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TheNumericalSolutionofElliptic

PartialDifferentialEquation
〃

Takashi Yoshimura

1. IterativeMethods

Inthenumericalsolutionbydifferencesofboundaryvalueproblems involving
ellipticpartialdifferentialequations, oneisledtoconsider linearsystemsofhigh
orderoftheform

N

Zai,juj+dj=0 (i=1,2,…,N) （1）
j=1

whereu,,u2,...,uNareunknownandwheretherealnumbersai,janddiareknown.
Forlinearsystemsof thesizeencountered inpractise theGausselimination

methodarenotpractical・ Oneisled, instead, toconsideriterativemethods.

ThesimplestoftheiterativemethodsistheGauss-Seidelmethod,where,starting
witharbitraryinitialapproximationtothesolution, oneimprovesthisapproximation
usingimprovedvaluesassoonasavailable. Thustheimprovementformulais

(m+1) i-1 (m+1) N （mj

u! =(-Zai,juj -Zai,juj--d! )/ai,i . （2）
j＝1 j=i+1

Acompleteiterationconsistsofimprovingtheapproximatevaluesforallunkno-

wns・Havingtraversedalltheunknowns, onestartsoveragainatthe"first''unknown

andrepeattheprocessuntild<e,whereeisaprescrivedtoleranceandwhere
rn

N (m) (m-1)

dm=Zlui-ui l ． （3）
i＝1

IntheJacobimethodonedoesnotuse improvedvaluesuntil afteracomplete
iteration. Theimprovementformulaforthismethodis

(m+1) N (m)

ui =Zbi,juj +ci （4）
j＝1

jキi

where

{5､i'' " (5)bi,j=

and

ci=-di/ai,i (i=1,2,…,N) . (6)

Byasimplemodificationof(2)wecanmakeasubstantial improvement inthe

rateofconvergence. Weusethefollowingformula:

(m+1) ｢ i=1_ (m+1) N (m)

{=;b"u)""'+､%,bi,,uim¥c! }､"-1)｡似 ⑦ui =の
j＝1 j＝i＋1

Hereのisaparameterknownasrelaxationfactor. Thismethodisknownasthe

successiveoverrelaxationmethod. Evidently,whereの=1,thesuccessiveoverrelaxa-
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tionmethodreducestotheGaUss-Seidelmethod.

Wemaywrite(1) inmatrixnotation
（8）Au+d=0,

whereAisagivenN×Nmatrixanddisagivencolumnmatrixandwhereuisan
unknowncolumnmatrix.

Jacobimethodmaybewrittenintheform

(m+1) (m)
（9）u =Bu +c,

whereBisdefinedintermsofAby(5) , andwherecisdefinedby(6) .

Forthesuccessiveoverrelaxationmethodwehave

(m+1) (m+1) __ (m) _ / .､ T (m)
u ＝の(Lu +Uu +c)-(の－1)Iu

whereL+U=BwhereLislowertriangular, andUisuppertriangular.
lfwelet

－1

Lの=(I－のL) {U-(の－1)I}

wehave

(m+1) (m) _ __-1
⑩u =Lのu +(I一のL) のc・

Equation(9)and(10)maybewrittenbothintheform
(m+1) (m)

⑪U =Tu +f,

(m) (m) (m) (m)
whereu =(u, ,u2,…,uij-) , f=(f, ,f2,…,fN) '

fisfixed, andTdenotesalinearoperator.
(m)

definedby(11)weInordertoinvestigate theconvergenceof thesequenceu
（、） （、）

studythebehaviorasm－今○○oftheerror e =u -u

whereuisthetruesolutionof(8) .

Sinceu=Tu+fwehave, bylinearityofT

(m+1) 、mノ m+1 (0)
e､-- =Te =T e

（、）

Asamesureoferror&4"' , weuse theEuclideannorm. LetVNdenote the

N-dimensionalvectorspaceofN-tupleof complexnumbers, andlet theEuclidean
normofanelementv=(v,,v2,...,vN)bedefinedby

''v'' -[=, 'v! '']; ⑫
●

(m) _ _. (0)
, itisnecessaryandEvidently, inorderforu､-~toconvergetouforallu

rn

sufficientthatforallvEVN,wehave LimllTvII=0 .
Xn一ヶm

AlineartransformationTofVNinto itself issaidtobeconvergent if forall
rn

vEVN LimllTvll=0
． In→m

LEMMZ4 .TisQco""g噌忍伽加z"勅γ加α伽”がα"α0"〃がα〃オ〃g“""α〃gsqf



29

.Ttz"/essオ加伽0"“〃abso/"花〃α〃e・

Proof:LetスbeaneigenvalueofT,thenthereexistsv=FO suchthatTv=ｽv・
m m _ . .. __'_n ,, ._ . . , ,,',_4 T2___ !! jm

