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TheDiscretizationErrorinBoundary

ValueProblemsfortheSecondOrder

DifferentialEquations (I).

Shoichi SE1No

1． Introduction

Althoughanumberofpapersguaranteethataconsistentmethodisconvergent, it is

hardlyusefulforpurpoSesofestimatingthediscretizationerror.Inparticular it

failstoindicatetheorderofthediscretizationerror. In[1], P.Henricidescribedthe

discretizationerrorinboundaryvalueproblemsofclassMwhichwillbesaidif it is

oftheform

y''=f(x, y), y(a)=q, y(b)=6,

wherea<bandcYand8aregivenconstants, andsuggestedthatasimilarresult could

betrueforthegeneralizedboundaryvalueproblems.

Inthispaper, weconsidertheboundaryvalueproblem(BVPforshort)

(1) y"=g(x)y'+f(x,y), y(a)=", y(b)=8,

where一｡o<a<b<+oo, "and Parearbitraryconstants.

Weassumethatthefunctiong(x)

(a) isdefinedandcontinuousintheinterval [a, b], whereaandbarefinite"

(b) ismonotonedecreasing,

(c) isnonnegativein [a, b],

alsothatthefunctionf(x, y)

(d) isdefinedandcontinuousinthestripa≦x≦b, 一○o<y<+",

(e) satisfiesaLipschitzconditionwithrespecttoy,

(f) fy(x,y) iscontinuousandsatisfiesfy(x,y)≧0 ina≦x≦b, －a.<y<+m.

Weshallestablishtheerrorboundandasymptoticformulaforthediscretization

error.TheseresultsarestatedasTheorem3 andTheorem4.

2． PrelixninaryResults

Weshallfirstlistsomedefinitions.

LetWbethesetofthefirstnintegers, W={1, 2,………,n}. AmatrixA=(aij) is

calledreducibleifitispossibletodecomposeWintotwononempty, disjointsubsets

SandT, suchthataij=0foriESandjET.Amatrixwhichisnotreducibleis

calledirreducible.

【Lemmal】

A〃j〃αgo"αノ”α〃なA=(α")iS〃γ“"c必ﾉeがα"do"ly"

α’’’一ハキ0 (j=2, 3,．…･…･…,〃）α"α

"','+, z¥0 (j=Z, 2,…………,〃一Z).

AmatrixAwithrealelementsiscalledmonotoneifAz≧Oimpliesz≧O,whereby
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thenotationz≧Owemeanthatallcomponentsziofthevectorzsatisfyzi≧0.

Asaconsequenceofthisdefinitionweobtainthefollowinglemmas.

【Lemma2】

Aw@"""AiS"@0"0加"gがα"do"/yが肋22彪加ef@#so/オ"gj"〃e応e"､α＃γ跡A-'α泥

"0""egα〃"e・

【Lemma3】

Leメオ加加α〃戯A=("j)〃〃wd"cWe""dsα雄か肋eco""伽"s

(i) α"≦0, jキノ;j, /==1,2,………,〃，

｜言： 舞蝋;韮;;〃
”

(ii) Z""
J＝1

T舵〃Aisw@0"0加"e・

【Lemma4】

Z,eオ肋e"""cesAα"αB加郷0"O加"e, α"〃αss"柳gオ伽オA－B≧0．

T"e"B-1一A-'≧0．

Nowweintroduceafewnotations.

Letvectorsy, f(y)andabe

y=[y,,………,yN_,]T, f(y)=[f(x,,y,),….……..,f(xN_,, yN_,)]m,

a=[α一βoh2f(xo,cY), 0, .…･…･,0, β－β2h2f(xN,6)]r,

matricesJandBbe
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ご]ル鱸-""1J=

、

Letthesystemoffinitedifferenceequations

(2) Jy+h2Bf(y)-a=O

h角vP角了iRPnf,･nmRVPofcl2ssM IfDdenotestheorderofthefinitehavearisenfromBVPofclassM・ Ifpdenotestheorderofthefinitedifference

operator, assumethattheexactsolutiony(x)ofBVPofclassMhasacontinuous

(p+2)ndderivativein[a, b]andlet

‘誓蓬bly"ぞ翼) |
AssumethatGisapositiveconstantwhichdependsonlyonthedifferenceoperator

andthat

(3) 6｣≧0 (i=0, 1, 2), β0＋β,＋β2＝1，

and

(4) h2L<1,

whereLdenotestheLipschitzconstantoff(x, y).

【Theoreml】

L〃幼e〃αﾉ"eSy"Sα蝿/jﾉｵﾙ2町"α"0"s

（5） 一y"_,+ay"-y"+,+"{60/;@-,+6,A+62A+,}=β湿K"q+2,

"加沌肋g6"Q"eα幼"”〃〃""6"ss@z"afyj"gl6"|≦Z,Kα"dp""α幼"”剛〃0""gga伽9
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CO"s〃"ｵs, ""d"""er;@=/("",y").

