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AMulti-stageAllocationProcess

inDynamicProgramming

ShigeruKushimoto

TakashiYoshimura
P

【1] Amulti-stageallocationprocesswasfirstdescusSedinR.Bellman"Dynamic

Programming'' (Princetonl957)asfollows.

Assumethatwehaveaquantityxwhichwedevide into twoparts, yand

x-y, obtainingfromthefirstquantityyareturnofg(y)andtheseconda

returnofh(x-y).Andsupposethatasapriceforobtainingthereturng(y),

theoriginalquantityyisreducedtoay, wherea is constant, o≦a<1, and

similaryx－yisreducedtol)(x-y),o≦b<1,asthecostofobtainingh(x-y).

Ifwerepeatthisoperationofallocation, thenthetotalreturnis

R,(x,y)=g(y)+h(x-y)

R2(x,y,y,)=g(y)+h(x-y)+g(y,)+h(x,-y,)
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xN_1=ayN_2+b(xN_2-yN_2) , o≦yN-2≦XN-2

0≦yN-1≦XN-1

Letusnowdefinethefunction

fN(x)=themaximumreturnobtainedfromanN-stageprocessstarting

withaninitialguantityx, forN=1,2, .．…・ andx≧o

Thenwehavethefunctionalequation

fN(x)=maxRN(x,y,y1,……yN_1)
{y,yi}

=max[g(y)+h(x-y)+fN_, (ay+b(x-y))]……(I)
o≦y≦x

withf,(x)=max[g(y)+h(x-y)]
o≦y≦x

【2] Weconsidertheprocessundertheassumptionthat additional resourcesare

addedateachstage, fromtheconversionofallreturng(y)+h(x-y) into

resources,asanextensionof[1] .

Similarly, thetotalreturnforthefirststageis

R,(x,y)=g(y)+h(x-y) , o≦x≦y

Letusassumethatg(x)andh(x)arecontinuousfunctionsofxforallx≧O,



36

sothatthismaximumwillalwaysexist.

Considernowatwo-stageprocess.Iftheremainingresource fromthefirst

stageis

ay+b(x-y) , o≦a<1, o≦b＜1

thentheallofresourcesforthenextstageare

g(y)+h(x-y)+ay+b(x-y) , o≦y≦x

Weset

g(y)+h(x-y)+ay+b(x-y)=x, =y,+(x,-y,)

foro≦yl≦x,, andobtainasaresult of thisallocationthereturng(y,)+

h(x,-y,)atthesecondstage.Thentheallofresourcesare

R2(x,y,y,)=g(y,)+h(x,-y,)+ay,+b(x,-y,) , o≦yl≦X1

andthemaximumisobtainedbymaximizingthisfunctionofy,.

LetusproceedtotheN-stageprocesswherewerepeat theaboveoperation

ofallocationNtimeinsuccession.ThereturnfromtheN-stageprocesswill

thenbe

RN(x,y,y｣…yN-1)=g(yN_1)+h(xN_1-yN_1) , o≦yN-1≦XN-1

wherethequantitiesavailableforsubsequentallocationattheendofthefirst,

second,…, (N_1)ststagearegivenby

x,=g(y)+h(x-y)+ay+b(x-y) , o≦y≦x

x2=g(y,)+h(x,-y,)+ay,+b(x,-y,) , o≦yl≦X1

垂

xN_1=g(yN_2)+h(xN_2-yN-2)+ayN-2+b(xN-2-yN-2) , O≦yN-2≦XN-2

ThemaximumreturnfortheN-stageprocesswill beobtainedbymaximizing

thefunctionRN(x,y,y,,…yN_,).

Inthiscase,

fN(x)=maxRN(x,y,y,, ．. , yN-1) (N=2,3,…）
{y,yi}

f,(x)=max [g(y)+h(x-y)]
o≦y≦x

Consideringthetwo-stageprocess, wesee that thereturnwill be thereturn

fromtheonlysecondstage, atwhichstagewehaveanamountay+b(x-y)and

firststagereturng(y)+h(x-y) lefttoallocate. It isclear thatwhatever the

valueychoseninitially, thisremainingamount

g(y)+h(x-y)+ay+b(x-y)

mustbeusedinthebestpossiblemanner for theremainingstage. It follows

thatasaresultofan initialallocationofywewill obtainatotal returnof

f,(g(y)+h(x-y)+ay+b(x-y))fromthesecondstageify, ischosenoptimally.

Thenwehavetheexpression

R2(x,y,y,)=f,{g(y)+h(x-y)+ay+b(x-y)}

Sinceyistobechosentoyieldthemaximumofthisexpression, wederivethe

recurrencerelation

f2(x)=max [f,{g(y)+h(x-y)+ay+b(x-y)}]
o≦y≦x
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Generally,usingthesameoperationforN-stageprocess,weobtainthefunctional

equation

fN(x)=max [fN_,{g(y)+h(x-y)+ay+b(x-y)}]…(I)
o≦y≦x

forN≧2 , with

f,(x)=max [g(y)+h(x-y)]
o≦y≦x

Usingthisequation, ateachstepof thecomputation, weobtain, not only

fk(x),butalsoyk(x).Thenthesolutionconsistsofatabulationofthesequence

offunctions {yk(x)} and {fk(x)} forx≧o, k=1,2,…．

【3] Weconsider thesameproblemunder theassumptionthatapart of the

returnc {g(y)+h(x-y)},o<c<1,isaddedateachstageintoresources.

Inthiscase,wehave

R,(x,y)=g(y)+h(x-y)

R2(x,y,y,)=(1-c){g(y)+h(x-y)}+g(y,)+h(x,-y,)

RN(x,y,yl,…,yN_1)=(1-c){g(y)+h(x-y)+g(y,)+h(x,-y,)+-,

･"+g(yN-2)+h(xN_2-yN_2)}+g(yN_1)+h(xN_1-yN_1)

where
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xN_1=ayN_2+b(xN_2-yN_2)+c{g(yN-2)+h(xN_2-yN_2)} , O≦yN-2≦XN-2

0≦yN－1≦XN-1

Usingthesameargumentationfor thisprocess, weobtainthe functional

"equation.

fN(x)=max [(1－c){g(y)+h(x-y)}+fN_,{ay+b(x-y)+c(g(y)
o≦y≦x

+h(x-y))}]…（Ⅲ）

forN≧2 with

f,(x)=max [g(y)+h(x-y)]
o≦y≦x

Thiscaseisageneralformforthemulti-stageallocationprocess.Ifweset

C=o,weobtain(I),andifwesetc=1,weobtain(I),inthisequation.

Example.

Findthesolutioninthecasewhere

g(x)=1-e-x

h(x)=1-e-2x

a=0.75 , b=0.3 , c=0．7

x=2 , N=5

Wefoundtheoptimalpolicyforthisproblembythe followingflowchart

Xordigitalcomputer, asfollow;
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f5(2)=3.57

Inthecase[2],ifg(x)andh(x)arebothnondecreasingfunctionofx,

then fN(x) isalsonondecreasingfunction, andso theoptimal policymay

befoundsuccessivelyat eachstage・ Moreover, intheaboveexample, since

g(x) andh(x)areconcavefunction, sofN(x) isastrictlyunimodal function.

Thus,usingthefollowingflowchart2,wecanfindtheoptimalpolicymore

efficiently.
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Flowchartforthenumericalsolution. 1
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Flowchartforthenumericalsolution. 2
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