ThenTv=ス v. Since LimllTr.vll =0, itfollowsthat Limllス vll =0.
rn一ヶoO

In－シOO

rn

Byconsideringnonzerocomponentofv,wehaveﾉl →0(m→oo),hencelス |<1.
THEOREMI. ガオ加加αかf〃AisS)ﾉ加卵zeMcα"α加s""e〃ｿ""e, オ加卯オ〃Gα"ss-

Seide/w@gｫ加"co""g噌膠s/b"e"〃yj犯加αノ〃gc加γ・

Proof: Letbedecomposedbywriting

A=Le+D+R

whereLeis(left) lowertriangular,Disdiagonal, andRis(right)uppertriangular.
ThenintheGauss-Seidelmethod,wehaveafterm+1passesthroughallthe

,equations:

(m+1) －1 (m+1) _(m)
u､"､ ' ~'=D-(--Leli~~--Ru -d)
(m+1) (m)

or li~~~-=HU +Md
－1 －1

where H=一(D+Le) R, M=-(D+Le) .

WeshallshowthatalltheeigenvaluesofHarelessthanoneinabsolutevalue.

SinceAissymmetricandpositivedefinite,

＊

Le+D-R=D
N 2

isdiagonal, andpositivedefinite. For,x*Dx=Z, ai,! |x! |>0 foranyvector.
i＝1

Nowletスbeaneigenvalueof-H, thenthereexistsxキOsuchthat-Hx=スX,
henceRx=1(D+Le)xandhence

Ax=(D+Le+R)x=(D+Le)x+ス(D+Le)x=(1+ス) (D+Le)x.
Here スキー1, forifス=-1thenlAI=0thisiscontradict.

Theref｡『筈=x*(D+Le)x.
Ontheotherhand,

x*R*=スx*(D+Le)*=スx*(A-R*)=スx*A－スx*R*

hence (1+ス)x*R*=スx*A.

Therefor x*R難×-TSx*A"
'Consequently

l南一志|※州-ﾕﾆ型一州蕊-器洲“
ｰ

x*(D+Le-R*)x=
（1＋ｽ)(1＋1）

SinceD+Le-R*andAarepositivedefinite, thecoefficientofx*Axispositive.

Hence l-Iス | 2>0, andthenlス |<1.
THEOREM2. 〃ォ加加α〃なAお〃''ed"cめﾉe：邸〃e〃α岬加0伽0"2"@p秒ajs畑〃

S"6SetSS"""TQfｵ舵se#WQf＃"e〃'sｵⅣ加s""e伽＃"E''ss"cカオ加jS+T=W;

’
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Me"ee施応α〃≠Os"cルオ加fにSα"〃ノeZα"αが＃"g碗αか'なAiS〃αgひ"／伽"""α"ｵ:．
Ⅳ

|"@,, |≧Zl"',j l ""d/bγα〃gas＃O"e〃α/"eqfi オ"es"jC#加〃"α肋加肋, T"e"
j＝Z
jキi

オルe/tzco""@""odco"〃g噛りsj7owzα〃Sm"j"g〃"加γ加肋eSOﾉ"伽"・

Proof: ItiseasytoshowthatthematrixAisnonsingular, andhencethata

uniquesolutionexists. FortheJacobimethodwehaveintermsofthematrixA,
(m+1) _-1_ _ (m) -1
u －－D(Le+R)u －Dd.

－1

Ifweassmethatthereexistsaneigenvalueiof -D=(Le+R),i.e.arootof
|Le+D+RI=0suchthat lス ｜≧1, thenevidently, thematrixLe+D+Ris,

alsodiagonaldominantandirreducible, andhencenonsingular・HencelLe+D+RI
－1

≠0,thisiscontradict.ThereforealltheeigenvaluesofD､(Le+R)arelessthan,
oneinabsolutevalue.Andhence,bylemma,iterationschemeisconvergent.
WeremarkthatifAisdiagonaldominantandirreducibleandifA*=(a*i,j) is

symmetric, where a*i,j= ai,iai,j/lai,i l (i, j = 1,2,…,N), thenA*is

positivedefinite, andhencetheGauss-Seidelmethodconverges.

2. Partialdifferenceequationsofelliptictype

Theresultsofprecedingsectioncanbeappliedtomanysystemsoflinear
equationsarisingfromellipticboundaryvalueproblems.

