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1． Introduction

Intheapplication, thefuturebehaviorofmanyphenomenaisassumedtobe

descrivedbythesolutionsofanordinarydifferentialequation. ImplicitinthiS

assumptionisthatthefuturebehaviorisuniquelydeterminedbythepresent,

independentof thepast･ Infunctionaldifferentialequations, thepastexerts

itsinfluenceinasignificantmanneruponthefuture・ Manymodelsunder

scrutinyarebetterrepresentedbyfunctional differential equations thanby

ordinarydifferentialequations.

Infunctionaldifferentialequations, stabilityandboundenessareimportant

problems.ToapplyLyapunov'ssecondmethodtofunctionaldifferentialequa-

tions, onemustactuallyuSeaLyapunovfunctional.ByusingLyapunov,func-

tional, onecanextendtofunctionaldifferentialequationsmostofthewell-known

results forordinarydifferential equations・ Infact therearemanypapers

concernedwithstabilityandboundenesS. ,

Inthispaper, westudystabilityandboundness theoremswhichusea

Lyapunovfunctional satisfyingweakerconditions. The paradigmfor this

endeavor,ofcourse,isLyapunov'ssecondmethod･ Before this idea canbe

mademoreprecise,Somebasicdefinitionsandnotationswillbenecessary.

2． DefinitionsandNotations

Supposeh>0isagivennumber,I=[0,oo),Rnisann-dimensionalspace,

C([a, b),Rn)istheBanachspaceofcontinuousfunctionsmappingtheinterval

[a, b]intORnwiththetopologyofUniformconvergence. If[a,b]=[一h, 0],

weletC＝C（〔－h， 0〕，Rn）anddesignatethenormofanelement？inCby

llP||＝supl？(6)｜ ・ Ifび医I,A≧0andxeC([ぴ一h, o+A],Rn), thenforanytE
一h≦β≦0

〔ぴ, o+A)weletx$ECbedefinedbyxt(8)=x(t+6),-h≦8≦0, i.e, , the
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symbolxcwilldenotetherestrictionofanycontinuousfunctionx(u)defined

on-h≦u<A, totheinterval[t－h, t]. CMwilldenotethesetefのECsuch

that llpll≦H.

LetX(t)denotetheright-handderivativeOfx(U)atu=tandconsiderthe

functionaldifferentialequationOfretardedtypeorsimplythefunctionaldiffer-

entialequatiOn

X(t)=F(t, xC), - 、u)

whereF（t，？）ERnisdefinedonl×CH.

ThroughoUtthiSPaper, weassume thatforany">0thereexistsan
L(t, cr)>0suchthatif llpll≦α,wehave lF(t,P)|≦L(t, cM),where

L(t, cY)iscontinuousint.
h I

(Definitionl.)Afunctionx(to,9)issaidtobeasolutionof (1)withinitial

conditionPECHatt=to, to≧0， ifthereisanA＞Osuchthatx（to，？）isa

functionfrom[to-h, to+A)intoRnwiththeproperties;

(i) x@(to, ECHforto≦t<t｡+A,

(ii) xc(t｡,P)=",

（iii）x(to,ゆ）satisfiesU)forto≦t<t｡+A.

Inthispaper，weshalldenotebyX（t;to，の）thevalueofx(to，紗）att．

(Definition2.） LetV（t， ？）beacontinuousfunctionaldefinedfort≧0,

印ECH・Theupperright-handderivativeofV（t，？）alongthesolutionsofU)will

bedenotedbyV'(1)(t,P)andisdefinedtobe

v'｡)(t,,)=厩÷{V(t+6,xt+6(t,P))-V(t,P)},
wherex(to,P)isthesolutionof(l)through(to,P).

(Definition3. ) Thezerosolutionof (Jjissaidtobestableifforanye>0

andtoEI, thereexistsa6=6(to, e)>Osuchthatif lIPII<6,wehave

||xt(t｡,9)||<eforallt≧to.

(Definition4. ) Thesolutionsof (1)areequi-bounded, ifforanycM>0and

toEI， thereexistsβ(to，α）＞Osuchthatif llゅ||＜α， ｜|x‘(to，？)||＜β(to， α） for

allt≧to.

(Definition5. )Thesolutionsof(1)areuniform-bounded,ifthePin(De-finition

4． )iSindependentofto.

3． PreliminaryResults

In[1], [2Jand[3], thesufficientconditionforstabilityoffunctionaldiffer-

entialequation(1)wasgivenbyL.E.El'sgol'ts,R、D.DriverandW. Hahn, as
follows.

