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1 1ntroduction

Lyapunov'ssecondmethodisausefUlapproachtOthestudyofstabilityand

boundednessofsolutionsofordinarydifferentialequations.Roughlyspeaking,

hismethodinvolvestheuseofarealnonnegatiVefunctionV(t,x), wheretis

theindependentvariableandxisthedependentvariable.However, itisdifficult

tofindthefunctionV(t,x)satisfyingcertainconditions.Therefore, itis

importanttoobtainaweaksufficientconditionforstabilityandboundedness

theorem. Inthepreviouspaper[3],weobtainedaweaksufficientconditionfor

astabilitytheorem.

ThepurposeofthispaperistogiVesomesufficientconditionforLyapunov's

stabilityandboundednesstheorem・

2 DefinitionsandNotations

LetldenotetheintervalO≦t＜ooandRndenoteEuclideann-space・

ForxERn, let llxll betheEuclideannormofxlandDisadomainsuchthat

||xll≦H,H>0.

WeshallsometimesdenotebyS"thesetofxsuchthat llxll≦α・

WecOnsiderasystemofdifferentialequations

dx
:==f(t,x), tl)
dt

wherexisann-dimensionalvectorf(t,x)isann-dimensionalvectorfunction

whichisdefinedonaregioninl×Rn, ai,diScontinuousin(t, x)onl×D・

ThroUghoutthispaperasolutionthroughapoint(t｡,x｡)inl×Rnwillbe

denotedbysuchaformasx(t;x｡, t｡).

WeintroducethefollowingdefinitiOns.

Definitionl.Theequilibriumofthesystem(1)issaidtobestableiffdrany

s>0andanyt｡EIthereexistsa 6(tol e)>0suchthattheinequalityllxoll<6

imPlies llx(t;x｡, t｡)||<e forall t≧to．
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Definition2.Theequilibriumofthesystem(1) issaidtobeasymptotically

stableifitisstableandifthereexistsa 6｡(t｡)>Osuchthatif llx｡ll<6,(t｡),

x(t;x｡, t｡)-fOast-'｡。 ●

Definition3. Theequilibriumof the-system(1)issaid tobequasi-equi-

asymptoticallystableinthelargeifforanycr>0, anye>0andtoEI,there

existsaT(t"e, Ct)>0 such that ifxoES", llx(t;x｡, t｡) ||<e forall
t≧t｡+T(td, el cY).

Definition4&Theequilibriumofthesystem(1) issaidtobeequiasymptotically

stableirithelargeifitisstableandisquasi-equi-asymptoticallystableinthe

large． ‘

DefinitiOn51TheSOlutionsofthesystem(1)areequi-bounded, ifforany cr>0

and toEI,thereexistsa P(t｡,cr)>0suchthatif xcES",

||x(t;x｡, t,)||<6(t｡,a)forall t≧to、

Definition6.Thesolutionsofthesystem(1)areuniform-bounded, ifthePin

theaboveDefinition5 isindependentofto.

Definition7.Thesolutionsofthesystem(1)areequiultimatelyboundedfor

boundB, ifthereexistsa B>0andifcorrespondingtoany cY>0and t｡EI,

thereexistsaT(t｡, cr)>Osuchthatx｡ES@ impliesthat llx(t;x｡, t･)||<B

forall t≧t｡+T(to, cY).

Definition8.LetV(t,x)beacontinuousscalarfunctiondefinedonanopenset,

andwhichsatisfieslocallyaLipschitzconditionwithrespecttox・ Corresponding

toV(t,x),wedefinethefunction

V'(')(t,x)=厩÷{V(t+h,x+hf(t,x))-V(t,×)} .
IncaseV(t,x)hascontinuouspartialderivativesofthefirstorder, itisevident

that

v'(,)(t,x)=¥+器f(t,x),
where，､ ． 〃denotesascalarproduct.

3 PreliminaryResults

【Theoreml]S""ose/〃伽加γgg"stsaLy""〃0"ん"c加伽V(t,x)de""edo"I×D,

""chsα〃s/iesthe/o"0@""gco"di伽〃s；

(i)V(t,0)=0 ""dV(t,x) isco"〃〃"0"si"(t,x),

(ii) a(t, llxll)≦V(t,x),加地γetheん"ctio"a(t, r) isco鰄伽"0"s

j"(t, r)o"I×D, a(t,0)=0, a(t, r)>0/br r≠0 α"。』"cγgases加0"0加冗ica"y

""〃γespecf加メ/orefzcﾉt万力edr,

(iii)V'(1)(t,x)≦0.

The〃〃z229"泌沁γj"加0ノ伽s”e加（1） jssm6彫．

Forproofofthistheorem,seereference(3].

