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Some Methods for Eigenvalue Problem 

1. lntroduction 

We shall consider the Sturm-Liouville problem 

(1; 1). Ly+Ary=(pyう'-qy+}.ry=O aζx::;;;b， 

(1.2)αly(a)ーα?p(a)y'(a)=0， sly(b)+ s2P(b)y'(b) =0， 
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with p and r positive， q nonnegative on [a， b]， and p piecewise continuously differentiable， 

p and q piecewise continuous on [a， b]. Also 町二::0，sI;;::O. 

Since equation (1.1) may be reduced to the form of equation 

(1.3) Ly+Ary=y"-qy+Ary=O 

by a transformation of the variables， we may assume without loss of generality that p(x) 

It is known that this problem has positive eigenvalues んくん…… andcorresponding 

eigenfunctions y10 y2， …・・・， which are continuously differentiable and have a continuous 

second derivative at each point of continuity of r and q. 

In the following sections， for the numerical solution， we subdivide the interval a::;;;x::;;;b 

by a mesh of points 

L1:a田 Xo<X1<・・・・・・ <xN=b， 

where xj=a+ih (i=0， 1， 2， ......， N) h= b~éi__ 
(1) 

2. Spline function :method 

We seek an interpolating spline function S(x) which is continuous together with its 

first and second derivatives on [a， b]， coinsides with a cubic in each subinterval XJ_l::;;;X::;;; 

XJ (j= 1， 2，……， N)， and satisfies Sく，Xj)=yj(j=O， 1，……， N). Let S"(xj)=Mj (j=O， 1， 

……， N)， then 

(2.1) S(x)=息12rx〕S+且守J_:-1L+(主一一平)(X-XH) + (寺L_呼ι)
(Xj-X) 

and 

ω シ(X)=-Mjーベ子 +Mj主主iL11bl一旦子L:Lh
From the continuity of S'(x) at X，j， we have 

(2.3)才M川別J++Mj+1=3h-2(Yj_lー加川 (j=1， 2， ......， N-1) 
This is a linear system wi th N -1 equations in N + 1 unknowns Mo， M10 ・・・…，MN，therefore 

two additional conditions are needed. For S'(a)=y'(a) and S'(b)=y'(b) we obtain the 

relations 

6 (Yl-Yo ..' ¥ 1¥". ，_"1¥，，， _ 6 (..， YN-YN-l ¥ (2.4) 2Mo+Ml=-ji-( ~ -yリ， MNJト2MN=τ¥y' N -_2_1'_-h ，'=-!_ ) 
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Equations (2.3) and (2.4) are written as 

210…… 0 

1/2 2 1/2…… 0 

o 1/2 2…… 0 

n
u
n
u
n
U
 

n
u
n
u
n
U
 

Mo do 

M1 d1 

M2 d2 

MN_1 dN_1 

Mn dN 

(2.5) 

000……1/2 2 1/2 

000……012  

where dj (j=0， 1，……， N) represents the right hand member of (2.3) and (2.4). 

For the problem (1.3) with (1.2)， let us introduce the cardinal spIines， which are a set 

of N+3 independent spIines forminig a basis for alI cubic spIines on the mesh A. We 

define these in the foIlowing way : 

Ak(x) (k=O， 1，……， N) and Bk(X) (k=O， N) 訂 ecubic function on A with 

(2.6) Ak(xj)=δkj (j=0， 1，……， N)， A'k(XI)=O (i=O， N) k=O， 1，……， N 

Bk(XJ)ロo(j=O， 1，……， N)， Bk'(XI)=Okl (i=O， N) k=O and N. 
Here Okj is the Kronecker deIta. 

