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1 Introduction

It is well-known that the boundedness property of solutions of the periodic
system implies the existence of a periodic solution. However, for an almost
periodic equation, the boundedness of solutions does not necessarily imply the
existence of an almost periodic solution even for scalar equations. Opial (8]
has constructed an equation with all of its solutions bounded but not almost
periodic. Fink and Frederickson (9], by using Opial’s equation, have cons-
tructed an almost periodic equation which has no almost periodic solutions, but
the solutions are uniformly ultimated bounded.- Thus, in discussing the ex-
istence of an almost periodic solution, several kind of stability properties of
a bounded solution were assumed. For example, Miller assumed that the
bounded solution is totally stable, and Seifert assumed the Xi-stability of the
bounded solution, while Sell assumed the stability under disturbances from
the hull. They assumed that the solutions are unique. These results can be
obtained by using the property of asymptotically almost periodic functions
without the uniqueness of solutions (5], (6].

A basic theorem is as follows due to Coppel.

[Theorem]
Suppose that an almost periodic system
X, = f (t’ X)

has a bounded solution #(t) defined on I such that [#(t)|<B for allt=>0.

If the solution 7 (t) is asymptotically almost periodic, then the system
has an almost periodic solution-

In (1), T. Yoshizawa proved the existence theorem of an almost periodic
solution by using Liapunov functions, following an idea of Hale (10].

In this paper, we will state some generalization which weakens the con-
ditions on the Liapunov function.
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2 Almost Periodic Functions and Asymptotically Almost Periodic
Functions

We shall first list some notations. Let I denote the interval 0 <t < and
R" denote Euclidean n-space. For X€R™, let [x| be the Euclidean norm of
x. The closure of a set S will be denoted by S. We shall denote by
C(JxD, R™ the set of all continuous functions f defined on JXD with
valued in R", where J is a subset of R and D is a subset of R".

We introduce the following definitions.

(Definition 1]

Let £(t, x) € C(RxD, R™, where D is an open set in R™. f(t, %) is
said to be an almost periodic in t uniformly for x € D, if for any ¢>0
and any compact set S in D, there exists a positive number £(e, S) such
that any interval of length #(e, S) contains a 7 for which

|f(t+7t X)_f<t9 X)lS €

for all t€R and all x €8.

[Lemma 1]

Let £(t, x) € C(RxD, R™ be almost periodic in t uniformly for x €D,
where D is an open set in R", and let {hx} be a sequence of real numbers.
Then, for any ¢> 0, and any compact set S in D, there exists a subse
quence {hkj] such that the norm of the difference of any pair of functions

f(t‘l‘hkj, X)» X €S, is less than e.

Proof- For a given €>0, there corresponds an 4 =Z(%. S) such that
every interval of length 4 contains an % —translation number. For each hk,

there exists a 7x and a 7k such that hx=7x+7k, where tx is an i —trans-—
lation number and 0 <rk<#. Since f(t, x) is uniformly continuous on Rx
S, there isa (s, >0 such that 1£(th O—f(t" DI< 5 if 1t'—t"]< 28
and x €S. Since 0<yk<{¢ there exists a subsequence {(rk;} of {rx} such
that 7x;—7 as j—e, where 7 is a limit point of the set of all 7k and
consequently 0<y<¢. Consider the hk; for which 7—-06<rk, <7+0.

Let hkp, hk,, be two such values- Then we have

Suplf(t+hkp9 X) _f(t+hkm’ X)l
&R

=sup Hf (t+ew) —7i, +7, =7k XD — (8, )|
<sup Hf (t+rk, =7+, =Tk XD — £+, =7k )|
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+ suplf (t‘l‘Tkp —Tky X) — £ X

. . € .
Since 7k, —7k, is an C translation number and |Tkp - rkm|<25, we have

M (t+hi, > x) — £ (t+hi, x)1<e

for all t € R and x € S. This proves the lemma.
Let f(t) be a continuous vector function defined on I with values in R™.

(Definition 2]

f(t) is said to be asymptotically almost periodic, if it is a sum of a
continuous almost periodic function p(t) and a continuous function q(t)
defined on I which tends to zero as t— o, that is,

f(t) =p () + q(t)- :
The concept of asymptotic almost periodicity was introduced by Fréchet (11].

(Definiton 3]

We say that f(t) has the property P*, if given ¢> 0 there is an £4(¢)
and a2 T() =0 such that every interval of length #£(¢) containsa t such
that [fG+0) —f()I<<e for t=T() and t+z2= T(.

(Definition 4)

We say that f(t) has the property P, if given ¢ >0 there is an £ ()
and 2 T () >0 such that every interval of length £(¢) on I containsa =
such that [f(t+o) —f(t)1 <e for t =T (e).

(Definition 5)

We say that f(t) has the property L, if for any sequence {hk} such
that hk>0 and hk—® as k—, when we can select a subsequence
{hi;} such that f(t+hx) converges uniformly on I.

[Lemma 2]

The property P* is equivalent to the property P-.
For proof, see (1].