Nowletusconsiderthefollowingproblem: givenaclosedboundedregionQin
Euclideann-spacewithinteriorRandboundaryS, andafunctiong(x)definedon
S, theproblemis to findafunctionu(x) which iscontinuous inQ, twice
differentiableinRandwhichsatisfies

H(u(x))+G(x)=0 for xER, ⑬
and

u(x)=g(x) for xES, ⑭、

wherethedifferentialoperatorH(u) isdefinedby
N

(AK"+$上考+Fu）H(u)-Z
k＝1

It isassumedthatthefunctionsF,G,A1 ,…,An,B, ,…,Bn aregivenfunction
●

ofxwhicharecontinuousandtwicedifferentiableinQandsatisfytheconditions
Ak (x)>0 (k=1,2,…,n) , F(x)≦0.

WewriteH(u) intheform

N

{#(A｛席(A鋳)+ ｡g}+'', @sH(u)=Z
k＝1

k

where

3A
k

Ck=Bk－－ (k=1, 2,…,n) .3Xk

If C,_=0 (k=1,2,…,n),thenHissaidtobeself-adjoint.k

4

4
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Tosetupourfinitedifferenceanalogueweconstructarectangularnetwhose

nodesarepointsx=(xll x21…,xn)suchthat
(k=1,2, ． . .,n)xk=pkhkk

wherethepkareintegersandforeachk, hk isthemeshsizeinthedirectionek.k
n

Twonodeowithcoordinate&pkhkandp'khkareadjacentiffZ｣ (pk-p'k)=IWok＝l

denotebyQhthesetofallnodescontainedinQ. Thesetofnodessuchthatall
.adjacentnodesbelongtoQi_ iscalledtheinteriorofQ,､ andisdenotedbyRh, allh h

othernodesofQ,､ belongtotheboundaryofQh, denotedbySh.h

ThesetR isconnectedifanytwonodesofR. canbeconnectedbyanunbroken
h h

chainofsegmentsadjoiningadjacentnodesofRI､Weassumethat Qhas theh

propertythatthereexistsiisuchthatifforallk, hk<h, thenRh isconnected.h

LetNandMdenoterespectivelythenumberofnodesofR,_ andS,､ . Toeachh h

（i）

nodeofQweassignanintegerisuchthati≦Nimpliesx､.'ER､ andN<i=hh

(i)ES.Thecoordinatesofx(i) arep(i) hareParepk､." hk (k=1,2,…,n) .N+Mimpliesx
h

Inordertoderiveadifferenceequationanalogueof(13)wereplace

by -2 -1 i l

｝w=- (Ak器) " hF'(1-EF;{[E=Ak(x)] [(E"-1)u(x)]
a

6x
k x､ k .~- -- ､ k

and 3u . '"､, ､-' /TF Ta-<'
(2hk) (Ek-Ek)u(x) ,by

3x
k

wherethedifferenceoperatorEa isdefinedby
k

E:,(x)-｡(x+ahkek]
Substitutingin (13) and (15) weget

{h[' [AⅨ (x+÷hkek)+~hkCk] }+fZ｣u(%-h鵬ek) {hE'
n

Z,u(x+hkek)k＝1

[Ak (x一号hkek)－昔hkCk] }-u(x) {"' [A" (xfihkek)+Ak(x-｝ ｛甑， 〔A" (x+告h聡e朧)+A臆(x‐

"kek)]-F(x)}+G(x)-,‐;hkek）〕－F(x） ＋G(x）＝0
(x=x､~~ ,x､~~ ,…,X(N)) id

（1） （2）

and

*<X) (X=X(N+'), ...,X(N+M)) ⑰u(x)=g(x) (x=x- 3…,X

Here g*(x)=g(x')wherex' issomepointofneartox, suchasanearestpoint.Here g （x）＝9（x'）wherex' issomepointofneartox， suchasanearestpoint、

Ifwereplaceu(x(i))byu. fori≦NweobtainasystemofNlinearalgebraic
l

equationsandNunknownsoftheform(1)where,fori,j=1,2,…,N,
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_ai,i=皇軍[Ak (xfi)+~;hkek)+Ak (,fi)-:hkek)]-F(x(i)) ,

ai｡j-hE' [A" (x(i)+fhkek)+~;hkCk] , if x(j)=x(i)+hkekl

ai,j-hr' [A" (x(i)-fhkek)-3hkCk] , if x(j)=x(i)-hkekl
if x(i)isnotadjacenttox(j)and i=Fj,a.=0,

1，J

d! -G(x(i))+=ih['{A"(x(i)+:hkek)+3hkCk}g*(x(i)+hkek)

＋畠'hI'{A (x(i]--/hkek)--;hkCk}g*(x(i)-hke,:)