We may express the spIine satisfying end conditions (2.4) and interpolating on A to the 

solution of the differential equation (1.3) in the form 
N 

(2.7)五y(X泊 (X)+y'(a)Bo(x) +y'(b)B似).
Substituting (2.7) into (1.3) we form the equation 

N 

(2.8)瓦Y(Xj)LAj(x)+ず(a)LBo(x)+ y'(b) LBN (x) +Ar{子y(X洲 X)+y'，何)Bo(x)+y'(b)BN(斗=0
Thus the ordinates y(xJ)=yj (j=O， 1.……， N) and the slopes y'(a)=yo'， y'(b)=Y'N 

satisfy the equations 

ーα2αI 0 …… o 0 
Bo"(xo) Ao"(xo) -qo Al吋Xo)…… AN"(xo)BNぺXo)
B。ぺxI)A。ぺx1) A1吋Xl)-ql…...AN"(XJ) BN叱Xl)

主

協

Bo"(XN) Ao"(XN) A1ぺXN)……AN"(XN)-qN BN"(XN) 
o 0 0 …… sl s2 

From the Fq. (2.5)， we have 

B。ぺXo)A。吋Xo)Al叱Xo)…… AN叱Xo) BN"(XO) 
BO"(Xl) Ao"(Xl) Ax"(Xl)…... ANぺxx) BN"(xl) 

y'。 。
Yo r(xo) 

yl 
=ー』

r(Xl) . . . 
市)nl t~: 

Y'N o J ¥ YN' 

“ =A-l. 

BO"(XN-l) Ao"(XN_l) A1吋XN_l)ANぺXN_l)BN"(XN_J) 
BO"(XN) Ao"(XN) AパXN)・….， AN"(XN) BN"(XN) 

-6/h -6/h2 6/h2 

o 3/h2 -6/h2 3/h2 

事

o 0 0 0 
o 0 0 0 

0 

0 

。
。
。
。 3/h2 -6/h2 3/h2 0 

o 6/h2 -6/h2 6/h 
where A is the coefficient matrix in (2.5). 
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3. Finite elelDent盤lethod
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Consider a typical element e (i. e.， subinterval) with nodes i， j (for the case of equal 

intervals， j = i + 1) . The ordinates within an interval have to be uniquely defined by two 

nodal p訂 ametersof the element， which are listed as a vector 

(3.1) {y}e={~;} 
The simplest representation is clearly given by linear polynomial 

(3.2) y=α1+偽X.

The two constants ll'i can be evaluated solving simultaneous equations 

rYl田 α1+αx
(3.3) { 
lyj=α'1+α2Xj 

and we obtain 

く3.4) Y Xj~Xl {(Xjー加(X一川
It is well known that equation (1.3) with (1.2) is the Euler condition that the integral 

〈ω れか引(y判官い-.t~:ry2dx
be an extremal. 

If the unknown function y is defined， element by element， in the form (3.4) 

where yl etc. are the nodal parameters， approximate minimization can be carried out. 

First， we evaluate the element contribution. For any node we can write， by 

differentiating Eq. (3.5) 

ω〉去寸(斗去+qy努71ry知dx
Assuming that q and r are constant in the element e， we have for the whole element 

I ~!.. 1 r 1 + (q -r)主主豆乙ー1+(q-r)主こ並L
a]e J aYI I 2 I l' '-"-''/ 3 
〈 j=一一一一I ， ~ '" ， … I {y}e 

a{y}e 1 a]e r Xj-XI I 1 I /_  _"¥ (XI-Xj)2 1 I /_  _"¥ (XI ・-Xj)2… |τァ| ト 1+ (q-r)一一「- 1+(q-r〉止すι
¥ UYj ) ~ 

Finaly， assembling of the whole set of minizing equations， we have 

a] 
ーコ=H{y}田 0
a{y} 

with 
I h2" 、h2 h2 
H=Iー1+(q-r)I_!l-~- 2+t(q一山i+(q-r)川}弓 -1+くqーのiMt

Here fll+1 represents f (x勺 wherexキ issome point in (XI， X1+1J. 

4. NUlDerical procedure 

In any method which we have described above， the differential problem (1.3) with 

(1 .2) is reduced to the algebraic eigenvalue problem of the form 

(4.1) Ay=えBy.

If the matrix A is nonsingular， equation (4.1) is rewritten in the form 

(4.2) A-1By=μy 
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whereμ=十， and we can凶 ethe Ebe似 nmet恥dfor ob也ini時出eeigenvalue and the 
回3

correspon!ling eigβnfunction. 

