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1 Introduction

Ininvestigatingstableorboundedpropertiesofsolutionsofasystemofordinaryorfunctional

differentialequations,theLyapunov'Ssecondmethodisveryusefulinthatweneednotfindthesolutions

oftheequations.However, inthismethod, itisverydifficulttofindaLyapunovfunctionwhichsatisfies

theconditionsforstableorboundedpropertiesinthePracticalproblems.Therefore, itisimportantto

obtainweakerconditionsoftheLyapunovfunction.

In [1] and[2] ,weobtainedsufficientconditionsforstabilityandasymptoticstabilityofsolutions

ofasystemofdifferentialequations

dx

----=f(t,x) . （1）
dt

Inarecentpaper [3],J.R.Haddockhasobtainedsomesufficientc)nditionsforasymptoticstability

oftheequation(1)withoutrequiringtheboundednessofthefunctionf(t,x).

Forasymptoticstability, therearemanyinterestinginvestigations [4]-[9].

Itisthepurposeofthispapertogiveweakerconditionsforasymptoticstability.

2DefinitionsandNotations

LetR+denotetheinterval O三t<mandR"denoteEuclideann-space.

ForxER", let llxll betheEuclideannormofx,andDbeadomainsuchthat llxll≦H,

H>0.

Weconsiderasystemofdifferentialequations(1),wherexisann-dimensionalvectorandf(t,x)

isann-dimensionalvectorfUnctionwhichisdefinedonaregioninR+×R",andiscontinuousin(t,x)on

R+×D.

Throughoutthispaperasolutionthroughapoint (to,xo) inR+×R"willbedenotedbysuchaform

aSX(t,to,Xo).

BeforeStatingthedefinitionsweintroducethefollowingnotations.

A.real-valuedfunctionb(r)belongstoclassC(beC) ifitisdefinedandcontinuousonR+.

Areal-valuedfunctionb(r)belongstoclassl (bel) ifitismdiiotoneincreasingonR+.
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Areal-valuedfunctionb(r)belongstoclassP(beP) ifitsatisfiesb(r)>0forb>0andb(0)=0.

ClasswiththeabovethreepropertiesisdenotedbyCIP.

Areal-valued.functiona(t,r)belongstoclassC(t,r) (aEC(t,r)) ifitiscontinuousin(t,r).

Classoftwovariablesfunctionwhichincreasesmonotonicallywithrespectto t foreachfixedr

isdenotedbyl(tlr)onR+×R+.

Weintroducethefollowingdefinitions.

【Definition l】

Thezerosolutionofthesystem(1) issaidtobestableifforanye>0andanyt｡ER+thereexists

a6(to,E)>Osuchthattheinequality llxo ll<6(to,E) implies llx(t,to,xo) ll <eforallt≧to.

【Definition2】

Thezerosolutionofthesystem(1) issaidtobeasymptoticallystableifitisstableandifthere

existsa4(to)>Osuchthatif llxoll<4(to),x(t,to,xo) tendstozeroast→“．

【Definition 3】

LetV(t,x)beacontinuousscalarfunctiondefinedonanopenset,andwhichsatisfieslocallya

Lipschitzconditionwithrespecttox・ CorrespondingtoV(t,x),wedefinethefunction

Vi,)(t,x)=卿士{V(t+h, ×+hf(t,x))-V(t,x)} ●

IncaseV(t,x) hascontinuouspartialderivativesofthefirstorder,

itisevidentthat

V(1)(t,x)=g¥+g¥.f(t,x),
where 、。〃 denotesascalarproduct.

3PreliminaryResults

【Theoreml】

a4"osGMz〃加花〃たfstzZJ"ゆ""oりん"c肋〃V(t,x)dWzedO"R+×D,""た〃saj域ｾs"e/b"ひ加加g

cO"α"わ"S;

(i) V(t,0)=0,

(ii) a(t, ||xll )三V(t,x), z"""eaEC(t,r),aEP""7忽幼ec"orzz"daEI(tlr),

(iii) V1,)(t,x)≦0.

?物g宛娩ezeγりso伽吻〃q/＃舵SW妙〃 (1) iss"6".

Fortheproofofthistheorem,see [1].

