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AppliCationofMomentumTheoremto

SupercavitatingCascadeFIow (1)
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(Receivedon300ctober,1971)

1. Introduction

Cavitationoccuringinhydraulicmachineriesmakesnoise, vibration, largelossin

performanceanddamageanddestructionduetoerosion. Fromthispoint ofviewthe

studyofsupercavitatingcascadeflowis fundamentallyessential for thepurposeof

speedingupofhydraulicmachineries, namely, marinepropellers, pumpsandhydraulic

turbines.

TheworkinthisfieldisthatofWoods[1]whoassumedthecuspedcavity, Sedov

[2]whoappliedthere-entrantjetmodeltoaflatplatecascade, Nishiyama[3]who

developedacascade flowtheorybyaccelerationpotential concepts, Sutherlandand

Cohen[4]onfinitecavitycascadeflow, Oba[5]whoobtainedaclearexpressionof

thedrag-liftratio,Muraiandkinoe[6]whoassumedthedouble-spiralmodel, Jakob_

sen[7]whousedamethodoftheparametrizationbyLeviCivita, Cornell [8]onthe

stallperformanceof cascades, Acosta[9]onacascadeof circulararchydrofoils,

Grevich [10]whoextendedSedov'sworkandNishiyamaand theauthor [11]who

proposedasingularitymethodforthesupercavitatingcascadeflow.Thesetwo-dimens_

ionalpotentialflowanalysesarenotsoadequatefortherealcomplicatedflowinhydr.

aulicmachineries, butarethefirststeptowardssuchadifficultproblem.

Inthispapertheequationsforlift, dragandtotalpressure lossarederivedfrom
themomentumtheoremofEuler. Atheoryisdevelopedfor two-dimensi(mal, steady,

incompressible, finitecavityflowpastastraightcascade. Specialcasesoftheequations
derivedherecoincidewiththoseinreference[8].

2. Lift,DragandTotalPressureLoss

Infigureisshownthesupercavitatingcascadewithstaggerangle6, pitchsand

chordlengthc.Theorigin, x-axisandy-axisareassumedtobetakentheleadingedge

offoil,theoncomingentranceflowdirectionandthenormaldirectiontoit.Anentrance

flowoffluiddensityp, relativevelocityV, andangleP｣ (which ismeasuredtothe
normalto thecascadeaxisdirectiondefinedas tangentialt-direction)advanceswith

staticpressureP,andseperatesfromthefoilsofcascadeat the leadingedge, from

whichafreestreamlineemanates, formssupercavityandextendstojetflowregion, in

whichthevelocity, angleandstaticpressureareV2, 62andP2respectively. Pressure

insupercavityiAPcWhichisusuallyconsideredasvapourpressure. Then-component

normal tothecascadeaxisandt-componentof therateofmomentumchangeina
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semi-infinitestripofwidtht,whichextendsalongthestreamlinefrominfinitelyfar

upstreamtocavityregion, areequaltothenandt-componentoftheforceduetofluid

pressureandthebladeforceactingonthefluid,i.e.-Nand-T.

Thefluidforceactingonbladeisfollows,

N=s{(P,-P2)(1－′)+"(P,-Pc)}+ps{V,2cos26,-(1－")V22cos262} (1)

T=ps{V,2cosP｣．sin6,-(1－")V22cos62．sin62], （2）

wheres"isassumedtobethewidthalongcascadeaxisoffar-wakeregionindissipat_

ivewakemodelofJoukowsky-Roshko-Eppler. Fromthedefinitionofcavitationnumber

andequationofBernoulli,weget

P,-P,-/pv:'｡ （3）

P､-P･-2,vI'(-上芸竺), （4）

wherethequantityoiscavitationnumberandXisjetvelocityratioV,/V2.

Thus

N- pVK'(ﾕ弄壁-)s('-")+ wwo+psV,2cos'6,-ps(1-")Wcos262. （5）

Thelasttermofthisequation, bymassbalance

psV,cos6,=ps(1－〃)V2cos62, （6）

canbeexpressedas

l

ps-I一似V,2cos26,.
Therefore(5) is
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N_/,V,,c(-:_){(_l秀』乙)(1-")+"+2c･邦｣("=, )}
Similarly (2) becomes

T=÷PV,2c(÷){2cos',(sinp'_｡i:l9, )l
WhenthecoefficientsofNandTaredefinedas

N

47

(7）

(8）
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C麺一÷pV,2c,
from(7) and (8)

CN=(÷)|(ﾕ茅』皇)(1-")+似｡+2cos26,(弦竺r)
CT=2(÷)cos6,(sinpi_｡i:&).

