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ApplicationOfFiniteElememMethod

forEigenValueProblem

TakashiYoJlimura

(Receivedon310ctober, 1973)

1.Approximationprocedurel),2)

LetRbearegionwithboundary3Randconsiderthesecondordersteady

stateproblem

(1) -F(plu)+qu=f inR

(2) u=0 on 3R

Leta(u, v) denotethebilinearformassociatedwiththesecondorderopera-

tor, i､e、 ，

JR(p'WV+quv)d=a(u, v)=

foru, vintheSobolevspaceH=Ho'(R), andb(u,v)denotethebilinear

form

IRuvd"b(u,v)=

Theweaksolutionformof(1)-(2)istoseekauo EHsuchthat

(3) a(uo,v)=b(f,v) VveH.

From(3), integratingbypartsandwith(2), itfollowsthat

JR(-"(pru)+qu-f)vdx=0 VvEH.
SincevisanarbitraryelementofH, itfollowsthat-'(p"u)+qu-fis

orthogonaltoH.

ToapproximatethisproblemwefirstsubdivideRintotriangles(orrectan-

gles)e".

WethenchooseasubspaceS=S(h)cHofcontinuousfunctionswhichare

polynomialsofdegreek－lovereachelemente". Anapproximatesolution
dESisdeterminedfrom

a(n,F)=b(f,¥) VFES.

Lettingl,,……,'NbeabasisforS,weconstructanapproximationinthe

form

N

(4) n=Zui'i.
i＝l

Ifthefiniteelementapproximationnoftheform(4)onlyapproximately

satisfy(1), thentheresidual

r(x)=-'(pm)+qn－f
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willnotnecessarilybeorthogonaltoH.

However, intheclasicalapproximationtheoryit iswellknownthat the.

followingprojectiontheoremholds: LetHbeaHilbertspaceandSaclosed
subspaceofH. ThenforeveryuEHthereexistsauniqueelementm*,ES
suchthat llu－n*||<llu-nll forallnES, and thedistance llu-n*ll ismini-
mumifandonlyifu-n*isorthogonal toS.

Now,weselectthecoefficientsuioftheapProximationsothat r(x) is

orthogonaltothefinitedimensionalsubspaceSspannedbytheinterpolating
functionsji(x).

Thisamountstosetting

.IR(、R(一『(prn)+qp－f)▽dx＝0．
However,sincefisnowanarbitraryelementofS,itcanbeexpressedinthe

form¥=Zviji(x). Thusitfollowsthat
i

JR(-'(prn)+(qn-f).!dx=q(5) vi

But(5)mustholdforarbitrarycoefficientsvi・ Therefore

JRr(x).!(x)dx=IR(-"(plm)+qm-f)',dx=q
Thisisequivalenttomatrixproblem

KU=F

inthevectorUofweightsui.

The(i, j)-thentryoftheStiffnessmatrixKis

IR(p"'"i+q"i)d=
andthej-thentryofthesourcevectorFis

JR";m
Undertheusualregurarityassumptions, theerroru-nisoforderO(hk).

Inwhatfollowsweassumethatourbilinearformdependsonparameterス．

Thatisourproblemingeneral istofindthevalueスース0, suchthatthereex-
istsnontrivialuoEH,with

(6) a(uo,v)=スob(uo,v) VvEH,

wherea(u,v)andb(u,v)bebilinearformsdefinedonH.

