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1． Introduction

It iswell-knownthat theboundednesspropertyofsolutionsof theperiodicsystemimplies the

existenceofaperiodicsolution・ However, foranalmostperiodicequation, theboundednessofsolutions

doesnotnecessarilyimplytheexistenceofanalmostperiodicsolutionsevenforscalarequations.

Z・Opial [1]hasconstructedanequationwithall of itssolutionsboundedbut n()talmost

periodic. AM.FinkandP.O.Frederickson(2) ,byusingOpial'sequation, haveconstructedanalmost

periodicequationwhichhasnoalmostperiodicsolutions, but thesolutionsareuniformlyultimated

bounded、Thus, indiscussingtheexistenceofanalmostperiodicsolution,severalkindstabilityproperties

ofaboundedsolutionwereassumed. Forexample,Millerassumedthattheboundedsolutionistotally

stable, andSeifertassumedtheZ-stabilityoftheboundedsolution,whileSellassumedthestability

underdisturbancesfromthehull. Theyassumedthatthesolutionsareunique,buttheseresultscanbe

obtainedbyusingthepropertyofasymptoticallyalmostperiodicfunctionswithout theuniquenessof

solutions (3) , (4] .

In (10),weprovedtheexistencetheoremofanalmostperiodicsolutionbyusingageneralized

Liapunovfunction, followinganideaofT.Yoshizawa [5] .
Inthispaper,weshall show, foranalmOstperiodicsystem, arefinedresultofour theoremby

assumingthatsolutionsofthesystemofdifferentialequationsareultimatelybounded.

2. DefinitionsandNotationsq●

Weshallusethefollowingnotations. LetRdenote thewholereal line, Idenotethe interval

O≦t<ooandRndenoteEuclideann-space. ForxERn,let lxlbetheEuclideannormofxand

SB*beadomainsuchthat lxl <B*,B*> 0.WeshalldenotebyC(J×D,R") thesetofall
continuousfunctionsdefinedonl×SB*withvaluesinRn,whereJisasubsetofRandDisasubset

ofRn.

Weconsideranalmostperiodicsystem

x'=f(t,x) , (1)

wheref(t,x) EC(R×Rn,Rn)andf(t,x) isalmostperiOdicintuniformlyforxERn.

Instudyingthebehaviorofapairofsolutions, it isnatural tointroducetheproductsystem
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x'=f(t. x) , y' =f(t. y) . （2）

Throughout thispaper asolutionthroughapoint (to,xo)willbedenotedbysuchaformas
x(t. to, xO) .

We introducethefollowingdefinitions.

(Definition l).Asolutionx(t,to,xo)of(1)isbounded.ifthereexistsae>0suchthat
Ix(t, to, xo) |<eforall t≧to,whereamaydependoneachsolution.
(Definition 2). -Thesolutionsof(1)areultimatelyboundedforboundB,ifthereexistaB>0and
aT>Osuchthatforeverysolutionx(t, to, xo)of(1) , Ix(t, to. xo) |<Bforall t≧to+T，
whereBis independentoftheparticularsolutionwhileTmaydependoneachsolution.
(Definition 3).ThesolutionO(t)of (1)isstable,ifforanyE>0andanytoEI,thereexistsa
6(to,E)>0suchthat lxo－の(to) |<6(to､ と) implies Ix(t, to,xol－の(t) |<eforall t≧to.
(Definition4).ThesolutionO(t)of(1)isquasi-equiasymptoticallystableinthelarge,ifforany
o>0,anye>0andanytoEI, thereexistsaT(to, E, (r)>0 suchthat if ixo－の(to) |≦α・
then lx(t, to. xo)－の(t) |<Eforall t≧to+T(to｡e, Q) .
(Definition5) . Thesolution p, (t) of (1)isequi-asymptoticallystableinthelarge, if it isstable
andisquasi.equiasymptotically stableinthelarge.

(Definition6).CorrespondingtoacontinuousscalarfunctionV(t,x､y)definedonanopenset in
R×D×D,wedefinethefunction

｝V' (2)(t,×.y)=原制V(t+h,x+hf(畑｡ 、+hf(t,y) )-V(t,x,y)
3． PreliminaryResult

【Theoreml】

S叩pOSet/t(Zt ille7･ee"SiSα〃α抑noりん宛c〃o7zV(t,x,y) dafi7zedo7zl×SB*×SB* 2"/ZjcﾉZs(ztia/jestﾉZe
ﾉO"OZUj7'gCO"ditiO7ZS ;

( i ) a(t, Ix-yl )≦V(t,x,y)≦b(t, Ix－yl ) ,"/le7･e tﾉZeん7zctio,aa(t,r) isco刀ｵmuous
i"(t,r) , a(t,0)=0,a(t,r)>0ノoγα叩rキ0, (Z7Zdj7ZC7･e(ZSeS77ZO71O加加cα〃〃切施ﾉZ 7･espect
totα"dr， α〃db(t,r） jsacO励加,剛｡腿sんnc〃｡施加(t,r)α"d加cγe(ZSeS77ZO72OtO7ZjCa〃""施ﾉl
7~espect tor,

(ii ) IV(t,x1,yl)-V(t,x2,y2) |≦K( Ix,－X2 1+lyl－y2 1 ) , 24)ﾉze7･eK>0 Zscz co7zstq7zt,
(iii) V'(2)(t,x,y)≦一cV(t,x,y) ,"ﾉle7･eC>0 iS(Z CO7ZSt(ZTZt.