WhenthecoefficientsofliftLanddragDaregivenby
L

｝ （9）

(10）
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(12）

Inordertosimplifytheaboveequationsandbeabletocomparethemwiththereference

[8] theequations(11)and(12)are, bysimplecalculation, ledto

{sin(@一β)--÷Sin(62-6) ｝
S

[2co｡β』CI｣= 一
C

l(ﾕ壼伽， )('-似)+伽}〕 （'3）-sin6

{2c｡s#"{c｡s(6!_6)_÷c､s(β卿一β）
S

｝CD=-¥
C

{(¥2)('-")+"}1 ('4)｛(号2)('-似)+"‘ （M）+cos6

Letthecontrolsurfacetakebetweenjetstreamanddownstreaminastripwidth

t, thenthen-componentofmomentumequationisgivenby

psV32cos263－ps(1－〃)V22cos262=s(1－のP2+"SPc-SP3, （15）

wheresuffix3meansinfinitelydownstreamquantities. From(3) and (4) the

rightof (15) is
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s(P,-P')+,"s{÷pV,2(」三』皇)-昔'v,''fス2

Thereforethestaticpressuredropcanbewrittenas

｛f-pw｡- pv1'( '=j'' )|告pwo-会pw(い' )lP2-P3="

+PV32cos263－β(1－脾)V22cos262. （16）

Therelation

COSB2=－－二XLc｡sβョ
1

（17）
1_/z V2

whichisderivedfromcontinuityofmassleads L16) to

P3-P2=pV32cos卿β3(尚■)-/pw"(｡-
1－12

（18）ノF-),

whilefromthefactthatthet-componentofvelocityisunchangedinthemixingproc-

essandthemassbalance (17)weobtain, after littlereduction, totalpressurediffence

[sin'6,|1+-(; ,V,'[sin,6'|,+_(Wr}_｣｛ ｝； ,w ‐ⅡPT2-PT3=

’一ﾉL),+2cos283(迦竺,"))+昔〃ju(｡-- （19）ス

wherePT2-PT3=？;■,v,'-:-"w+P卿一P3. (20)

Theequationinsquarebracketof (19) becomes

｝｛ （,竺")， ，COS263

andconsequentlythetotalpressurelossis

P,｣-Pr:-;-,v''｡､S職てて竺〃+-妾,v,'"(･--Lsz-), （21）
え2

SinCePI,=Pi2 ,

where

P&"v4'+PL
From(21) thetotalpressurelosscoefficientdefinedas

Pr,-Pr3

';,vI'
’一A2 ），β2

（21)′is lJ=_て'一"7rcos2'3'+'"(｡一一ス2
whereV12cos261=V32co.6:

isused.

Note ; (13) and (14) becomesimplealittleasP=6,.

3. Conclusions

Theequationsforlift, dragandtotalpressurelossarederivedfromEuler'smom-

entumtheoremundertheassumptionswhicharetwodimensional, steady, incompressible

inthewholeflowfieldandfurtherinviscidbetweenoncomingandjetflowregion.

Inreference [8] it isconcludedthe theory isnotadequate for lowsolidity

cascadewiththickandlargecamberedfoils.Butinthispapertherearenosuchrestr_

ictions.

Let (13) compareswiththeequationsderived inreference [8] whoseexpress_
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｜鶚}'(÷)(sin6(lZZ_)+2c｡sP|sin(@|_6)CL=

)} | (22)，‐-%sin(β2－β） （22）
wheretheabovecoefficient isreferedtovectormeanvelocityanddirectionVoo， β･･･

Thedifferencebetween (13) and (22) istheadditionaltermin (13).
Thatis

g-sin6."{(上ｲ2 )+" ｝え2

Totalpressurelossinreference [8] isgiveninfollowingexpression

P,_T,'__;,V',c｡s,6, | (1="), li (23)
Thelasttermof (21) doesnotappearin (23).

Thesearecausedbytheassumptionthat inreference [8] theflowseperates to

formlargeeddyingwakesandwithinthewakesthestaticpressureistakenas the jet

streampressure.Thereforeifonecouldacceptthecavitypressureas the jet stream

pressure, (13)and (21)wculdbereducedto (22) and (23).Howeverinsuperc_

avitatingflowthesepressurevaluesdonotcoincidewitheachother. Thedisagreement

intheseequationsareconsiderabl3.Theqeuations (13), (14) and (21) willbe

numericallyestimatedinthesecondreport.

TheauthorwishestoacknowlegeMr．H.Hiwatari forhishelp. Forderiviationof

equationstheauthor is indebtedtoY. Ono, Student inDepartment ofMechanical

Engineering,AkitaTechnicalCollege.
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