【Theoreml.】 T舵zeγosoJ"〃0"o/"jesysfe"@(1) isst6zbJgがメ舵γe e"sts Qco〃－

"""o"s/""c〃0"aJV(t,P)de/"edo"I×CH""c" sα"srigs t加/o"o""gco"脱一
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〃0"S;

(i) V(t, 0)=0,

(ii) a(IIPII)≦V（t，？)， ”heγga(r） jsco〃"""0"s,pos伽〃e-de/伽"‘α"d

池0"0加伽g-j"cγgasj"g／0γ0≦r<･･，

（iii）V'(1） （t，？）≦0

T.Yoshizawaprovedtheboundedtheoremforthesystem(1)in[4]and[5],

【Theorem2.] S""ose t肋ノ オ舵γg g"ists a co〃"〃"0"s Lyα""oりん"c伽"αノ

V(t,P)de/i"edo"tEI〃ES*,”"gγgS＊。“otgsthgs“0／’ECS"cｶﾒhaj IP(0)|≧H,

(HwzLzybeノαγgg),""cIz sa虎Yjgs#舵／0〃0"i"gco"d"0"s;

(i) a(IP(0)l)≦V(t,")≦b,(IP(0)I)+b2(IIPII),〃""ea(r), b,(r), b2(r)E

CI,加s伽"g/07'r>H@z"da(r)-b2(r)→ooasr→｡。，

(ii) V'(1)(t,P)≦0．

T加冗， オ舵SOJ"〃0"so/(1)αγe〃"が0γ加一助""ded.

Forproofsofthesetheorems, seereferences.

4． staMDility

Considerthesystemof functional differential equation(1) andsuppose that

F(t， ？）isdefinedandcontinuousonl×CHandthatF(t, 0)=0.

【Theorem3.] S""ose t"αオ ォ舵γg gxisis a co〃〃〃"0"sLy""抑ひノ""c〃0"aj

V(t，？）d2戸"“0〃I×CH〃bic"sα"ゾjesメ舵/oljo""gco"d〃""S;

(i) V(t,0)=0,

(ii) a(t, |IPII)≦V(t,｡), """ea(t, r) isco〃"〃"0"s"(t, r) 0"I×CH,

a(t,0)=0,a(t,r)>0/07' rキ0α"。』"cγgasgs加0〃0加加cα"y"〃〃γespect

fot/o''e@zcIZ/"edr,

（iii）V'(1)（t，？）≦0.

T加冗f舵zgrOsOJ"〃0〃0／t舵sysje加(ﾕ) jssta6Je，

ProofForanys＞0， thereexistsa6(to， e)＞Osuchthat ll砂||＜6(to， e） im－

pliesV(to, P)<a(to, g), becauseV(t, 0)=0andV(t,P) iscontinuous"

Supposethatthereexistsato＜t,＜oosuchthat llx‘,(to，や)||＝eand

llx‘(to，？)'1＜gfortE〔t0， t,）． By(iii)，

a(t1， 9）＝a(t,， ｜|x‘,(to，？)||）≦V(t,,x6,(t｡,P))≦V(to，？)＜a(to， g)＜a(t,， e)．

Thisisacontradiction, andhence, if ll?||<6(to, g), then llxt(to, P)||<efor

allt≧to･

5. Boundedness

InthissectionweconsiderthesystemU)，whereF(t，？）of②isdefinedand

continuousonl×C・

【Theorem4.] S""oseオ肋オオ舵γgg"sfs"co"〃""o"sLy""加りん"c〃0"aJ

V(t,？）〃戸"edO"I×S,"加γeSis"Zesefodf？ECs"c"that IIPII≧H(H>0w@(zj) 62

/αγge),""cﾉ2 sα〃s/iest舵／0〃0"j"gcO"d伽0"s；
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(i) a(t, ll?ll)≦V(t，？)，”舵γea(t， r） jsco""”"0"si"(t, r) uz"da(t, r)→｡。

〃"が0γ”y伽faSr→｡｡，

（ii） V'(,)(t，？)≦0．

The", j舵sol"〃o"so/"iesystew@ (1)αγggq"i-60""ded.

Proof、Letx(to，？）beasolutionof(1)suchthattoEIand少EC"foranycY>0.

BycontinuityofthefunctionalV(t，？)， :thereisapositiveconstantK(to，α）

suchthatifやECα，V(to，？）≦K(t｡,a)． Bycondition(i), thereeXistsaCon-

stant6(td,cr)>OSolargethatK(to,cY)<a(t,6(to,cr))foranyt≧to.

