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1 Ap㈹〃ErrorEstimate

Weconsidertheeffectoftheroundingerrorsinthecomputedinverses. Becausethejthcolumnof

theinverseofAisthesolutionofAx=ej,weconsiderfirsttheboundsfortheerrorsmadeinthesolution

oftheequations

(1) Ax=b.

Themethodwediscussinthispaperdependsonthesuccessivetransformationoftheoriginalmatrix

A(')intomatrcesA(2),A(3),…,A(n)suchthateachA(k) isequivalenttoA(')andthe6nalA(n) istriangular.The

errorboundsaremostconvenientlyexpressedintermsofvectorandmatrixnorms,throughoutweshall

usethemaximumnorms.

SupposethatthedataAin (1) areperturbedbythequantity6A.Theniftheperturbationinthe

solutionxof (1)is6xwehave

(2) (A+6A) (x+6x)=b.

Anestimateoftherelativechangeinthesolutioncanbegivenintermsoftherelativechangesin

Aasfollows:

LetAbenon-singularandtheperturbation6Abesosmallthat

|| 6AII<1/IIA-' ll .

ThenifxandSxsatisfy(1) and(2) ,wehave

jx 狸 || 6All

（3） －≦1－浬 || 6All/IIAll IIAI|X

wheretheconditionnumber"isdefinedas

〃="(A)=IIAII ･ IIA-! ll .

ThebasicproblemnowistodeterminethemagnitudeoftheperturbationsJA.

Itisclearthat6Adependsupontheround-offerrorsandmethodofcomputation.

WeconsiderthereductiontotriangularformbyGausianeliminationusingapartialpivotingfor

size.Thisstrategymearlydeterminesare-orderingoftherowofA,wecanassumethat,withoutany

lossofgenerality,thesystemhasbeenorderedsothatthenaturalorderofpivotsisused.

WedenotethecomputedelementsofthekthmatrixA(k)byaij(k)andthecomputedmultipliersby

mij.Thenwehave

mIn(l‘j） mIn(1，j＋1）

(4) Zm,kalll)=all) + ZEW)
k＝公

k＝1
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whereE#)istheerrormadeincomputingaff)andm,j.Theelementaili)isanelementoftheithpivotal

rowandundergoingnofurtherchange.

WritingLforlowertriangularmatrixformedbythemijaugmentedbyaunitdiagonal,andUfor

theuppertriangularmatrixformedbythepivotalrow, (4)gives

(5) LU=A(1)+E(2)+…+E(n)=A+E

whereE(k) isthematrixformedbye,j(k)．Notethatthishasnullrowsltok-1andnullcolumnslto

k-2.

ThesolutionoftheequationsAx=bisnowobtainedbysoIving

LUx=b

whichisperformedinthetwosteps

Ly=b, Ux=y.

Thevectorsactuallyobtainedaretheexactsolutionsof,say,

(6) (L+6L) y=b

(7) (U+6U)x=y.

Theperturbations6Land6UarisefromthefiniteprecisionarithmeticperfolTnedinsolvingthe

triangularsystemswiththecoefficientsLandU.Uponmultiplying(7)byL+6Landusing

(6)wehave

(A+6A)=(L+6L) (U+6U)

From(5) , itfollowsthat

6A=E+L(6U)+(6L)U+(6L)(6U).

SinceLandUareexplicitlydeteITninedbythecomputations,theirnormscanalso, inprinciple,be

obtained,wemustestimateE,6Uand6L.Weshallassumethatfloating-pointarithmeticoperations

areperformedwithat-digitmantissa,andletp=max,,jklaij(k)l.IfAisnon-singularandtsufficiently

large, thenwehave

2(i-1)pu

{f;=3,。周E=(eij), lei,I=

whereu="1-t.

