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OntheRelationsbetweentheSolutiOns

oftheTwoDifferentialEquations

y'=By andw'=2BW

Miki KuDo
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副

Letusconsiderasystemoflineardifferentialequationsofthefirstorder
n

dxi
=Zaik(t)Xk (i=1,2,……,n) (1)

dt k＝1

or, ifx=col(x,,x2,……,xn) andA(t)=(aij(t), i,j=1,2,…'･･,n), thematrix

equation

(x'-fx) (2)x'=A(t)x

whereaik(t) (i,k=1,2,……,n) arerealvaluedfunctionsofarealvariable t and

piecewisecontinuousforO≦t<。。 ●

Letusintroducenewfunctions yl' y2'……,yn inplaceoftheunknownfunc-

tionsbymeansofthetransformation
n

(i=1,2,……,n) ,x!= _Z=hik(t)yk
k＝1

that is

（3）x=Hy

whereH(t)=(hij(t), i,j=1,2,……,n) isaLyapunovmatrix.

IfLyapunovtransformation(3)carriesthesystemofequations(2) intothe
system

"L=zn-bik(t)y" (i=1,2,……,n) ,
dt k＝1

that is

（4）y'=By'

thenullsolutionofwhichisstable, asymptoticallystableorunstableinthesence

ofLyapunov, thenthenullsolutionx｣=0oftheinitialsystem(1)possessesthe
sameproperty.

Thereforetheconsiderationofthestability, asymptoticstabilityorinstabilityof

of(2) isequivalenttothatof(4) .

ThepropertiesofLyapunovtransformationsandLyapunovmatricesmaybe

foundin[2] .

Burton[1]hasshownthat (2)canbemappedintoasystem(4)suchthat all

solutionsofasystem

w'=2Bw （5）
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canbefound, andestablishedthat, special conditions, the solutionsofthetwo

systems,(4)and(5),havestabilitypropertieswhichareessentiallythesame.
NowwewritethematrixAasasumofpiecewisecontinousmatrices

A=A,+A2 （6）
sothatboth

h'=2A,h （7）

and

z'=2A2z （8）

canbe integratedforprincipalsolutionmatricesHandZrespectively.
Theorem(Burton) : ForHdefinedby(7), the transformation(3)maps(2)

into(4)and

z=Hw （9）

maps (8)into(5),whereB=H-1[A－H'H-1]H.Therefore,ifHandZare
known, thenW=H-1Zisknown.

Proofofthistheoremisin[1] .
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Nowweareinterestedintherelationsbetweenthesolutionsof(4)and(5) .

Theorem : If thereexistsamatrixMsatisfying thatW=MMTandthat
M'MTissymmetric,whereTdenotesthetranspose,thenY=M.
Proof. IfM'MTissymmetric,then(M'MT)T=M'MT.
Since(M'MT)T=M(MT)',wehave

M'MT=M(MT)' . （10）

By(10),wehave

W'=2M'MT=2M'(M-1M)MT=2M'M-1(MMT)=2M'M-1W.
Andwehave

M'M-1=BorM'=BM.

ThuswehaveY=M. (Q.E.D)

BurtonhasshownthatW=YYT ifWandBaresymmetricfromV'=0setting
V=YTW-1Y.

Wehavethefollowingresultwithrespecttotheassumptionof theavove the-
orern・

Remark : Thenecessaryandsufficient conditioninorderthatM'MTissym-
metricisthatMM-1 issymmetric.

Proof.weknowthatMMrissymmetricby(MMT)T=(MT)TMT=MMT.Therefore,

fromM'MT=(MM-1)(MMT), ifM'MTissymmetric, thenM'M-1 isalsosymmetric,
andtheinverseofthisisalsotrue.
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Example : Letusconsider

w'=2Bw,whero B=(_f::e:t2# ）
-cosec2t

cot2t
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y'=Byandw'=2Bwy＝Byandw＝2Bw
〃

Ifweput

（:::に淵） ，M=

thenwehave

(_Sih:[ -sg2# ）MﾉMT=

andthisissymmetricmatrix.

Andwecaneasily,ShowthatW=MMT satisfiesW'=2Bw.

I) isthesolutionoftheequo（撫一調｛ 】Sthesolutionoftheequa巾。Y'=BYThereforeM=

(Jbs2$ ・竿2↑ ) issymmetri｡Further,MMT=
ユ

) isals｡symmetrm
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