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1. Introduction

Explicitsolutionsofdifferentialequationsareoftenwhollyoutofthequestion.

Ourpurposeinsolvingmostofthedifferentialequationsistoseetheirqualitiesratherthanthecon.

creteexpressionsoftheirsolutionssuchasseriesorelementaryfunctions.

Liapunov'ssecondmethodenablesustodecidestabilityandboundednessfromthedifferential

equationswithoutanyknowledgeoftheirsolutions.(cf.[2],[3],[4])

Byusingthismethod,weobtainedseveral resultswithrespecttostabilityofsolutionsofadiffer-
dx

entialequation,可で=F(t,x),inthepreviouspaper[1].
Inmanyapplications,weneedtoseethequalitiesnotofthewholesolutionbutofthepartial.

Inthispaper,wedescribeseveralresultsconcerningthepartialstabilityofthesolutionsofdifferen.

tialequations.

2. DefinitionsandNotations

Letldenotetheintervala≦t<ooforsomerealnumberaora=_ooandRndenoteEuclideann-space

Forx<Rn, let lxlbeanynormofx.

Letn>0andm>0betwointegers,andconsidertwocontinuousfunctionsf: I×D×Rm－ｼRn,g: Ix

D×R『rとｼRm,whereDisadomain(i.e.anopenconnectedset)ofRn, containing theorigin.Weassume

thatf(t,0,0)=0andg(t,0,0)=0foreverytdandfurtherthatfandgaresmoothenoughinorderthat,

througheverypointofl×D×Rm, therepassesoneandonlyonesolutionofthedifferentialsystem

x'=f(t,x,y), y'=g(t,x,y) (1）

Toshortenournotation,weshallwritezforthevector(x,y) ERn+mandalsoz(t,to,zo)=(x(t,to,z｡),

y(t,to,zo)) forthesolutionof(1)startingfromzoatt｡.

Fortherightmaximal intervalwherez(t,to,zo) isdefined,wewriteJ+(to,zo)orsimplyJ+. Weshall

denotebyCIPthefamilyofallcontinuousincreasing,positivedefinitefunctions. Forsuchafunction,

weshallusuallywriteaECIP.

Weintroducethefollowingdefinitions.

【Definition ll Thesolutionz=0of(1)ispartiallystablewithrespcttoxifforanye>0andany
toEI, thereexistsa8(to,e)>0suchthat lzol<8implies Ix(t,t｡,z｡)|<eforall tJ+.

【Definition 21 Thesolutionz=0of(1) ispartiallyasymptoticallystablewithrespecttoxifit is

partiallystablewithrespecttoxandifthereexistsa80(to)>0suchthat lzol<60(to) impliesx(t,to,z｡)→O
aSt－少○○

【Definition 31 ForacontinuousfunctionV: I×D×Rm→R,wedefinethefunction
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V'(,)(t,x,y)==屈告{V(t+h,×+hf(t,x,y),y+hg(t,x,y))-V(t,x,y)l .
IncaseV(t,x,y)hascontinuouspartialderivativesofthefirstorder, itisevidentthat

aV aV _ . . aV
V,（,)(t,x,y)=aX+mL.f(t,x,y)+aX.g(t,x,y),

at ax ay

where!@ ・ ''denoteascalarproduct.
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3. PreliminaryResults

【Theorem l】 〃j加花exzs応αCO加加"o"sん刀c加泥V: I×D×RnL,Rs"C〃娩硴,／bγso加eaECIPα"α

e""y(t,x,y)< I×D×Rm,

( i ) V(t,0,0)=0

( ii ) a(IxI)<V(t,x,y),

( iii ) Vi,)(t,x,y)≦0,

"ze""2esoj"加宛z=0Q/(1) js加減刈りs舷況eM的γeSpec"ox.

Fortheproof, see[6].

【Theorem2】 〃"2el'geXおおαCO加加"0"s血"c加刀V: I×D×Rm→Rs"c九肋α‘んγSO"@g血"c肋"Sa,

c CIPα〃aezﾉ"y(t,x,y)EI×D×Rm,

(i) V(t,0,0)=0,

( ii ) a(Ixl)<V(t,x,y),

(iii ) Vi,)(t,x,y)<-c(V(t,x,y)),

肋g〃的eSO肱加〃z=0Q/(1) is"γ加吻aSy"ゆ〃たα〃s〃〃e”肋”spea勿x・

Fortheproof, see[5].

LetF(t,x)beacontinuousfunctionF:I×D-→Rn.WeassumethatF(t,0)=0. Forasystemofdif-

ferentialequations

〆

｝

＆

I

I

１
１

x'=F(t,x), (2）

wehavethefollowingtheorems.

【Theorem3】 〃肋g"exiSiSa切加""0"s〃"c加刀V: I×D→Rs"Cﾉ2娩鉱

( i ) V(t,0)=0

( ii) a(t, IxI)<V(t,x),"""e"eCO加加"o"s〃"C肋〃a: I×R+与R+(R+=[O,oo)) isa(t,0)=0,

a(t,r)>0forrキ0α"α加c花＠SeS"20"0われたα〃”肋γeSpeα加t/b""c血伽ecJr,

(iii ) V(2)(t,x)<0,

"e〃助eSO〃加刀x=0q/(2) iSS〃〃e・

Fortheproof,see[1].