Supposethat llx‘,(to，？)11＝β(to， α）atsomet,， t,＞to、 By（ii)，

V(t,，x6，(to，？)）≦V(to，xto(to，？)）＝V(to，？）≦K(to, Cr),whichimplies

a(t,,6(t｡,"))≦K(to, "). ThiscontradictSthechoiceof6(to, cr)． This

completestheproof.

【Theorem5.] S""oseオ加州ﾉ027'ee"isisgco"宛れ"o"sLy@""0りん〃c〃0〃αj

V(t，？）de/j"9．0〃I×Ssα"s乃如gメカe/o"o"j"gco"成加"S;

(i) a(t, ||?||)≦V(t，？）≦b(||?ll),"g''ga(t, r) isco""〃"0"si"(t, r),

a(t, r)－ﾁ。。〃"が0γ加ly"t @zsr－骸。。α〃db(r)isco"/伽"0"s，

（ii）V'(,)(t，p）≦0.

T舵〃肋esol""0"so/オルesystew@ (1)αγg泌滅foγ獅Iγbo""ded.

Proof. Sinceafunctionb(r)iscontinuous, thereexistsaconstantB(cI)>0

suchthatb(IIPII)≦B(cI) forH≦IIPII≦α， Bycondition（i)， V(t，？)≦B(cI)for

H≦||伊||≦α,wecanchoosea#(cY)>0solargethatB(cI)<a(t,6(cY))forallt≧to.

Supposethat llx‘,(to，？)||＝β(α）atsomet1， wherex(to，？）isasolutionofsys－

tem(1)through(to，？)．Thenthereexistt2andt3，

to≦t2<t3≦t,， suchthat llx‘2(to， ？)||＝α， ！x(t3 ；to，？)｜＝β(α）and

α＜||x‘(to，？)||＜β(α）foralltE(t2， t3)． Invirtueofcondition（ii)，V(t，？）

isnonincreasingalongthesolutionsof(1).Therefore,

V(t3，xt8(to，？)）≦V(t2,x@2(t｡,9))≦b(IIx$ll)≦B(a),

whichimpliesa(t8, 6(cM))≦B(cY). Thisisacontradiction, andthetheoremis

proved.

【Theorem6.】 S""oseメルα州beγe“加saco"〃〃0"sLy@z""o"/""c〃0〃αノV(t，？）

｡戒"edo"I×S*〃〃chsα〃sjeies"ie/0"o""gco"""o"s;

(i) a(t,IP(0)I)≦V(t,9)≦b,(I?(0)l)+b2(t, IIPII), z"〃γea(t, r)α"d

b2(t, r)αγgco"〃""0"si"(t, r),加si"〃g/of'r>H(z"

a(t, r)一b2(t, r)→｡。

""〃0γ加lyj"t (zsr→。｡, a(t, r) ifzcf'"ses7f@0"0加鰄cα"y"〃〃γgslgcttot/0γα"y

/航gdr， b2(t， r）jsj"Cγgasj"g／"〃c〃0〃”"ﾉ2γg”ect幼r／0γα"y方力edta"db,(r)

jsco""""0"s，加蕊""e/07"r>H""d"c7'"si"g,

（ii）V'(,)(t，？）≦0.

T加伽オ舵soJ"〃0"so/メ舵sysfewa(1)αγg〃"が0γ加Jybo""ded.

Proof・ Foragiven">H, choose6(cY)>0solargethat

b,(")+b2(t, 6("))<a(t, 6(")).
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Letx(to,砂）beasolutionof(1)suchthattoEIand甲EC・ Supposethere

existst,,t,＞to，suChthat llx‘,(to，や)||＝β(α)．ThenthereexiSt臆：

andt8' to≦t2<t3≦t,, suchthatlx(th;t6,’)|＝α, |x(t‘;to,の|＝β(α）
andthatcr<Ix(t;to5-･?)II<6(cr)for,allte(t21 t3),andWecan-assume

that lx(t；to,〃)|＜β(α）foralltE〔to， t3)， andhence llx‘2(to，？)||＜β(α)．
FortE〔t2， t3〕， x‘(to，ゆ)ES＊andhence， by（ii),

V(t3，xt3（to，ゆ)）≦V(t2，x‘2(to，？))．Thisimplies
1 ．

Thus， llxt(to，？)||＜β(α）forallt≧to,thiscOmpletestheProofofthetheorem.
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