For example， we consider the problem 

ω)  y叫τιす y=O，yくO)=y(1)=O.C1+X)2 

It is easily seen出atthe analytical solution is ).n=-jl~~π1-+J-and 
(log2)2 ' 4 

L:_ (__ 1og(1+x) ¥ 
YnE(1+x〉7 1)¥ ••.• log2 I 

In the spline method .the matrices A and B are (N + 3) x (N + 3). In the finite element 

method A and B are (Nー1)x(Nー1)tridiagonal matrices of the form 

、1E
E
E

，，，
f

-

円

L

・

，，E
F
E
B
E
E
-
-

A
 

嘩

B+....'れl4 E 4←←H1uけ→一i汁竹+÷j
Remark In the case of q(x)=O and y(何a)=y(b)=O.using the spline method 

h2 ， 
rll+1 -6 .….': I ' 

'" 

Eq，く1.3) can be reduced to 

Mj+ArJYj=O (j=I. 2.……. N-l). 
Thus from Eq. (2.3) we obtain 

(--.. -1 2 ー1...)的自作rl-l宇中川
One should note that this modified equation is very close to that of finite element 

method 

The numerical 十resultfor the smallest eigenvalue and corresponding eigenfunction is as 

follows: 

s(pmloinde ifimed Ethmod ethod〉 finitme eetlheomd ent msmolluyttiim cal initial value 
method 

A 20.98 20.43 20.79 20.799 

y， 0.1630 0.1632 0.1642 0.1643 
y， 0， ~998 0.3002 0.3013 0.3013 

y. 0.3947 0.3950 0.3957 0.3958 

y. 0.4417 0.4418 0.4420 0.4420 

Y5 0.4422 0.4421 0_4418 0.4417 

0.4018 0.4015 0.4009 0.4008 
Y‘ 
y， 0.3286 0.3282 0.3275 0.3274 
y， 0.2315 0.2312 0.2306 0.2305 

y， 0.1193 0.1191 0.1188 0.1187 

--
-一一斗1一一一一一4一一一一|1ITi:tenrautmiobner foor f 

色

， 

I IT I 
I used i 
但空包~

38.331 
(5.489) 5.297 Eberlein 

These numerical experiments have been performed on the NEAC 2200-500 at the Tohoku 
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University Computer Center. 

5.Initial-value method43 

Since the procedure which described above have error that is 0 (hり， we now consider 

more higher order accurate approximations. We may reduce the Sturm-Liouville problem 

(1.3) with (1.2) to initial-value problem: 

Ly+Ary=o， 
(5.1) 

α1y(a)一α2y'(a)=0， 1'1y(a)-1'2y'(a)= 1. 

If Tt and 1'2 are any constants such thatα'2，11一α1ηキ0，then a unique nontrivial solution 

of the initial-value problem (5.1) exists. We denote this solution by y(A;x) and consider 

" the equation 

(5.2) ゆく，1)三s1y(A;b) + s2Y'(A; b) =0. 
To approximate the solution of the initial-value problem (5.1)， we first replace it by 

骨 anequivalent first-order system such as 

" 

‘' 

u'(x)=v(x)， 

(5.3) 

v'(x)田 (q(x)ー Ar(x)]u(x)，

u(a) =一 lf2一一
21'1ーα11'2

v(a) = _lf:__l 
lf2Tl-al)'2 

Then the equation (5.2) can be written as 

(5.4) ゆく，1)=slu(A;b)+ s2V(え;b)=o.

For computing a root of (5.4)， we use the Newton's iteration method 

(5.5) 
ゆくAn(.)) 

).0 (.+1) = An (υ〉一一.一一一一 ν=0， 1. 2， 
ゆくえnω〉

with Anゆ =arbitrary. 

The derivative OO) is given by 

(5.6) ゆ(，1)三slc(A;b)+んマ(A;b)
where c and甲 arethe solution of 

1;'=守， c(a) =0 
(5.7) 

グ=(q(x)ーえr(x)]c-rく，x)u(x)， 守(a)=O.

Thus while solving the initial-value problem く5.3)numericaly to compute an 

approximation to oo.n (υ))， we also solve (5.7) numericaly to compute an approximation to 
ゆ(An(.)) . 

We can perform this numerical procedure with modified Adams method together with 

the Runge-Kutta method for starting values， which have order of accuracy 4. 

For the problem (4.3)， the numerical result is shown in above table. we have used the 

result of finite element method for an initial guess んω.
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