２

where 堂′ and堂''denoterespectivelysummationoverallksuchthatx(i)+h.e
lt=1 k=1 - - kk

andx(i)-he arenodesofS .
kk h

Evidentlya. .<0(i=1,2,…,N),andiftheh_ arechosenso thatRis
l91 k h

connectedandsuchthat

hk<2(MinAk (x)/MaxICk(x) | ) (k=1,2,…,n)
xEQ xEQ

N

then la. . |≧Zla..l.MoreoversinceQisboundedthereexistsisuchthat
j=1恥1 1，J

jキi

x(i)isadjacenttosomenodeofSh;hencolai,! |>=, |a"| ｡ [hen!hematri%
潟､]

A=(a. .) isdiagonaldominant.
1，J

ThematrixAisalsoirreducible, sinceRisconnectedand･sinceifx(i)andx(j).
h

aredistinctnodesofRh, thena｣ ≠0.1，J

IfHisself-adjointthenC.=0(k=1,2,…n) . Ifa ≠0andi≠j,thenfor
k ､ - - - i,j

somek, x(j)=x(i)+heor x(j)=x(i)-he . Intheformercasea =h~2A（j）

kk kk i,j k k

(x(i)+hk) ．Moreover x(i)=x(j)-hkekand弓,i=hE2A& [(x(i)+hkek)-
hkek]=ai｡{ ･Similarlyifx(j)=x(i)-hkekwehaveai.;=aM.ThuswhenHisj,ii,j kk i,j

self-adjoint, thematrixAissymmetric.

FortheDirichletproblemwehave

L 32U
H(u)=屋Ⅲ両す=0.

k

SinCeAk=1,Bk=0,F=0,thenCk-0,henceHisself~adjoint,thematrixAk

issymmetric.

Forthedifferenceanaloguewehave
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｜ 呼‘￥ ” ‘”
b＝ 一x ＝±heif x

1 2kZ｣h" ，、 ‘ ,‘ ，…1，J

I0 if x 《Jノ isnptadjacent tox､-,
uノ

wheretheb_aredefinedby(5).
1，J

AsanexamplewewishtosolvetheDirichletprobleminaplaneregionQ.We

overlayQwithasquarenetwithmeshsizeh, andweassume that theboundary

Sisaclosedpolygoncomposedbymeshlines・ Thedifferenceequationis

4u --u --u ---U --- u._==0.
1，J i＋1,j i－1,j i,j+l i,j-1

Here u_=u(ih, jh) .
1，J

TheJacobimethodisgivenby

uW+"-1(uiWj+uigX+uiWI+uifnl)
（m十1）

】,J

andsuccessiveoverrelaxationmethod isgivenby

[1(u""+uiW' +u1Wi +uiWI) ]_("_! )u::"1) _("｢ I (U(mi') +U"t') +UW+U("l) 1_("-1 )Uf")u 二＝〔〃

i,j＋1

Weassumethatfortheinteriornetpoint (i,j),igoesfromltolMAX,andjgoes

fromJL(I) toJU(I) foreveryl(1≦I≦IMAX) .

ThefollowingprogrammeiswritteninHARP 103 1anguagefortheHIPAC 103

computingmachine.

#SUCCESSIVEOVERRELAXATIONMETHOD

DIMENSIONU(7,7) , JL(6), JU(6)

#BOUNDARYVALUES

READO,M

DO1 1 L=1 ,M

READO, I, J

1 1 READ1 , U(1, J)

#RANGE

READO, IMAX

DO121=2, IMAX

12 READO, JL(1) , JU(1)

#CONSTANTS

READ1,EPS,OMEGA

#INITIALVALUES

DO131=2, IMAX

JMIN=JL(1)

JMAX=JU(1)
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UIJ=U(I,JMIN-1)

SLOPE=(U(1,JMAX+1)-UIJ)/FLOATF(JMAX-JMIN+2)

DO13J=JMIN, JMAX

UIJ=UIJ+SLOPE ⑭

13U(1,J)=UIJ $

#ITERATION

K=0

14K=K+1

ENORM=0.

D0151=2, IMAX

JMIN=JL(1)

JMAX=JU(1)

DO15J=JMIN,JMAX

EIJ=OMEGA*((U(I+1 ,J)+U(1,J+1)+U(1-1 ,J)+U(1,J-1))/4.-U(1,J))

U(1,J)=U(1,J)+EIJ

15 ENORM=ENORM+ABSF(EIJ)

PRINT16,ENORM

16 FORMAT(F15. 10)

IF(ENORM-EPS) 18, 18, 14

#OUTPUT;NUMBEROFITERATION,RESULTS

18 PRINTO,K

DO19 1=2, IMAX

JMIN=JL(1)

JMAX=JU(1)

DO19J-JMIN, JMAX

19 PRINT20, 1, J,U(1, J)

20 FORMAT(215,F15.10)

STOP

END
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