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1. Introduction

Thepurposeofthisreport istodiscusstheapplicationofamethodinthenumerical

solutionofnonlinearparabolicpartialdifferentialequationforsolvingnonlinearordi-
narydifferentialequationwithsplitboundaryconditions.
Weshallbeconcernedwiththeboundaryvalueproblem

(1.1) u"+f(x,u,u')=0, 0<x<1, u(0)=u(1)=0,
andcorrespondingparabolicpartialdifferentialequation
(1.2) uxx+f(x,u,ux)=ut, 0<x<1, 0<t≦T,

u(0,t)=u(1,t)=0, 0<t≦T, u(x,0) specified O<x<1.

Asadifferenceanalogueof(1.2),weconsiderthebackwarddifferenceequation
(1.3) 42xWin+f(Xi,Win_,,6xWin_,)="$Win

whereh=(N+1)-1,k=TM-1; x!=ih, t｡=nk,win=w(xi , tn),
42xWin=h-2(Wi+1n-2Win+Wi-1n)

6xWin=(2h)-1(Wi+1n-Wi-1n)

"cWin=k-1(Win-Win_1).

Insection3convergenceofthesolutionof(1.3)tothatof(1.2)willbeestablished.

Thismethodofsolvingpartialdifferentialequationisoneinwhicheachtimestep
ofanunsteady-stateproblemmayberegardedasastageoftheiterationofsolving
nonlinearordinarydifferentialequation, withtheinitialconditionsl)eingregarded

asthestartingvalues, or, firstguess.Thusthetimeincrementkoftheunsteady-
stateproblemmayberegardedastheiterativeparameterofthesteady-stateproblem.
Theonlyconsiderationofinterest inthesolutionofanonlinearordinarydifferential
equationisthatconvergencetothecorrect steady-statesolutionbeattainedinthe
leastnumberofiterations.Generaly, theiterationparametercanbeincreasedinsize
asthesolutionisapproached・Furthermore,sincetheintermediatevaluesarenointer-

est, theinitial iterationparametercanbelargertlﾌantheinitialtimestepwhichis
usedinanunsteady-stateproblem・Thispointwillbediscussedinsection4.

2. Preliminaries

畠

噂

、

LetRdenotetherectangularregiondefinedbytheinequalitiesR:0<x<1,0<t≦T;

andRdenotetheclosureofR.TheboundaryofRiscomposedofthethreesegments

B｡(0≦x≦1, t=0),B,(x=0,0<t≦T),B2(x=1,0<t≦T). Letrbkbetherectangular
latticecoveringFdeterminedbytheintersectionsofthecoordinatelinesx=ih,
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(i=0, 1,…,N+1), t=nk(n=0, 1,…,M)．TheboundaryBhkofFi,kisunionofthe
threesetsBik=BinFhk(i=0,1,2).TheinteriorofthelatticeisthesetRhk=rhk-Bhk.

Furthermore, 1etw"representthecolumnvector(w,n,w2n,…wNn),andweintroduce
norIns

llwnll2=hZX,|w,nl｡ and llwnllf=hZMIwinl2.

Le沈沈α1.Let/fz"gbe"o""ggα加e血"c伽"sd城〃gdo〃オルe伽feggγs1， 2…,M.Lef
g6e"of'decf""si"g."Cis fzco"sm"fα"‘

ん≦g"+C"Z燭灸("<0),
オルg〃

ん≦'"e"(C"").

L2沈沈α2.Z,〃〃62"soI"加冗o/ｫ加伽〃gre"ceg9"α〃0〃
（2.1） 『‘〃＝が錘〃+G j"R"聡．

〃〃〃α師sheso"B施施， オ加冗

｜|'霊"鰯||:≦2ZIL,IIGrll2ル

ルγα〃s"〃icig""ys加α〃た．

Z,e"､加α3． z,gオリルeα"y〃"c加冗d城"e(Jo"r"聡加hich〃α蝿sheso"B"脇.T"e"
1

郷α"|","l≦丁呼≦$≦錫||"鰯"緬||,.O≦j≦Ⅳ+1
0≦”≦ハ〃

FortheproofofLemmas l, 2,3 see[1] .