[Lemma 3]

If £(t), t €1, has the property P, then f(t) has the property L.

Proof.- Let f{hk! be a sequence such that hx >0 and hk— o as k— .
For a fixed B, —<{f<0, if k is sufficiently large, say k >Ki, f(t+hk)
is defined on B <t<{e for all k. Since f(t) is bounded and is uniformly
continuous for t 20, {f(t+hk)} is uniformly bounded and is equicontinuous
for t=B. Therefore, there is a subsequence {f(t+h'K)} of {f(t+hi)}
which converges to a continuous function p(t) defined on (—o,%) uniformly
on any compact interval in (—o, ). By the property P, for given ¢>0
there existsan £ =4£()>0 anda T()20 andark €[h'k—4¢, h'x] such
that ’

HG+r)—f@) | <e for t = T(e,

where 7k is positive if k is sufficiently large, say k>K.. Let £k = h'k—7k-
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Then 0<4x<4¢. Therefore, changing t into t+ fx, we have
[f(t+h'e) — £+ ) 1<e for t+ x> TC(e).
Since 0< 4k < ¢, there exists a subsequence such that

lim fx. =4% 0<0*<¢.

Consider f(t+h'x) on [0,%). If k;j is sufficiently large, then
HECe+h'e) — £+ 4e) 1< e for t2T (e,

where t2T(e) and 4k, 20 imply t+ 40k =T().

Since f(t) is uniformly continuous for t =0, there is an integer
such that j=j,(¢) implies
[+ fx) — £+ 2% 1< e for t20.

Thus, if j=j(e) and t =T (), we have
H+hk)—f(t+ £ < 2e.

However, for any t, f(t+h'%)—=p(t) as j—, and therefore,

lp() —f(t+6*) 1< 2¢ for t=T(e).
Therefore, |f(t+h'k) —p(t)[< 4¢ for j=jo(e) and t=T(e).

On the other hand, for t such that 0< t <T (), there is
an integer j0(&) >0 such that if j=je(s) and 0 <t < T (),
then [f(t+h'k)—p(t)| < 4e. Thus, if j=jo(e) +j%(e) and t20,

|1+ R —p (D < 4e.

jo >0

Clearly jo(¢) and jo(e) depend only on . This completes the proof.
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[Lemma 4]

If £(t), t €1, has the property L, then f(t) is asymptotically almost
periodic-

[Lemma 5]

If £(t), te€1I, isasymptotically falmost periodic, then f(t) has the

property P.
For proofs of these lemmas, see references.

Thus we can see that the following three properties are equivalent ;

(1) £(t) is asymptotically almost periodic,
(2 f£(t) has the property P,
and  (3) f(t) has the property L.

{Lemma 6]

If f(t), t €1, has the property P, then the function p(t) in the proof

of Lemma 3 is an almost periodic function.

Proof- By Lemma 2, f(t) has the property P*, that is, for any €>0
there isanf(¢) >0 anda T(e) =0 such that every interval of length £(¢)

contains a = such that
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[ft+e) —f(t)1 <e for t=T(e) and t+7=T(e).
Therefore we have |f(t +r+hkj) —f(t +hkj)l<e for t=T()— hk; and

t+72T(e) —hk. For a fixed t&(—o,), t, t+72T(e) ~hk if ]

is sufficiently large. Letting j—o, we have
[p(t+2)—p(t)| <e for all t € (—oo,c0).
This shows that p(t) is almost periodic.

3 Main Result

Throughout this paper a solution through a point (to» Xo) in IXR™ of a
system of differential equations

(1) x' =f(t, x),
where X is an n-dimensional vector and f(t, x) € C(IxD, R"), will be
denoted by x(t, to» Xo)-

(Definition 6]

The solution 7 (t) of the system (1) is said to be stable if for any €¢>0
and any to €1 there existsa 0(to, €)>0 such that |xe— 7 (te) <0 (to, &
implies [x(t, to» xo) — 7@ (t)|1<e for all t = t,-

(Definition 7]

The solution 7 (t) of the system (1) is said to be quasi-equi-asymptotically
stable, if for any €>0 and any t, €1, there existsa 00(to) >0 anda
T (to» © >0 such that if |xo— 7 (te)<do(to), then |x(t, to» xo) — 7 (1)<
for all t =ty + T (o, €).

(Definition 8]

The solution =#(t) of the system (1) is said to be equi-asymptotically
stable, if it is stable and is quasi-equi-asymptotically stable.

We shall consider a continuous scalar function V(t, x) defined on an
open set in RxD. We assume that V(t, x) satisfies locally a Lipschitz

condition with respect to x. Corresponding to V(t, x), we define the
function

Vialt, x) = ];E%u %[V(t+h, x+hf(t, x)N-V(t, x)].

