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1. Introduction
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Explicitsolutionsofdifferentialequationsareoftenwhollyoutofthequestion.
Ourpurposeinsolvingmostofthedifferentialequationsistoseetheirqualitiesratherthanthecon･
creteexpressionsoftheirsolutionssuchasseriesorelementaryfunctions.

Liapunov'ssecondmethodenablesustodecidestabilityandboundednessfromthedifferential

equationswithoutanyknowledgeoftheirsolutions. (cf. [2], [3], [4])

Byusingthismethod,weobtainedseveralresultswithrespecttoboundednessofsolutionsofa
dx

differentialequation,号豆r=F(t,x), inthepreviouspaper[11
Inmanyapplications,weneedtoseethequalitiesnotofthewholesolutionbutofthepartial.
Inthispaper,wedescribeseveralresultsconcerningthepartialboundednessofthesolutionsof
differentialequations.

2． DefinitionsandNotations

LetldenotetheintervalO≦t<○○andRndenoteEuclideann-space.

Let llxll denotethenormofx. Letz=(x,y) ERo×Rm.

WeshalldenotebyC(I×Rn×Rm,Rk) thesetofallcontinuousfunctionfdefinedonl×Rn×Rm
withvaluesinRk.

LetF(t,x)EC(I×D,Rn),whereDisanopensetinRn.Forasystem
dx

=F(t,x), (1)dt

asolutionthroughapoint (t｡,x｡) EI×Rnwillbedenotedbysuchaformasx(t,t｡,x｡) .

Letf(t,x,y)EC(I×Rn×Rm,Rn)andg(t,x,y)EC(I×Rn×Rm,Rm).

Weconsiderasystemofdifferentialequations

に剛 ⑫‘
Throughoutthispaperasolutionof(2) throughapoint (to,zo)=(to,xo,yo) inl×Rn×Rmwill

bedenotedbysuchaformas(x(t,to,zo),y(t,to,zo)).

Weintroducethefollowingdefinitions.

【Definition lI Thesolutionsofthesystem(1)areequi-bounded,ifforanyq>0andtoEI,there

existsaP(to,q)>0suchthatif llxoll≦α, ||x(t,to,xo) ||<e(to,q) forall t≧to.

【Definition21 Thesdutions㎡thesystem(1)areuniform-bounded, iftheaintheaboveDefi-

nitionlisindependentofto.
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【Definition3] Thesolutionsofthesystem(1)areequi-ultimatelyboundedforboundB, ifthere

existsaB>0andifcorrespondingtoanyo>0andtoEI, thereexistsaT(to,q)>0such llxoll≦α

impliesthat llx(t,to.xo) ||<Bforall t≧to+T(to,Q).

【Definition41 Thesolutionsofthesystem(2)arepartiallyequi-boundedwithrespecttox, iffor

anyq>0andanytoEI, thereexistsae(to,Q)>O suchthat llzoll≦αimpliesthat

llx(t,to,zo) ||<B(to,q)forall t≧to.

【Definition51 Thesolutionsofthesystem(2)arepartiallyuniform-boundedwithrespecttox,

iftheeintheaboveDefinition4isindependentofto.

【Definition61 Thesolutionof(2)arepartiallyequi-ultimatelyboundedforboundBwithrespect

tox, ifthereexistsaB>0andifcorrespondingtoany(r>0andtoEI, thereexistsaT(to,Q)>0

suchthat llzoll≦αimpliesthat llx(t,to,zo)||<Bforall t≧to+T(to,q).

【Definition71 LetV(t,x)andV(t,x,y)becontinuousscalarfunctionsdefinedonopensets,and

whichsatisfy locallyaLipschitzconditionwithrespecttoxand(x,y) respectively. Corresponding

toV(t,x)andV(t,x,y),wedefinethefunctions

vi,)(t,x)=顧去IV(t+h,x+hF(t,x))-V(t,x)|
and

V(21(t,x,y)=両告IV(t+h,x+hf(t,x,y),y+hg(t,x,y))-V(t,x,y)|
respectively. IncaseV(t,x)andV(t,x,y)havecontinuouspartialderivativesofthefirstorder, itis

evidentthat

器十器F(t,x)Vi1) (t,x)=

and

斗十器f(t,x,y)+普g(t,x,y)V(2)(t,x,y)=

where :@･'' denotesascalarproduct. ’

3. PreliminaryReSults

【Theoremll S""os鯏加〃舵γeexistsα〃"c伽"V(t,x) EC(I×Rn,R),""cI2sα"戒es"2e/Mo"-

j"gco"α/加刀S;

( i ) a(t, |IxII)≦V(t,x),加加だ』舵〃"c"o"a(t,r) /sco剛加"o"s"(t,r)α"αa(t,r)→CO〃"2．

/b""jyj"t tzsr-→CO

( ii ) V(,)(t,x)≦0.