Remark・AlthoughtheexpressioninLemma2 is slightlydifferentfromM.Lees,
theproofisessentialythesamewithhisproof.

3. Convergenceofsolutionofdifferenceequation

weshallapproximatethesolutionofthenonlinearparabolicpartialdifferential

equation

(3.1) uxx+f(x,u,ux)一uc=0

bysolutionofanassociatedbackwarddifferenceequation.Letu(x, t)beafour

timesboundedlydifferentiablefunctiononRwhichsatisfies(3.1)IinR.weassume

also that the functionf(x,u, p)appearingin(3. 1)hasat least first bounded

derivativewithrespecttouandprespectively.Thesolutionu(x, t)isapproximated

bythefunctionw(x, t)definedonFhkwhichagreeswithu(x, t)onBhkand

satisfiesinRhk thebackwarddifferenceequation

(3.2) 4x2Win+f(Xi,Win-1, 6xWin-1)一〃twi"=0.

Thedifferenceeqution(3.2)hasaveryimportantpropertythatthesystemleads

tolinearalgebraicequations, andthematrixof thesystemisofthetridiagonal

typeandcanbehandledquiteeasilybyThomasalgorithm. [2]

T舵0γgw@.Le肺加ん"c加冗s/c"d"sα"s乃鋤eco"""o"ss加ｵed"60"e,t"e〃thesoI""0〃

0ﾉt/iesj)s加沈(3.2)co"〃erges〃"』んγ加Zy幼オルesoJ"伽〃o/(3.1)""〃α〃eγγ0γt加師sO("2

＋陶)．

Proof. Itfollowsfromourassumptionsandthemeanvaluetheoremthatusatisfies

(3.1)withalocalerrorO(h2+k),that is
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(3.3) 42xUin+f(Xi,Uin-1,6xUin-1)－4$uin=0(h2+k).

Toprovethetheorem,itisnecessarytoderiveadifferenceequationsatisfiedby
theerrorz=u-w.Subtracting(3.2)from(3.3)leadsthedifferenceequation"
(3.4) 42xzin+ffzin-1+節難zin-1-"tzin=0(h2+k).
Wherethe'e indicatesthatthepartialderivativesareevaluatedatpointscalled

forbythemeanvaluetheOrem・ Set
(3.5)Gin=ffzin-1+f""zin_1+0(h2+k).
Then(3.4)becomes

42xZin=rtZin+Gin

whichistheform(2.1).ThefunctionzinvanishesonBhk.Hencetheassumptions
ofLemma2aresatisfiedandwemayconcludetheexistenceofaconstantQsuch
that

(3.6) IIFxznll,2≦QkZF=,IIGrll2.

Itfollowsfrom(3.5)that

(3.7) IIGrll2≦Q｡(h2+k)2+Q,llrxzr-111,2,

andusing(3.6)and(3.7)leadstotheinequality

(3.8) lllxznll,2≦QQoT(h2+k/+QQ,k副三}llrxZrll,2"
ApplyingLemmalto(3.8)yieldsforallsufficientlysmallk
(3.9) ||znll,2≦QQoT(h2+k)2exp(QQ,T).

合

秒
『
、

Itfollows, finaly, from(3.9)andLemma3that

(川)豊罰lUin-Winl=maXlZinl≦告QQ｡T( QQ,T)(ho+k)i,n

whichisthedesiredresult.

4. Iterativeparameter

From(3.10)weshalltakek=Ph2, sinceitcanbeprovedthatthisisthemost
efficientchoice.[3J

Letuandwbethesolutionsof(1.1), (1.3)respectively.Let
ein＝Ui一Win

and

Zin=ein-ein+1=Win+1-Win.