Toapproximatetheproblemwe introduceafinitedimensionalsubspace

ScH, parameterizedbyh>0, andsolve(6)inS. Thatisweseekthose
complexnumbersスo suchthatthereisanontrivial neSsatisfyingtheequa-
tion

(7) a(n,¥)=スob(d,¥) V▽ES・
N

Let a(x)=iiuiji(x) beafiniteelement approximationofu. Then(7)iS
i＝l

equivalenttothematrixproblemoftheform
KU=スMU
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The(i, j)-thentryofthestiffnessmatrixKisa('i,ji)andthe(i,j>=th
entryofthemassmatrixM･isb('i,'j)- -･wr~ ~~ -

･f'.:>- " . ..;g･ :3-~ ,･-> -¥.g j - : '･ ･ __ &X-､~~ :f4'. : - ¥ i - ･1二 ‐ ′ ′ ・ 、

2. FiniteelementSaild: intCgrarfOrmulasi
● ｡ 、 ｡- ‐． 、 ど f ､

(i) Triangularelement3)

ConSidertrianglewithnodesl,2,3whoSeCartesianco-ordinatesare (xi,

yi) i=1, 2, 3.
．8 ． ， ． ． ，

WeintroducebasiSfUnCtionssuchthat

六(ai+bix+ciy) i=1,2, 3ji=

whereAdenotesareaoftrianglel23,and

. al=-X2ya.-X8y2

bl=y2-y8 、： ，.： さ ？;:. ‘ i 〆 ・
C1==X8-X2 etc.

Thenweobtainthefollowingintegral formulas.

1 "' :r=ii≠jII”,dxdy=眺￥ i=，A

I牒誓dxdy=bibj
l

A

慨勢dxdy=cia 〆 ■
1

A

(ii) Rectangularelement4) … 二 ：

Considerarectanglewithsidesparallel toco-ordinateaxes,withnodes

numberedlto4,whoseco-ordinatesare(xi,yj),(xi+1,yj),(xi+11yj+1),(xi,

yj+,)respectively.

Forthebasisfunctionsweintroduceapiecewisebilinearpolynomialsas

． ‘,(x,y)=li(x)lj(y)
し

'2(x,y)=li+,(x)1j(y)

'8(X,y)=li+,(X)1j+,(y)

'4(x,y)=li(x)1j+1(y)

停聴割．饗春蜘“where li(x)=

？ － .

Then. the.elementmatricesare
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’二i二曇二!’III警器dxdy}=6*,=¥6（yj+l－yj6(yj+'-yj)

(iii) Forthequadraticpolynomialbasis functioninatriangular

wehavefollowingintegral formulas

element

旦 ;til",dxdy=
1

180

=

%II(拶鶚+器鶚)dxdy=

wheredj=bj2+cj2, ei=bjbk+cjck, f=16(d,+d2+da)

3. Numericalexample

Considerasimplesteigenvalueproblem

'2U+スu=0 inunitsquare

u=0 ontheboundary.

It iswellknownthat thisproblemhaveeigenvaluesス=(k2+n2)7r2and

2 1

eigenfunctions u=-=vk2＋n2 sink元xsinn冗y（k， n＝1， 2， ， 3，……） ．eigenfunctions u＝－
f

InthiscaSe(7)reducestothelinearequations
．と『

|¥J(警警十誇諜)dxdyl=’苧u' |=1'｡xdy}Zuj
j

i=1, 2,……,N.

Here, inthecaseoftriangularelementswehavetheelement stiffness

matrixas

Ko-(k;)=(T(bibl+cici)],
andinthecaseofrectangularelements,with

yj+1-yj, theelementstiffnessmatrixis

峰露’Ke=(k;)=#Ke＝(k;)＝－6

andelementmassmatrixis

uniformmeshh=xi+1-xi=
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’
2 1 2

4 2 1

2 4 2

1 2 4

eigenvalueproblem

liM｡=(m;)-¥

Thusweobtainthematrix

KU=スMU

with

Kij=Zk: and Mij=Zm:.
5 '] E 'J

MatricesKandMaresparsehavingonlyninenonzerodiagonals・Weremark

thatwhenuniformsquarenetsareused, the finiteelementscheme isequi-

valenttothePolya'sfinitedifferencescheme.5)

Numericalreseltsforminimumeigenvalueareasfollows.

Rxactハ=1/1,=0.05071 1nodes l elements l innernodes
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ThesenumericalexperimentshavebeenperformedontheNEAC2200-500at

theTohokuUniversityComputerCenter.
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