【Theorem2]S""osef加州hel"α苑加aJsol"加卯u(t)o/Lzsc'zIαγd坊なγe〃"αZ e9"α伽〃
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:\=g(t, u),〃舵γg g(t,u) isco"伽"o"so"E: 0≦t≦T, lul<A,A>0
dt

s"cルメ肋fu(t｡)=u｡;(t｡,Ub)EE, s"ys"E/ol'te[to,T).〃αCO""〃"o"s伽〃c伽〃

y(t)〃鋤y(tn)=u｡s"is/ies
－1

y'(t)=椰丁{y(t+h)-y(t)}≦g(t,y(t))
0"[t｡,T], lul<A,"@2""e""ey(t)『≦u(t)/ortE[t｡,T]. "

Forproofofthistheorem,seereference(1].

4 Stability

【Theorem3]S""oset加tf(t,x) isbo""ded, f(t,0)=0 (z"dt加那舵γeexistsc

Z,"""0〃""c加冗V(t,x)de/"edof@I×D,""chsα"蛾2Sﾒﾙ〃0〃0"j"gco"d"0"s;
(i)V(t,0)=0""dV(t,x)isco"〃""0"si"(t,x),

(ii) a(t, llxll)≦V(t,x), "'舵γg＃her""c"0"a(t, r) isco""〃"0"s伽

(t, r)0"I×D, a(t,0)=0, a(t, r)>0/orrキ0α堀如cγegsesw@0"oto"ica"y

”"ﾉzγ9s'“t加t/072@zch狗"edr,

(iii)V'(1)(t,x)≦一c(t, llxll),"舵γet舵／"〃c"o"c(t,r)jsco""〃"o"si"

(t, r)0"I×D, c(t, 0)=0"dc(t, r)>0/orrキ0.

T腕〃fhee9"肋γj"加ort舵sysfew@ (1) is (zsy加が0〃cα"yst"ble.

Proof.ByTheoreml,theequilibriumofthesystem(1)isstable.Supposethe

equilibriumofthesystem(1) isnotasymptoticallystable.ThenforSomee>0
thereexistsa solutionx(t;x｡, t｡)andadivergent sequence {tk} forwhich

||x(tk;X｡, t1,)ll≧e.Sincef(t,x)isbounded,thereexistsa K>0suchthat

dlixll
<K.Therefore,ontheintervals

dt

tk-六≦t≦tk+E;r, （2）

weheve llx(t;x｡, t｡)||≧量-.Wecanassumethattheseintervalsaredisjointand

t|-*>t｡bytaking, ifnecessary,@subsequenceof {tk} .
SinceV'(1)(t,x)≦一c(t,||xll), thereexistsaconstant 7>0suchthat

V'(1)(t,x)≦－γontheintervals(2), andV'(1)(t,x)≦0 elsewhere.Therefore,

V(tk+Z;r,x(tk+Zfr;x"t.))-V(!o,x・)<-γをk→－”
ask-'oo,whichcontradictsV(t,x)≧0.Thus,weseethattheequilibriumof

thesystem(1)isasymptoticallystable.

【Theorem4]S""ose"2(ztf(t, 0)=0"dt〃オが22"ee""s @zL"""00／""c加犯
V(t,x)d蛾〃edo" I×D, 2"ﾉ2"s<z"s/ies"ig/0"o""gco"d"o"s;

(i)V(t, 0)=0 Q"dV(t,x) iSco"ｵ〃"0"s"(t,x),

(ii) a(t,||xll)≦V(t,x),”舵γ9t加""c"o" a(t,r) isco"t如泌0"s伽

(t, r)0" I×D, a(t,0)=0, a(t, r)>Oror rキ0α堀如cγeasgs〃00”0加鰄cα〃y
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〃肋γeSPectro t/07""ch/"ed r,"d a(t, s(t))→0加'"es s(t)-'0 (zs
t－》◎o，

(iii)V'(,)(t,x)≦－c(V(t,x)),z"hgγer舵／""c〃0"c(r) isco"〃""0"sα"‘

”0"o幼"2－伽cγgas伽gα〃d c(0)=0.

Thg〃オカggq"泓泌γj"畑”オ舵s”g加（1） jsasy加，加師cα"ys＃α〃9．

Proof.ByTheoreml, theequilibriumofthesystem(1) isStable・By(iii),

V(t,x(t;x｡, t｡)) ismonotone-decreasing;hencethelimit

V｡=limV(t,x(t;x｡, t｡))exists.
t→oo

IfVo≠0, wehave c(V｡)≠0, andsince c(r) ismonotone-increasing,
c(V(t,x(t;xo, t｡)))>c(V､).

Hence V'(1)(t,x)<-c(V｡).Integrating,wehave

V(t,x(t;x｡, t｡))-V(t｡,x｡)≦－c(V｡)(t一t｡).
Thus V(t,x(t;x｡. t｡))divergesto-｡｡ast－｡｡｡,whichcontradictsthe

factthatf _ V(t､x(t;x｡;t｡))≧a(t, llx(t;x｡, t｡)ll).