Thenitfollowsfrom(3.2)thatzinsatisfiestheequation

(4.1) zi-1n－(2+dD)Zin+Zi+1n==一のzm-1-h2(ffz,n-1+ff6xzin-1)
where

h2 1
：＝＝

Notethatthisisthesamewith(3.4).

weshallwrite(4.1)inmatrixnotation

Azn=Bzn-1, or, zn=A-1Bzn-1,

（…1-2二｡｣…)-TN-"I,andB= ｝（…号ff -.,-hw- ,鵜…where A=
●●●

Then,whenthespectralradiushassmallvaluetheconvergencetothesteady-state
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solutionisrapid.

SincoTN={…1-21…)hascharacteristicvalues-4sino2(&1)(i=1,2,…,N)[4]'

thematrixAhascharacteristicvalueo -"-4sin'2(fl)Andhencethecharact-

eristicvaluesofA~｣aro (-"-4sin'2(fl))-lActualdeterminationofthevalu.
ofspectralradiusofA-'Bisdifficult,sincethematrixBcontainsfuandfu'with

respecttounknownfunctionuandu′，

5． NumericalexampleS

Examplel.u"+0.49(u'%+1=0,u(0)=u(1)=0.

SinceBhastheform-"I+B'@,whereB',=(…0.49hu'0-0.49hu'…Jthespectral

切

＄

radiusofA-'Bisapproximatelyスーの("'+4sin22(g=13-', thusthecopvergenceis
rapidwhenaD isaSsmallaspossible.

Startingwithinitialguess u(x)=0.5x(1-x),weobtaintheapproximatevalues

asshowninTablel.Weusedh=0.1andtimeincrementkwasincreasedbylO%

eachtimestep.Steady-statewasreachedafteriterationsasshowninTable2.

Tablel Table2

, 、
numberof

iterations

approximate

solution

exact

solution

スX

0.8363

0.6714

0.5053

0.2901

0.2259

0.1566

0.0785

0．0141

0.0000

１
４
０
７
６
５
４
３
３

２
１
１

0.04653

0.08224

0.10748

0.12253

0.12753

0.12253

0.10749

0.08224

0.04657

0.08230

0.10757

0.12264

0.12764

0.12264

0.10757

0.08230

２
５
加
乃
あ
あ
釦
的
｝

１
７

１
２
３
４
５
６
７
８
９

●
●
●
●
●
●
●
●
●

０
０
０
０
０
０
０
０
０

趣

．

0.04653 0.04657

Example2. u〃一eu=0, U(0)=U(1)=0.

（…0-‘,王h｡e,0-),thespectra]SincethematrixA-'Bhastheform(TN－のI)-'

radiushasthesmallestvaluewhenの一h2eu=0. withh=0.01 andinitialguess

u(x)=0, wehaveobtainedthevaluesshowninTable3.Thenumberofiterations

areshowninTable4.
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Table4Table3

numberof

iterations

exact

solution

approximate

solution

βX

４
６
４
３
２
３
４
５
６

１700

3500

7000

9000

10000

11000

12000

35000

～

-0.041436５
８
９
７
３
７
９
８
５

３
６
９
３
０
３
９
６
３

４
２
７
２
７
２
７
２
４

１
３
５
９
３
９
５
３
１

４
７
９
０
１
０
９
７
４

０
０
０
１
１
１
０
０
０

●
●
●
●
●
●
●
●
●

０
０
０
０
０
０
０
０
０

－
一
一
一
一
一
一
一
一

１
２
３
４
５
６
７
８
９

●
●
●
の
●
●
の
●
●

０
０
０
０
０
０
０
０
０

９
０
８

６
０
３

２
８
２

３
５
９

７
９
０

０
０
１

●
●
●

０
０
０

－
一
一

§
-0.113704

８
０
９

３
０
６

２
８
２

９
５
３

０
９
７

１
０
０

●
●
●

０
０
０

一
一
一

、

必

-0.041436
ノ

･→

ThesenumericalexperimentshavebeenperformedontheNEAC2200－500atthe

TOhokuUniversityComputerCenter.
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