【Theorem4】 〃肋e"exiS応αCO加加"o"s血"cjjO"V: I×D－ｼRs"C〃娩砿

( i ) V(t,0)=0,

( ii ) a(t, IxI)三V(t,x),"""e"ieCO""""o"sん"c肋〃a: I×R4－ｼR十歯a(t,0)=0,a(t,r)>0

〃rキ0α"α"C7eaSeS"ZO"0加"たαjな""2"espec"ot"'"c〃伽ecir,

(iii) VI2) (t,x)≦－c(t, IxI), z"ﾉ'"e"@eco"が""0"s〃"c加犯c: I×R令→R+isc(t,0)=0 α"α〃

c”αsesc(t,r)＞0／bγrキO,α"αがF(t,x) jS加""〃α”膨れX2SCO"伽"“"αco"@"cis""e〃ｵ舵so"-

伽〃x=0Q/(2) iSzzSW"加耽α〃S〃〃e・

Fortheproof, see[7].
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4. MainReSultS

’【Theorem5】 〃〃Ze"e〃たjSaCo"t〃"o"s血"c加刀V: I×D×R-,Rs"C九j加#,

( i ) V(t,0,0)=0,

( ii ) a(t, IxI)≦V(t,x,y), z""γe"eco""""o"s/Mc加刀a: I×R令→R+iSa(t,0)=0,a(t,r)>0

/b7'rキ0α"α加c花aSeS"ZO"ZO加加cα〃z4ﾉ肋γespgc〃0t／bγeacル/IXgar，

(iii) V(,)(t,x,y)≦0,

"Ze宛〃zesoj〃わ〃z=0q/(1) jSpaγ加吻s"6Zez{ﾉ〃ﾉz"eSpec"ox.

[Proof] Correspondingtoanye>0andanytoEI,wehavea(t,e)≦V(t,x,y)fortEI,xsuchthat

|xI=eandyERm・ ForafixedtoEI,wecanchoosea6(to,E)suchthatixol+lyol<8implies

V(t｡,x｡,yo)<a(to,e),wherea<E,becauseV(t,0,0)=0andV(t,x,y) iscontinuous.

Supposethatthereexistssomet]suchthatlx｡l+ly｡l<3impliesIx(ti,t｡,zo)I=e,t,>to.Fromthe

conditions(ii)and(iii), itfollowsthatV(ti,x(t,,t｡,z｡),y(t,,to,zo))≦V(to,xo,yo)andhencewehave

a(t,,e)=a(t,, lx(t,,to,zo)l)

≦V(t,,x(t,,to,zo),y(t,,to,Zo))

<V(to,xo,yo)

<a(to,e).

Thiscontradictsthecondition(ii).Thereforeiflx｡l+ly｡l<6,thenlx(t,to,zo)1<Eforallt"to,that

is, thesolutionz=0of(1) ispartiallystablewithrespecttox.

【Theorem6】 〃的e"e%MsQco加加"o"S〃"c加刀V: I×D×Rm→Rs"cﾉZ的“
( i ) V(t,0,0)=0,

( ii ) a(t､xI)<V(t,x,y), z"ノze"e"2eco""""o"s血〃c肋〃a: I×R-'R+ jSa(t,0)=0,a(t,r)>0

/b7/rキ0α"α"C"eaSeS"20"O加宛たa"y"娩花spec"ot/b"etzcﾉ2/Mxedr,

(iii) V(,) (t,x,y)≦－c(t, IxI), z"ﾉZe花j舵CO""""o"s〃"c加刀c: I×R4-R+ jSc(t,0)=0α"α

c(t,r)>0/b"rキ0,α"αがf(t,x,y)た加""昨α”ﾉZe"X2SCO〃α"e"Qco"2"asα,肋g〃"zeso〃肋〃z=0

Qr(1) ZS"〃わ〃αSy"Wo"ca〃s〃〃gZ"ガノz"eSpec"ox.

[Proof] ByTheorem5, thesolutionof(1) ispartiallystablewithrespecttox.Thereforeforeveryto

EI,thereisaab(to)>0suchthatlxol<ab(to)impliesIx(t,to,zo) |くH,H>0.

Supposethatx(t,to,zo)doesnottendtozeroast－諺。o. Thenforsomee>0, thereexistsadivergent

sequenceltklforwhichlx(tk,to,zo) |>e,wheret｡dandIz｡l<ab(to). Sincef(t,x,y)isboundedfor

-=-|x(t,t｡,z｡) | | <KTherefore,onintervaloxsuchthatlxl≦H, thereexistsaK>Osuchthat
dt

e = _ _ e

tk－－<t二tk+- （3）
2K - 2K,

wehavelx(t,to,z,) |>;Wecanassumethattheseintervalsaredisjointandt,一六>tobytaking,
ifnecessary,asubsequenceof {tkl.

SinCeV'(,) (t,x,y)≦一c(t, IxI), thereexistsaconstant7,>OsuchthatVI1)(t,x(t,to,zo),y(t,to,zo))

＜一γonintervals(3),andV(1) (t,x(t,to,zo),y(t,to,zo))<0elsewhere,because-~<|x(t,to,zo) |≦Hon
2

int…ls(3)ThereforeV(tk+f,x(tk+Zf,t､(t+f,t｡,z｡))-V(t｡,x｡,y｡)<-γ命k→
一・oask→oo,whichcontradictsV(t,x,y)>0. Thusweseethatthesolutionz=0of(1) ispartiallyasym･

ptoticallystablewithrespecttox.
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