TheelementsinJLand6Ucanbeestimatedfromasingleanalysisoftheerrorinsolvingany

triangularsystemwiththesamearithmetic.Assumingthatscalarproductsareaccumulatedinadouble

precisionaccumulator,wehave

6L=diag(-Ei) , l e1 |<u

and

6U=diag(-u,,w,) , |w1 |<u.

Wearenowabletoobtainestimatesoftheelementsin6A・ Lettbesolargethatnu<1.Then

thecomputedsolutionxsatisfies

(A+6，A)x=b

where

{"')" :≧j)
(i<j)

(8) |6ai｣ |=

From(8)weeasilyfindthat ' :

(9) || 6AII≦pn(n+1)u

andthiscanbeemployedin (3) toobtainmaxidlllmnormboundsontherelativeerTor.
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AboveresultscanbeappliedtoinversionofamatrixA. Sincethejthcolumnxjoftheinverse

matrxisthesolutionoftheequation

LUx=ej (j=1,2…,n) ,

theeachcomputedxjsatsfiestherealtion

(A+d.Aj) xj=ej ・

Althoughtheperturbation6A｣dependsone｣ ,buttheboundof ll 6Aj ll isindependentofeachj.

Thus, ifAisnon-singularand lIA-'6All<1, thenA+6Aisnon-singularand

wehave

|| (A+6A) -'-A-' ll('0) ' ､.~ ' ,fr｣ ,, - "='=l 'iX="' ''=,_" ,, 6X~ ,, /,,A,, "llr'l
〃 ’’ 6All

（10） ｜｜AllllA－1 ll

where

|| 6AII≦n(n+1)pu

2A"sMfbガErrorEstimate

Asshowninthefollowingnumericalexperiments @zP吻河errorbound(10) is,ingeneral,a

tremendousoverestimateforlargen．Thusweconsidernowtheα加s陀吻流errorboundsforcomputed

lnverse・

LetAbethematrixtobeinvertedandletCbethecomputedinverse・Weuseameasureoferror

calledtheresidualmatrix

R=AC-I.

IflIR||<1,thenwehave

(11) IIC-A-' ||≦II CII II RII/ (1-IIRII ) .

SinceAandCarepresumedknown,wecouldactuallycompute llCI| , |IAll and ll Rll inthe

estimate (11).This,ofcourse,iswhatismeantbyα加s彪吻流estimate.

１
１
１
’

3Numericalexamples

Weconsiderthenumerical inversionofthefollowingsymmetricmatrices

{1=LOO' |I=IIA1=(a,j) , a,)=

A2=(a,j), aij=n-li-j l

A｡=(｡,) , ｡"-(｡:｣}'"｡i｡(f'

侭
(i=j )

( l i-j l=1)

( l i-j l=1)

A4=(aij ) , a,j=

Numericalresultsaregiveninthefollowingtable.

Forsimplicity,wehavedenotedsay,4.45×10-5by4.45 (-5).Thesenumericalexperimentswere

performedwiththeHITAC8250computer.Sinceforthiscomputer,"=16,t"=6,andtd=14,sowehave

usedu=2-20andu=2-52forsingleanddoubleprecisionarithmeticrespectively. Moreover,wehave

evaluatedtherelativeerr()rinthe.computedinversebyllRII,assumingthat,in (11),IICll is
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A1 :positivedefinite A2:positivedefinite

A3 :orthogonal A4:negativedefinite
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|IAII IIA

|IC-A-' ll

IIA-'1

－1

|| " p

IIRII

npullA-1 || IIRII IIC-A-' l

IIA-1 !

5 5.00 1.60(3) 8.00(3) 1.00

4.45(-5) 7.64(-3) 3.05(-4) 6.86

2.20(-14) 1.78(-12) 5.68(-13) 25.9

10 10．0 1.80(3) 1.80(4) 1．00

4.47(-5) 1.72(-2) 2.90(-4) 6.48

1.46(-14) 4.00(-12) 9.77(-13) 66.9

15 15.0 1.87(3) 2.80(4) 1.00

4.50(-5) 2.67(-2) 5.04(-4) 11.2

1.22(-14) 6.22(-12) 1.47(-12) 120.

