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We exhibit cocycles in the Bott-Shulman-Stasheff complex which represent the Chern

characters and Chern classes of the universal torus bundle ET" — BT".

1. Introduction

For any Lie group G, there is a simplicial
Lie group NG called nerve of G. We can con-
struct a double complex Q* (NG(%))on NG and it
1s well-known that the cohomology ring of its total
complex is isomorphic to H* (BG).

In [8], the author exhibited a cocycle in
Q* (NG (%)) which represents the Chern character
in the case of G=GL(@mn, C).
cocycle is complicated and it will be more complicated

Unfortunately, this

if we try to exhibit a cocycle which represents the
Chern class of EGL(n, C) = BGL(n, C).

In this paper, we exhibit cocycles which
represent the Chern character and the Chern
class of the universal torus bundle E7" — BT" in
Q* (NT"()).
written as much more simple form.

In this case, the cocycles can be

2. Review of the universal Chern-Weil Theory

In this section we recall the universal Chern-
Weil theory following [4]. For any Lie group G,
we have simplicial manifolds NG, PG and simplicial

G-bundle y : PG — NG defined as follows:

q — times
NG(q)ZGx CoeX GB(hl,”-,hq):
face operators ¢, : NG(g) = NG(q —1)
8,-(h1, * hq) =
(hz 5 hq) 1= O
(hy, -+, hhioy, oo, hy) i=1-,¢g-1
(hl , hq,l) 1=4q
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q + 1 — times
PG(g)=Gx - X G2(g. . &)
face operators &, : PG(g) = PG(q —1)

(g, " 8)= (& """ &1 & &)

We define y: PG = NG as y(gy, " -, &) =
(gogfl, R gq—lgqil)'

For any simplicial manifold X = {X,}, we
can associate a topological space ||.X|| called the
fat realization and it is well-known that [ly]| is a
model of the universal bundle EG — BG [6].

Now we construct a double complex associ-
ated to a simplicial manifold.

Definition 2.1. For any simplicial manifold {X,} with
face operators {¢ .}, we define a double complex as
follows:

QX)) = QF (X)

Derivatives are:

i=0
d" = (—1)" the exterior differential on Q (X).

In this paper, we call the double complex
Q"(NG) the BSS (Bott-Shulman-Stasheff) complex.

For NG and PG the following theorem holds [2]
(4] [5].

Theorem 2.1. There exist ring isomorphisms

H (Q*(NG)) = H*(BG),
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H (Q"(PG) = H*(EG).
Here Q*(NG) and Q*(PG) mean the total

complexes.

There is another double complex associated
to a simplicial manifold.

Definition 2.2 ([3]). A simplicial n-form on a
simplicial manifold (X,} is a sequence [P} of
nforms ¢ on A” X X, such that

(e' xid)" " =(id x &) " "

Here ¢'is the canonical i-th face operator of A

Let A* (X) be the set of all simplicial (k + /)-
forms on A” X X, which are expressed locally of

the form
z i g Tt (dty /\ - - dty N dle AREN dx//)
where (4, £, - - -, t,) are the barycentric coor-

dinates in A” and x; are the local coordinates in X,.
We define derivatives as:

d' = the exterior differential on A”,
d" = (—1) x the exterior differential on X,.

Then (A* (X), d', d") is a double complex.

Let 4* (X) denote the total complex of 4™* (X).
We define a map 7, : 4% (X) = Q*(X) as follows:

L= [, @)

Then the following theorem holds [3].

Theorem 2.2. I, induces a natural ring isomorphism
I} H (A" (X)) = H (Q*(X)).

Let G denote the Lie algebra of G. A connection
on a simplicial G-bundler : {E,} = {M,} is a
sequence of 1-forms {6} on {£,} with coefficients
G such that 6 restricted to A” X E, is a usual
connection form on A” X E, = A" X M,

There is a canonical connection § € 4YPG) on

v : PG — NG defined as follows:
%) |Ap X PG(p) - — togo + e+ tpep.