〃e〃肋CSO〃"O"SQ〃"esjAs〃〃(1)"ee9"/-加況"αed.

【Theorem21 S""osej加〃んe"exMsαん"c伽〃V(t,x) EC(I×S,R), zIﾉﾙ"eS=Ixl llxll≧KI

/bγasz〃〃GMyja増gK,""c/2sα"戎eSt加奴JoM"gco"〃"O"S;

( i ) a(t, ||xll)≦V(t,x)≦b(IIxII),"雌花/ﾉze血"c加犯a(t,r)jSco〃加勿0"s"(t,r)α"α

a(t,r)-,oo〃"油γ"2jy/"t tzsr－ｼm, α"α#〃ん"c加刀b(r) jSco""""Oa@S,

( ii ) V(,)(t,x)≦0.

T"e""Zeso加加"SQ〃"esys/ez@ (1)αだ〃"加刀"-加況"α師．

【Theorem31 S""ose/伽〃〃だ“航Sα〃"C"0"V(t,x) EC(I×Rn,R), z""CbSα虎或eSj舵/b"oz"-

"gco〃α加O"S; 1， 1

( i ) a(t, ||xII)≦V(t,x)/b"||xll≧B,加加形j〃ん"C伽〃a(t,r)/sCo""""o"si"(t,r)α"α班o"0－

功"e-i"c花aS3"gZ""ん"espec"ot/b""cﾉz/Jxecirα"α加r/W"c〃伽〃t,α"αa(t,r)一諺｡。〃宛物""jy伽t

Ｂ
Ｂ
Ｉ
■
■
■
産
ｂ
ｒ
■
■
Ⅱ
Ⅱ
■
、
０

昭和56年2月 ｜
’

｜

_』陛型“職,健一



一一一一 ー

－120－

ShoichiSeino ・MikiKudo ・MasamichiAso
‐

αSr－シOO,

( ii ) V(,)(t,x)≦一cV(t,x),"〃だc>0 jSaco"sm剛．

T"e〃"eso〃"O"SQ〃ﾉZeSJE陀加(1) @z"eev"-"""zα花〃6o@f"α"/bγ加""αB

Forproofofthesetheorems,seereference[1].
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4. MainResults

【Theorem41 S""ose"zα〃んe花〃2Sjsα〃"c加刀V(t,x,y) EC(I×R･×Rm,R)"〃c〃sα"s/iesMe

/b"ozIﾉ伽gCo"α〃O"S;

( i ) a(t, llxll)≦V(t,x,y), zMe7'iet加血"c"o"a(t,r) jSco加加"”s加(t,r)""da(t,r)→“
〃〃物''"z妙加t"Sr－参一 ,

( ii ) V(2)(t,x,y)≦0.

了物e刀娩eSO肱加"SQ〃んeSJMe"@ (2) Lz"e加沌刎〃〃"幼”"α”伽/ﾉ”程s，“〃o躯

Proof. Foranygivenq>0, let(x(t,to,zo),y(t,to,zo))beasolutionof(2)suchthattoeland llzoll
≦α. SinceV(t,x,y) iscontinuous, thereexistsaK(to,q)>O suchthat if llzoll≦α，
V(to,xo,yo)≦K(to,Q)． By(i),wecanchooseae(to,Q)>OsolargethatK(t｡,(r)<a(t,"(to,q))for
anyt≧to. Supposethat llx(t,,t｡,z｡) ||=e(t｡, (r)atsomet,,t!≧to. By(i)and(ii),wehave

K(to,cr)<a(t,,x(t,,to,zo))≦V(t,,x(t,,to,zo),y(tl,to,zo))
≦V(to,xo,yo)≦K(to,Q).

Thisisacontradiction.Thusthereexistsae(to,q)>0 suchthat llzoll≦αimplies
||x(t,to,zo) ||<B(t｡,cx)forallt≧to. Thisprovesthatthesolutionsofthesystem(2)arepartiallyequi-
boundedWithrespecttox.