In case V(t, x) has continuous partial derivatives of the first order, it is

evident that Vi, x)= _aalt + %Y?- f(t, x), where "“." denotes the

scalar product-
Consider an almost periodic system
@) x'=£f(t, x),
where f(t, x)€ C(RxSB,R™), Sp={x;Ix|<B}, and £(t, x) is almost
periodic in t uniformly for x €Sp. In(1J], T. Yoshizawa, by using Liapunov
functions, proved the existence of an almost periodic solution of the system
(2). We will state some generalization of his theorem. In order to discuss
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this problem, it is natural to introduce the product system
(3) Xl=f(t9 X)’ Yl=f(t’ y)-

[Theorem]

Suopose that there exists a Liapunov function V(t, x, y) defined on
0 <t<e, |x|<B, |yl<B which satisfies the following conditions ;

@D alt, Ix—yD<V{, X, y)<b(t,lx—y|), where the function a(t, r)
is continuous in (t, r), a(t, 0)=0, a(t, r)>0 for any r*0, and
increases monotonically with respect to t and 1, and b(t, r) is
a continuous function and increases monotonically with respect tor,

(ii) IV (t) %15 Yl)_v(t’ X2 Yz)l < K(Ix — Xl +IY1_Y21)’ where K >0
is a constant,

(iid) V'@, x, y) £ —aV(t, X, y)» where @a>0 is a constant.

Moreover, suppose that there exists a solution #(t) of (2) such that
7 (1) < B*¥*< B for t 20. Then, in the region RxSp, there exists a unique
equi-asymptotically stable almost periodic solution p(t) of(2) which is bounded
by B*. 1In particular, if £(t, x) is periodic in t of period », then there
exists a unique equi-asymptotically stable periodic solution of (2) of period @.
Proof- Let {7k} be a sequence such that 7zx—oc as k —o. Set
7 (t) =7 (t+7¢). Then 7x(t) is a solution of x'=f(t+7k, x) through
(0,m(zx)). Since f(t, X) is almost periodic, there exists a subsequence
of {rx}, which we shall denote by {rx} again, such that f(t+rk, X) converges
uniformly on Rx Sp* as k—o. For a given & >0, choose an integer ko (¢)
so large that if m =2k = k,(¢), by(i) and Lemma 1,

@) b (t, 2B%) e * (o7 < a<t+e)

and

6 £t 0= {0 1< 2 on Rx Sps-

From conditions (ii) and (iii), it follows that
V' (t, 7 (1), #(t+tm—7K)) < —aV (t, 7 (t), 7 (t+Tm—7K))

+KIf(t+tm—7k,7 (t+om—rk))—f (t, 7 (tFTm—7i)) | ©
By (5), we have

V' (ty 7 (s 7+ Tm—T1)) < — @V (1, 7 (1), 7 (t+Tm—71)) + 3“2—” ,

which implies that
V (t+ 7k, T(t+7K), 7 (t+7m)) <

e a(to—t—7i) V (tor 7 (to)y # (to+Tm—7x)) + a(tZO’ 2. ’

Thus, if m =k = ke(e), by @),

V(t+rr, 7 (t+7k), 7 (t+7m)) < a(te €.
Therefore; by (i), we have |z (t+rx)—7(t+7tm)1<e for all t =0 if
m =k = ko(¢), which shows that #(t) has the property L. Since the
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property L is equivalent to the property P, by Lemma 6, the system (2) has
an almost periodic solution p(t) which is bounded by B*. By (12] , solution
p(t) of (2) is stable, and hence, there exists a 0,(to» B) >0 such that if
to €1 and |xo—p(to) << do(te» B), then

[x(ts tor Xx)—p (I <B  for all t = t,.
Moreover, for any ¢>0, there exists a 6 (to,¢) >0 such that if to €1
and |Xe—p (to) | <8 (tor €,

[x(ts tor X)) —p(t)1<le  for all t = to-
Now we show that every solution X (t, te» Xo) of (2) such that t. €1,
[ Xo — p(to) | < do (to» B), satisfies |x(t, to» Xo)—p(t) <8 (tos €) at some time t.

Put =to+ T (te» €), where T (to, €)= *i log —:—((t%”—g("%f?)))l

By(l)’ a (to, [ x(ts tor Xo) —p(t)l) < V&, x(ty tos Xo)» p(t))

~a(to, 0(tos €))
b (to» do(tor B))

< b (tos |Xo—p(to)|)e_“(t_t°)< b (tos 0o (to» B)).

= a(to, 0 (to> €)),
and hence

[x(ts toy Xo) —p(t)[<e for all t=t,+ T.
This shows that the solution p(t) is quasi-equi-asymptotically stable. Thus
the solution p(t) is equi-asymptotically stable. Every solution remaining
in Sp approaches p(t) as t—e, which implies the uniqueness of p(t).
In a case which f(t, x) is periodic in t of period @, p(t+®) is also a
solution of (2) which remains in Sp, and hence p(t+w)—p(t) as t—eo.
Thus we have p(t+®)=p(t). This completes the proof.

Remark. If a(t, r) and b(t, r) in Theorem are independent of t.,

our result implies Yoshizawa's theorem.
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