Mo7･eoひe7., S叩pose ォ加ォ肌e7"ee"isis(zsoj拠流o"p(t) qf(1)s24c/' t/Xztlp(t) |≦B<B*jbγα〃
t≧0． Tﾉze7z, i7z t/Le7･egio7zR×SB*, t舵γee"sjsQ"7zj9"ee9u加SZ/77ZptOtiCα〃Z/St(Z6/e(Zj77ZOSiPe7･jOdiC
soJzMonq(t) q/(1)z4)/Zic/, js6o",aded6Z/B.

肋Pαγticujαγ,"f(t,x) jspe7･jodic j"tq/pe7･jodの, tんe〃オノle7-ee"sisα泌冗j9"ee92jj-(ZSl/77ZptO-
瓦cα〃gsta6JePe7･jodicS｡j@monqf(1)q/Pe7･jodの．
Forproof,see (10) .

4． Result

【Theorem2】

SWJposei加オ t/,eso如堀o〃sq／(1) αγeu〃加aieJZ/ 6owzdedjb7･

〃α加冗oりん刀ctjo"V(t,x,y)da/j,zedo"I×SB*×SB*,B<B*,

602J7zdB>0q7zd
い、

2"/lic九sαtia/jes

ｵﾉZαオ油e7･ee"Zsts (z

t/Zeノo〃ozUi"gco"dj-
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j"(t, r) ,a(t,0)=0,a(t,r)>0/bγα"yr≠0,α刀d加cγe(ZSGS77ZO7ZOtO7ZiCα〃yu》〃んγespecf

加ta7zdr, a7zdb(t,r） jsaco冗流冗江o江sんnc〃o", b(t, 0)=0cndi,nc7･e(zseSmono加加cα〃〃

”〃んγeSpecf for,

(n) IV(t,x1,yl)-V(t,x2,y2) |≦K(Ix1-x21+lyl-y21) ,"/Ze7.eK>0 jscconst(znt,

(iii) V'(2) (t,x,y)≦一cV(t,x,y) ,"ﾉie7･eC>0 jSQCo7zSta肌

T向e刀sgsfe77z(1) /ZQsα幽加9"eα伽osjpe7･jodjcsoん〃O刀泌ﾉiic/t ise9"msZ/mpm〃Ca〃Z/stQ6/emtﾉie

jαγge･

Proof・ Sincethesolutionsof(1)areultimatelyboundedforboundB,theeachsolutionof(1)is

bounded. Thereforesystem(1)hasaumquealmostperiodicsolutionbyTheoreml.

Nextweshallprovethatthisalmostperiodicsolutionisequi-asymptotically stable inthe large.

Letx(t,to,xo)andy(t,to,yo)beanytwosolutionsof (1).

Sincethesolutionsof(1)areultimatelyboundedforboundB, thereexistT,>0andT2>0

suchthat lx(t,to,xo) |<Bforall t≧to+T! and ly(t,to,yo) I<Bforall t≧to+T2. Let

T3=max(T1,T2).Thenwe havethatlx(t,to,xo) |<Bandly(t,to,yo) |<Bforallt≧to+T3.

Weshall showthatforgivenanypositivenumberaifwehaveatsomet=T(≧to+T3)

I x(T,to,xo)-y(T,to,yo) |≧a

thenwehaveatsomeT' (>T)

l x(T',to,xo)-y(T',to,yo) |<a （3）

LetA,andA2betwodomainssuchas

T≦t<m, IxI≦B, lyl≦B

and T≦t<oo, Ix－yl<6{

respectively,wherea<<a

Ifweconsiderafunction

W(t,x,y)=eptV(t,x,y) (c>e>0)
inA1－△2,thenwehave

10 W(t,x,y)>0, since lx-yl>0,

20 W(t,x,y) tendstoinfimtyuniformlyfor (x,y)ast→oo

Andit isclearthatW(t,x,y) satisfieslocallyforttheLipschitzconditionwithregardto (x,y)

Moreoverwehave

(w(t+',蕊+hf(t,x),y+hf(t,y) )-W(t,x,y) ）
－1

W(2)(t,x,y)=lim-f
hつ5+h

0

）ee(t+h)V(t+h,x+hf(t,x),y+hf(t,y) )-eetV(t,x,y)

Ｉ

ｉ
ｌ
ｌ
ｈ

ｌ
－
ｈ
ｌ
伽
砕
一
伽
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一
一
一
一 ｝)+(ee(t+h)-eet)V(W'ee(t+h}(V(t+h｡x+hf(t｡x),y+hf(t,y) )-V(W'

)+peetV(W}=eet画詩(v(t+h､x+h[化墓ly+hf(t,y) )-V(t,x,y)

=eetV,(2) (t,x,y)+eeCtV(t,x,y)

≦eet(_c+e)V(t,x,y)<0
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Therefore

30W(t,x,y) satisfiesIocallytheLipschitzconditionwithregardto(x,y)andforallpoints

inthe interiorof4,－△2 wehaveMF(2) (t,x,y)<0.