【Theorem5] S"〃as〃〃〃地形〃jSisα〃"c"O"V(t,x,y) EC(I×DK,R), z(ﾉﾙg”

DK=I(x,y)| ||xll+llyll≧K,xERn,yERml /bγas""Ycie加妙jα増eK, z""cﾉZSa〃Yest加伽Joz""gco"α伽O"S;
( i ) a(t, llxll)≦V(t,x)≦b( llxll+llyll), z"ﾉze”肋e〃"c伽〃a(t,r) jSco""""o"s/"(t,r)""d

a(t,r)→CO〃〃加γ"2砂加taSr-→CO，α"α＃〃ん"c加刀b(r)fco"〃""O"S,
( ii ) V(2)(t,x,y)≦0.

Tﾉze泥娩eSO〃伽"sQ///iesJAs""z (2)""e"〃〃jy〃〃物γｿ"-加""αed""ん花spec"ox.
EEggLForanygivencr>0, bycontinuityofthefunctionb(r), thereexistsaB((r)>0 suchthat

１
１

’
B(cr)<a(t,e(Q))foranyt≧to.

b( IIxII+llyll)≦B(Q) forK≦|IxII+llyll≦α, andwecanchoosea"(q)>0solargethat
B(Q)<a(t,B(Q))foranyt≧to.

Supposethat llx(t,to,zo) ||=B(q)atsomet. Thenthereexistt]andt2,to≦tl≦t2,suchthat
||x(t,,to,zo) ||+lly(t,,to,zo) ll=q

and ||X(.t2,tO,ZO) ||=e(Q).

By( i )and(ii),wehave

a(t2,e(d))=a(t2, ||X(t2,to,Zo) ll)≦V(t2,x(t2,toZo),y(t2,to,zo))
≦V(t,,x(t,,to,zo),y(t,,to,zo))

≦b( IIx(t,,to,zo) ||+lly(t,,to,zo) ll)=b(q)≦B(Q).

Thiscontracdictsthechoiceofe(q)． Thus IIx(t,to,zo) ||<e(cr)forallt≧to. Thisshowsthepar-
tialuniform-boundednesswithrespecttoxofsolutionsofthesystem(2).

【Theorem61 SzZ"ase"zα〃"g”“航sα〃"C伽〃V(t,x,y) EC(I×Rn×Rm,R)”〃c〃s〃域es//2g

/b"oz"〃gCO"αj伽"S;

( i ) a(t, ||xll)≦V(t,x,y)んγ llxll≧B, "ﾉ"g〃j〃ん"C物〃a(t,r) iSco""""0"Sj〃(t,r)""

加o"o功"g-"c"efzs"gz"ガノZγEspec"ot/b""c′2/Z%ecirα"α/or/b7'etzc〃伽〃t,α"α

a(t,r)-→CO〃宛物γ"Z妙加taSr一・○○

( ii ) V(2)(t,x,y)≦一cV(t,x,y), z"ん"gc>0 istzco"sjα〃・
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剛e〃"2eso"《"O"SQ〃ﾉ2es猫陀"2 (2)αだ”河、心〃"-"〃”α花ly加"〃α"/b7bowzdBz""ん7忽sわ“〃o工

Proof. Foranygivencr>0andtoEI,bythecontinuityofV(t,x,y), thereexistsaK(to,Q)>0

suchthat if llzoll≦α,V(to,Xo,yo)≦K(to,Q).

Let (x(t,to,zo),y(t,to,zo))beasolutionof(2) suchthat llzoll≦α. Itisboundedforall t≧to.
Supposethatthereexistssome

K(to,Q)

tl>to+坐'og=iff,'=i suchthat llx(t,,to,zo) ll≧B. From( i ) and( ii ),C

a(to,B)≦a(t,, ||x(t,,to,zo) II)≦V(t,,x(t,,to,zo),y(t,,to,zo)).

≦V(to,xo,yo)exp l-c(t】－to)|

<K(to,Q)exp l-log嵜鍜| =a(to,B). ： 0 、

ThisisocontradictionTherefore, !f[>to+-4log鶚計wehaveC

llx(t,to,zo) ll<B.Thusthesolutionsofthesystem(2)arepartiallyequi_ultimatelyboundedforbound
Bwithrespecttox.
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