption， there exists a 80> 0 such that b (80) <甲0・ Supposethat a solution 

(x(t， to， Xo， yo)， y(t， to， Xo， yo)) of (1) such that 11 XO 11 + 11 yo 11 <80 satisfi巴s11 x(tJ， to， Xo， yo) 11 =εat 

some tl>tO+ T(ε). Then we have V(to，XO，yo)ζb ( 11 xo 11 + 11 yo 11 )ζb (80) <甲0・

If we set vo=V(to，XO，yo)， then we have 

a(tJ， ε)=a(tl， 11 X(tl， to， xo， YO) 11)ζV(tl. X(tl， X(tl， to， xo， yo)， y(tJ， to， Xo， Yo)) 

ζv(tJ， to，vo)<a(O，ε). 

This is a contradiction， because a (t， r) increases monotonically with r巴spectto t for 巴achfixed r. 

Hence， if 11 Xo 11 + 11 yo 11 < 80， then 11 x (t， to， xo， YO) 11 <εfor all t:;;. to + T (ε)， that is， the solution 

x = 0， y = 0 of ( 1 ) is partially uniformly asymptotically stable with respect to x. 
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