ItfollowSthatV｡=0;frOmV(t,x(t;x｡, t｡))→0, itfollowsthat

a(t, ||x(t;x｡,to)ll)→0, andthusthat x(t;x｡, t｡)→Owhent→｡｡.Thisproves
thetheorem.

【Theorem5]S""osgメ伽tf(t, 0)=0 ""(IM(zttIM'eg%isis fzL"'""0〃／""c〃0〃

V(t,x)de/i"edo" I×Rn ""c/i sα〃s/iesオルg/o"o""gco"d"o"s;

(i)V(t, 0)=0 {z"dV(t,x) isco"〃""0"si"(t,x),

(ii) a(t, ||xII)≦V(t,x), Mﾉ舵γeオ"‘ん"c伽〃 a(t, r) isco加加"0〃s"

(t,r), a(t, 0)=0, a(t, r)>0/orrキ0α"j伽〃easgs籾0"0幼"ica"y

〃ガノzγeslgc〃0 t／0γeach／戯“r， α”a（t， r)一》｡。 〃"〃or”y伽
t "s r→“，

(iii) V'(')(t,x)≦一cV(t, x),〃""g c>0 is"co"stα"t、

T舵〃"2229"伽6γj"加oﾊﾙesystew@ (1) ise9"{zswWo"cα"yst"61ej〃fhe lαγge･

Proof・ ByTheoreml, theequilibriumofthesystem(1) isstable.Moreover,

thesolutionsof (1)areequi-bounded・ Thisfactwillbeprovedlater(cf. 95,

Theorem7).Hence,everysolutionexistsinthefutUre.Letx(t;x｡,t｡)bea

solutionsuchthat llx｡||≦α.ApplyingTheorem2, by(iii)
V(t,x(t;xo, t｡))≦V(t｡,X｡)e-c(t-to) ●

LetM(to,cr)="maXV(t｡,x｡),andletT(to,e,cr)besuchthatllx｡ll≦α
IIxoll≦α

T(t｡, ｡,")=4!og¥g:'毒ユ
Supposeatsome t,>t｡+T, ||x(t, ;x｡, t｡)||=e. Then

-log鶚;等a(t,,e)≦V(t,,x(t, ;x(, ,t｡))≦V(t｡,x｡)e-c(ti-to)<V(t｡,x｡)e-cT≦M(t｡,cI)e

=a(t｡, e).

Thiscontradictsthecondition(ii),andhence,ifllx｡ll≦α, ||x(t;x｡,t｡)||<efor

all t≧t｡+T(to, s, cr), thatis, theequilibriumOfthesystem(1)isquasi-
equiasymptoticallystableinthelarge.Thiscompletestheproof.

【Theorem6] S"'oset畑t メ舵γe蹴加s"Ly@z""o"/""c〃0"V(t,x)伽たれgJ0〃
I×Rns"cｶﾒ加f a(t, ||xll)≦V(t,x), "IDergメ加血"c伽〃 a(t,r) isco"〃""0"s
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i" (t, r), a(t, 0)=0, a(t, r)>0/07' r≠0 α"d a(t, s(t》→0"'"es

s(t)→0as t→｡o.MO7'eO"",S""OSetha州"27'ee"istsaco"〃""0"ssc"JαγかれC〃0〃

w(t, r) de""edo" 0≦t<･･， γ≧0 s"cカメ加#

V'(1)(t,x)≦w(t,V(t,x))､

The〃，〃α〃SOJ"〃0"so/

dr
｣S =w(t, r), ⑥
dt

je"dioze7'oast->｡｡， α〃SOJ"〃0"sOr（1）＃e"d幼zeγ0．

Proof.Let x(t;x｡, t｡)beasolutionof(1)andletr(t)bethemaximal

solutionof(3)suchthat r(to)=V(t｡,x｡). Since r(t)->0as t-'｡｡,

V(t,x(t;x｡, t｡))→Oas t→｡｡,whichimpliesthat x(t;x｡,t｡)一’Oas t→。。．

5 Boundedness

【Theorem7] S""osef加州hef'ee"sfstzLy"加"oりん〃c〃o" V(t,x) de/"edo"

I×Rn ""c"sα〃s/iesfher0"o"i"gco"d"o"s;

(i) a(t, llxll)≦V(t,x), """eオル‘ん"c伽〃 a(t, r) isco〃"""0"si"

(t, r) @z"d a(t, r)→｡。〃"〃0γ加Jyj"t(zsr→｡｡，

(ii)V'(1)(t,x)≦0．

T膨れt/2esoJ"〃0"so/ォルesystew@(1)αγee9"i-bo""d9d.