20 20.0 1.90(3) 3.80(4) 1．00

8.55(-4) 3.63(-2) 3.97(-4) 0.464

2.22(-13) 8.45(-12) 2.06(-12) 9.28

25 25.0 1.92(3) 4.80(4) 1.00

3.88(－4） 4.59(－2） 8.24(－4） 2．13

1.96(-13） 1.07(-11） 2.48(-12） 12．6

IIAII IIA-' ll

IIC-A-' ll

IIA-' ll

ﾒf p

IIRII

npullA-' ll IIRII IIC-A-' ll

IIA-' ll

19.0 2.00 38．0 5．00

1.81(-6) 4.77(-5) 3.44(-6) 1.90

2.83(-16） 1.11(-14） 1.39(-15） 4．94

75．0 2．00 150． 10．0

3.32(－6） 1.91(－4） 1.44(－5） 4.33

7.42(-16） 4.44(-14） 3.35(-15） 4．52

169． 2．00 338． 15.0

7.10(-6) 4.29(-4) 2.77(-5) 3.90

1.81(-15） 9.99(-14) 7.23(-15) 4.00

300． 2．00 600． 20.0

4.07(-5) 7.63(-4) 9.02(-5) 2.21

1.05(-14) 1.78(-13) 2.18(-14) 2．08

469． 2.00 938． 25．0

1.52(-4) 1.19(-3) 2.13(-4) 1.40

1.84(-14） 2.78(-13） 4.42(-14） 2．40

5 2．15 2．15 4．64 2.00

1.88(－6) 2.05(-5) 2.00(-6) 1.06

9.92(-16) 4.78(-15) 1.10(-15) 1.11

10 2．97 2．97 8.80 3.10

1.09(－5) 8.78(-5) 4.57(-6) 0.489

2.39(-15） 2.04(-14） 1.43(-15) 0.599

15 3．59 3．59 12．9 2．88

8.78(-6) 1.48(-4) 8.26(-6) 0.941

2.11(-15） 3.45(-14） 2.49(-15） 1．18

20 4．12 ． 4．12 17．0 3.48

1.22(－5） 2.73(－4） 1.14(－5） 0.935

3.28(-15) 6.37(-14) 3.41(-15) 1.04

25 4．59 4．59 21．0 4．82

2.38(－5） 5.27(－4） 1.65(－5） 0.694

4.21(-15） 1.23(-13） 4.28(-15) 1.02

4．00 4．50 18.0 2.00

1.21(－6） 4.29(－5） 3.22(－6） 2.67

2.31(-16） 9.99(-15） 8.47(-16） 3．66

4．00 15．0 60.0 2.00

6.76(－6） 2.86(－4） 9.95(－6） 1.47

9.76(-16） 6.66(-14） 2.51(-15） 2．57

4．00 32．0 128． 2.00

1.38(－5） 9.16(－4） 2.45(－5） 1.77

1.45(-15） 2.13(-13） 4.95(-15） 3．42

4．00 55．0 220. 2.00

1.99(－5） 2.10(－3） 4.18(－5） 2.11

2.01(-15) 4.88(-13) 1.00(-14) 4.99

4.00 84｡5 338. 2．00

2.68(-5) 4.03(-3) 6.10(-5) 2.28

3.03(-15) 9.381-13) 1.49(-14) 4.91
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approximatelyequalto llAll ,and IIRll isfarsmallerthanunity.

Fromaboveresults,weseethattheaccuracyofthecomputedinversewithdoubleprecision

arithmetichasbeenimprovedby9orlOdecirnalplacesthanwithsingleprecisionarithmetic. For

symmetricandpositive.definitematrixAitcanbeshownthat

p≦maxi, l ai｣ | ･

Foranyrealmatrix,however,fromourexperience, itmightbeexpectedthat

p=p(n)≦､．
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