Here 6, is defined as 6, = pr § where pr, : A’

X PG (p) = G is the projection into the i-th factor
of PG (p) and @ is the Maurer-Cartan form of G.
We also obtain its curvature Q € 4*(PG) on y as
Q | Ap X PG(p) = dglAp X PG(p) + %[ 0 | Ap X PG(p) elAp X PG(p)]'

Let (Sym ¢%)? denote the ring of G-invariant
polynomials on 6. For P € (Sym 6%)°, we restrict
P(Q) € A*(PG) to each A” X PG(p) — A X NG(p)
and apply the usual Chern-Weil theory then we
obtain a simplicial 2k-form P(Q) on NG.

Now we have a homomorphism

w: (Sym 6*) = H (Q*(NG))

which maps P € (Sym ¢%)? to w(P) = [LL(P(Q)] €
H (Q*(NG)) = H*(BG).

3. The Chern charater in the BSS complex

In this section we take G as a n-dimensional
torus 7" and exhibit a cocycle in Q*(NT") which
represents the Chern character of the universal
T"-bundle ET" — BT".

We first give a cocycle in Q"™ (PT"(p — q))
(0 < ¢ < p—1) which corresponds to the p-th Chern
character by restricting (1/p) tr (—Q/2rni)") €
A*(PG) to A" (A" X PG(p — q)) and integrating
it along A’ % Then we give a cocycle in ™ (NT"(p — q))
which is mapped to the cocycle in Q*(PT") by v*.

If we write the i-th factor g, € PT"(p) as a
diagonal matrix (W)« #; can be written as 6=
(W) " dwi)1en and we can see [0, 0] = 0 for any
i, hence Q|Ap_qxpmp—q) = — X' Tdt N\ (6,-86).

Now dt, /\ (0,—60,) =dt; \ (0,—6,) + (0,—0,)

+ -+ (0,.,—0,)} and for any g -valued
differential forms o, B, y and any integer 0 < Vx <
p —q —1, the equation a A (dt;, N\ (0,—0,.) AP
Al N0, =0.) Ay = = o Aldyy A (8, = 6.)
A B A @ N (6,—0.)) /\ v holds, so the terms
of these forms cancel with each other in
(=Qlap—gxrop-g)- Therefore we see (= Q|- g« rep-g)
=(x?_1dt, N\ (0,_,—0))" and this cochain
vanishes unless ¢ = 0.

As a consequence of this argument, we ob-
tain the following theorem.

Theorem 3.1. The cocycle w, in Q°(PT"(p)) which
corresponds to the p-th Chern character is given as

follows:
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(’Z)b = ( _1) e <27Tl>’

- <H <de dw;'“>>
Lt W}i+1 .
We write the i-th factor of NT"(p —

diagonal matrix (z;)<xe.
check that the equation

q) as a
Then we can easily

i+1 = i +1
z w, W

y* <dz;”> dw, dw"!

holds true.
Now we are ready to state the main theorem.

Theorem 3.2. The cocycle w, in Q"(NT"(p)) which

represents to the p-th Chern character is given as follows:

1/ 1Y
wp:(_l)p(pz 1)p!<.>

27i

. dzk dzk d v
X AN 2 /- /\
=1

Z

Proof. The cocycle in Theorem 3.2 is mapped to
the cocycle in Theorem 3.1 by ¥* : Q"(NT"(p)) —
Q"(PT"(p)). The statement folllows from this.

4. The Chern class in the BSS complex

By repeating the same argument in section 3,
we obtain the cocycle in y, which represents the
Chern class.

Theorem 4.1. The cocycle p, in Q"(NT"(p)) which

represents to the p-th Chern class is given as follows:

L/
:Up:( 1)/(1121) < >

2ni

dz);
X z det <1kj > .
Zy 1<i,j<p

1<k < -+ - <kp<n

Remark 4.1. In the case that n is equal to p, the
cocycle in theorem 4.1 is written as:

1 1\” dz}
—(_1y2e-) = (= =
Hyp (=1 2 P! <27’[i> det <Z}i >1<’7k<1’.
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If we write z; = exp(ifl;), 1, is equal to

( _ 1) plp—1) l L ’ det (d@i)
2 p, 271_ k)1<ik<pe

This cocycle represents the Euler class of
the universal SO(2)’-bundle in the BSS complex.
For example, the following cocycle represents the
Euler class of the universal (SO(2) X SO(2))-bundle:

-1 1\2
2<2n> d01do5—docde)).
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