Nowsupposethat theassertion(3)isnot true fora

LetA3andA4betwodomainssuchas

I x I≦B, ly l≦B

and lx-yl<6 respectively .

ThenwecanchooseT・ by20suchthat

min e/gT･V(T･,x,y)>max eeTV(T,x,y) ,
△3－△4 △3－△4

whileby30

W(T",x(T",to,xo), y(To,to,yo))<W(T,x(T,to,xo),y(T,to,yo))
This isacontradiction・ Thereforetheassertion(3) istrue.

Hencewecanassumewithout lossofgeneralitythat

Ix(T,to,xo)-y(T,to,yo) |<6.

ForagivenE>0, letaobe inf{V(t,x,y) I Ix-yl=E, to≦t} .

ThensinceV(t,x,y)ispositivefor lx-yl>0,itisclearthat60>0,and6､o isindependentoft.

Nowweput6=min(6o"<, E)asabove6.

Thenthe inequality lx(t,to,xo)-y(t,to,yo) |<E （4）

holdsfor t>T:Namelyotherwisesupposethatwehaveatsomet=t'

|x(t',to,xo)-y(t',to,yo) | ==E .

Nowconsider thefunctionV(t,x(t,to,xo),y(t,to,yo)) forT≦t≦t'

andthen V(t',x(t',to,xo),y(t',to,yo))≧恥hencewehave

V(T,x(T,to,xo),y(T,to,yo))≧ab (5)

sincethisfunctionisanonincreasingfunctionoftbycondition (iii) .

Moreoverwehave

V(T,x(T,to,xo),y(T,to,yo))

=V(T,x(T,to,xo),y(T,to,yo))-V(T,y(T,to,yo),y(T,to,yo))

≦KIx(T,to,xo)一y(T,to,yo) |

<K6≦6b .

Hencewehave

V(T,x(T,to,xo),y(T,to,yo))<30 .

Thiscontradicts (5)andhence(4)holdsgood.

Sincex(t,to,xo)andy(t,to,yo)areanysolutionsof(1),wehavethatanalmostperiodicsolutionof(1)

isequi-asymptoticallystableinthelargeasfollows.

Letp(t)beanalmostperiodicsolutionof(1).

SupposethatthereisnoTwhichisinthedefinitionofequi-asymptoticallystableinthelarge. Then

thereexistssome77>0,to≧0andsequencelxkl,{ tkI suchthat lxk-p(to) |≦a(qisarbitrary),
tk-少○○ask－ｼ○○and

|X(tk,tO,Xk)-P(tk) |≧〃 ． （6）

Onanycompactinterval[to,to+N],thesequenceIx(t,to,xk)| 、isuniformlyboundedandequiconti-

nuous,andhencewecanfindasolutionx(t,to,r)of(1)definedfor!all t≧to,where lp(to)－叉｜≦伽

andmoreover,asubsequenceofIx(t,to,xk)l tendstox(t,to,X)uniformlyonanycompactinterval .

Sinceeverysolutiontendstop(t)ast→oo, foranyaJ' thereexistssomet, suchthat
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|x(t,,t･ﾇ)-p(t') |<会ケ （7）

Denotingbylx(t,to,xk)l thesubsequenceagain,ifkissufficientlylarge,wehave

IX(t,,tO,Xk)-X(t,,tOﾇ) '<"
Fromthisand(7) itfollowsthat

IX(t,,tO,Xk)-P(t,) |<6,”

l b(t,,ケ）
+-log-----
c -a(to,77)

HencefOrany t>t, wehave

a(t,Ix(t,to,xk)-P(t)l)≦V(t,x(t,to,xk),p(t) )

≦V(t,,x(t,,t｡,xk),p(t,))e-c(t-t,)

≦b(tl, Ix(tl,to,xk)-p(t,) I )e-c(t-tl)

≦b(t,,6J')諾夛7=a(to,")
<a(t,77)

Thereforo lx(1-p(t) |<"forany[>[,+=l.g*Therefore lx(t,to,xk）－p(t) ｜＜'7foranyt＞t】＋でlog且LLL42コa(toa(to,77)

Thiscontradicts(6).

Thustheproofiscompleted.
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