【Theorem2】

a4"ose"#"e〃"C"b"f(t,x)た加""庇αf(t,0)=0α"αj加＃肋e"exis応aL)砂""02ノル"c伽〃

V(t,x)dg/ﾂ"gao"R+×D,"ん元〃sα"Ws"g/b"りM"gco"戊吻"S;

( i ) V(t,0)=0,

(ii) a(t, IIxll )三V(t,x),z"""aEC(t,r),aEPz""7忽幼“ｵ加rα"daEI(tlr),

(iii) V1,)(t,x)三一c(t, IIxII ),"ん"gcEC(t,r),cEP""7忽妙eα勿r、

T"e""ez"oso〃吻卯Qf"sys""@ (1) istzsy"ゆわ"""s"6".

Fortheproofofthistheorem,see [2].
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【Theorem3】

SMpose/加j"e"e沈応血"c吻犯a,b,cECIP, co加加"0"sji"2c吻刀sg,h:R+→R+-{O} ,α"αα

LM""ozノル"c吻冗V(t,x) s"c"j加j肋g〃ん〃"gco"d"わ"2sα"sαｵ域と必

( i ) a( IIxII )二V(t,x)≦g(t)b( IIxII ) ,

(ii) V1,)(t,x)三一h(t)c( llxll ),

f｡h(s)"b-|(甫戸))ds=｡｡〃α"s柵/">0･ ,"(iii)

了乃g〃肋eZe"OSO〃加犯Q/"esys陀加(1) isaSy"ゆわ此α〃sm6ん．

Fortheproofofthistheorem,see [3].

4Result

【Theorem4】

S幼加sgﾉﾙαj"e"exMs"LM加"o"ん"c吻犯V(t,x)d砿"eao"R+×D, z(ﾉﾙたんsarMes"e/b"りzMzg

co"α"われS;

( i ) a(t, llxll )三V(t,x)≦g(t)b( llxll ), z"""eaEC(t,r),

aEP2""ん""ecオ加r, aEI(t l r),bECIP,g(t).>0{z"dgEC,

(ii) V1,)(t,x)三一c(t, llxll ),"""ecEC(t,r)α"αcEI(rlt),

f~c(s,b-|( §差r))ds=oo伽｡"s側ﾉ">0.(iii)

7沈冗肋eze"oso/"助れげ幼eSys""z (1) istzSy加〆o此α〃sm6/e.

[Proof]

ByTheoreml,thezerosolutionofthesystem(1)isstable.

Let to≧Oande>0givene<Handlet6(to,E)>0tobechosensuchthat llxoll <6(to,E) implies

ll x(t,to,xo) ||<Eforallt≧to.

Supposethatthezerosolutionofthesystem(1) isnotasymptoticallystable.Thenthereexistsa

solutionx(t,to,xo)ofthesystem(1)whichdoesnottendtozeroast→函. SinceV'(t,x)≦0alongthe

solutionx(t,to,xo),thereexists">OsuchthatV(t,x(t,to,xo)) tendsto"ast→、、 This implies

||X(t,to,Xo)||zb-!(zZT) for｡n［≧t｡. ByintegratingV'(t,x)al･ngthesolu伽。
x(t,t｡,xo),weobtain

f@c(s, ||x(s),, )d｡V(t,X(t,to,xo))三V(to,xo)-

ノtc(s,b-'(百基丁))ds三V(to,xo)-

to

－少一mas t－少一．

Since">OcanbemadesufficientlysmallbychoosingEsmall, theaboveinequalityholdsandwe

haveacontradictiontoV≧0.

Thus,weseethatthezerosolutionofthesystem(1) isasymptoticallystable.

[Example]

Considera･scalarequation

dx X

(t>0). （2）二一二二一一一一・一・一

dt t
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Forthisequation,consideraLyapunovfunctionV(t,x)=tx2.

dx

ClearlyV12)(t,x)=x2+2tx ､ =_x2.
dt

l

Wesetthefunctionssuchthata(t,r)=-､r2,9(t)=2t,b(r)=r2
2

andc(t,r)▽÷幸gr'
Thentheconditionsofourtheoremissatisfied. Consequently, thezerosolutionofthesystem(2)

isasymptoticallystable.
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