Proof. ForanygivencY>0, 1et x(t;x｡, t｡) beasolutionof (1) suchthat

toEI and x｡EStr. SinceV(t, x) iscontinuous, thereexistsaK(t｡, cI)>0

suchthatifxoESaゥV(t｡,x｡)≦K(to,"). By(i),wecanchoosea 6(t｡,")>0

solargethat a(t,@(tu, cY))>K(t｡, ol) forany t≧t｡. Supposethat

IIx(ti ;X｡, t｡)||=6(t｡,") atsome t1, ti>t｡,By(ii),

V(t1,x(t,;x｡,t｡))≦V(t｡,x｡),

whichimplies a(t,,6(t｡,cI))≦K(t｡,d).Thiscontradictsthechoiceof

6(t｡,"). Thus IIx(t;x｡, t｡)||<6(to,α) forall t≧t｡. Thisshowstheequi-

boundednessofsolutionsof(1)

【Theorem8]S""ose"j"t t/W'ee"sfs 6zL"""0りん〃c〃07z V(t,x) de/i"2d0"

0≦t<｡o, llxll≧R〃〃ef'eR加αy比Jαγge, 2""cﾉz sα"s/ies"22/0"o"i"gco""伽0"S;

(i) a(t, ||xll)≦V(t,x)≦b(IIxII),"舵γ2"ig/"〃c〃0" a(t, r) is

cO"〃""0"si"(t, r)Q"da(t, r)→｡。 〃れげ0γ〃y〃t qs r→。｡，

""dMe九"C〃o" b(r) isco〃だれ"0"s，

(ii)V'(1)(t,x)≦0.

The〃MesoJ"〃0"soアォルesysjgw@(1)αγg〃"〃0γ加-60""d9d.

Proof・Bycontinuityofthefunctionb(r), thereexistsa B(Cr)>Osuchthat

b(IIxII)≦B(")forR≦||xll≦α. By(i),V(t,x)≦B(")for R≦llxll≦α,andwe

canchoosea6(cY)>0solargethat a(t,6(cY))>B(Cr) forany t≧t｡. Suppose

that llx(t;x｡, t｡)||=6(cr)atsomet.Thenthereexistt!andt2, to≦t,<t2, such

that llx(t, ;x｡, t｡)||=cr, ||x(t2 ;xo, t｡)||=6(cw) andthat

α＜弓llx(t；xo， to）||＜β(α） for tE（t1， t2)． By（i）and（ii)，
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a(t2,6("))=a(t2, ||x(t2 ;x｡, t｡)ll)≦V(t2,x(t2;x｡, t｡))

≦V(t,,x(t, ;x｡, t｡))≦b(q)

whichimplieS a(t2,6(CY))<B(cI).Thiscontradictsthechoiceof @(cr).Thus

||x(t;x｡, t｡)||<6(cI) forall t≧t｡. Thisshowstheuniform-boundednessof

solutionsof(1).

【Theorem9]S"伽set加t t舵γg〃畑s tzLyα”"0〃／""c〃0" V(t,x) d峨冗edo"

I×Rn,〃腕chsα〃s/ies"'g/0"o""gco""0"s;

(i) a(t, ||xll)≦V(t,x) ror llxll≧B,沁加γeメ舵ん〃c伽〃 a(t, r) is

co"〃〃"0"si"(t, r)α"d加0"0幼〃9－伽Cγgasif@g"""respect幼t r0γ

gacルノ豚edrα〃dto r/07'g'zc"/j"ed t, ""d a(t, r)→｡。〃"が0γ池Jy
j〃 t @s r->",

(ii)V'(')(t,x)≦一cV(t,x),〃here c>0 is (zco"s#α"t・

Thg〃thesol泌加"so/メ舵sysMw(1)αγgeq""〃畑α帆y60""cIed/0'' 60""4B.

Proof.SinceV(t,x) iscontinuous,thereexistsaK(t｡,cr)>0suchthatif

x｡ES",V(t｡,x｡)≦K(t｡,cM).Let x(t;x｡,t｡) beasolutionof(1)suchthat

x｡ES"・ It isboundedforall t≧t｡.Supposethatthereexistssome

t,>t,+÷log鶚君｡uchthat llx(t, ;x｡, t｡)||≧B.From(i)and(ii),
a(t｡,B)≦a(t,, ||x(t, ;x｡,t｡)il)≦V(t,,x(t, ;x｡,t｡))≦V(to,Xo)e-c(t-to)

-log諾妾豊=a(to,B).<K(t｡,a)e

ThisisacontradiCtion.Therefore,ift>t｡+f!●g鶚f,wehaV｡
||x(t; x｡,t｡)||<B.Thus,thesolutionsof(1)areequiultimatelyboundedfor

boundB.
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