〃(3)α”（4）加脇， オルe〃伽〃Sc蹴如が0"e"'Ore"=y鰹一y(雅泌)sα沁"es

|e"|≦(x"一α)(6-塑工･(GZ"p+K"q), 〃冨=I, 2,………,N－Z.
2

【Theorem2】

ん“伽加〃わ#"eノ”0＃"esesqfT"eo花加Z, "es加〃〃0”ォ加オ ォ"go"deγ，≧2α"。

K=0, α〃ｵ加耐舵α坊をγe"ceo'eγαｵ0γsα〃班es80=62, α"dオ加オex"c#soJ"肋〃y(x)

jS(p+4)オ畑escO"が""0"s〃Ji舵γg"だα6Je.T"e〃＃"ee"07'e,#s""Wes

e"=e(光施)"p+0("+2),

"""ee(x)de"ofest"eso伽加〃"BVP

e''(x)=g(x)e(")-Cy("+2)("), e(6z)=e(6)=0,

”""eCiscα"edq"e"o"cO"s/α〃cMMedムyHe"γ伽．

Proofsoftheselemmasandtheoremsaregivenin[1].

3. APrioriBoundandAsyxnptoticBehavioroftheDiscretizat血nError

ofBVP(1)

WeextendtheresultofBVPofclassMtoBVP(1).

ForthedirectnumericalsolutionofBVP(1), weintroducethepointsxn=a+nh

(n==1, 2,……,N),whereh=(b-a)hN-'andNisanappropriateinteger.Thedifference

equationwhichdeterminatenumbersynapproximatingthevaluesy(xn)ofthetrue

Solutionatthepointsxn is

(6) -yn_,+2yn-yn+,+h2{80(gn_,y'n_,+fn_,)+6,(gny'n+fn)+62(gn+,y'n+,+fn+,)}=0,

Wheregn=g(Xn), fn=f(xn,yn).

Weshallassumethatβ』 (i=0, 1, 2)satisfy (3)and 60=62.

Furthermoreweapproximateyノ by

y'n_,==h-'(yn-yn_,), y'n､2h)-'(yn+,-yn_,), y'n+,=h-'(yn+,-yn).

Then(6) isasfollows ;

(7) -yn_,+2yn-yn+,+h{An_,yn_,+Bnyn+Cn+,yn+,}+h2{P｡fn_,+6,fn+62fn+,}=0,

-whereAn_,=-(60gn_,+妾β,gn), Bn=80gn-1-62g…Cn+'=昔β,gn+62gn+,.
l

Thefurtherdiscussionissimplifiedbytheuseofvectorandmatrixnotation.

Definingthevector

b=[QI+hA｣a-h260f(xo,cr),0,….…･･0, β－hCNβ一h262f(xN,6)]T'

andmatrix

B, C2
、

J"M:職C=

thesystemofequationsarisingfromdemandingthat (7)holdforn=1,2,..…･,N-1

canbewrittenintheform

(8) jy+hCy+h2Bf(y)=b,

wherevectOrsy, f(y)andmatricesJ,Baredefinedin52.
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Asusual, wemeanbythediscretizationerrorthequantityen=yn－y(Xn), Whereyn

istheexactsolutionof thedifferenceequation(8),.andy(xn)istheexactsolution

ofBVP(1).

Wedenotetheorderofthefinitedifferenceoperatorbyp・Weassumethattheex-

actsolutiony(x)hasacontinuous(p+2)ndderivativein[a,b],andthatZandGare

definedin92.

Letusrequirethatthestepsizehbesosmallthat

(9) X<h<min{X,,X2,X3},

where

The

-Ck+､/C2k+462hk
, (k=2, 3,………,N-1),X,==

282hk

A,+､/A,2+460h,
2aiF"'"& ' (1=1, 2, .…．．…,N－2),X2=

CN-､/CN2-4(60hN_2+61hN-1)
X3=

2(60hN_2+6,hN_,) '

and

A,
X= , (1==1, 2,….…..,N-2),

60h｣

wherehn=h(xn,yn)=fy(xn,yn).

【Theorem3】

〃s花aaqf(8),〃オルeひαj"esy"sα蝿yオルeeq"α加伽s

(10) 一脚_,+ay"一伽+,+"{A"_,y"-,+B"y"+C"+,y+,}+"{M"-,+W"+62/h+,}=

6鯛K"+2,

"〃γeｵﾙe6"αγeαγ城γα〃〃"w@6e"ssα"sM"gl6"|≦zα〃@"""eKq""9αγgα肋"γα〃

"0""ega伽gco"s〃"ｵs."(9)"O"s, オ"e〃オ"edisc"e"zα伽〃eγ”γsα虎峨9s

(11) le"|≦(xn-a¥(b-xn) (GZhp+Khq), n=1, 2,-….…,N-1.
2

Proof.Theexactsolutiony(x)satisfies

(12) -y(xn_,)+2y(xn)-y(x"+,)+h{An_,y(xn_,)+Bny(xn)+Cn+,y(xn+,)}

+h2{#of(xn=,, y(xn_,))+6,f(xn,y(xn))+62f(xn+,, y(xn÷,))}=6'nGZhp+2,

wherel6'nl≦1．

Subtractingthisrelationfrom(10), weget

-en_,+2en-en+,+h{An_,en_,+Bnen+Cn+,e+,}+h2{60(fn_,-f(xn_,, y(xu_,)))

+6,(fn-f(xn, y(xn)))+62(fn+,-f(xn+,, y(xn+,)))}=6"(GZhp+2+Khq+2).

Applyingthemeanvaluetheoremtothedifferencef(xn, yn)-f(xn, y(xn)),wehave

(13) -en_,+2en-en+,+h{An_,en_,+Bnen+Cn÷,en+,}+h2{60hn_,en_,+6,hnen+

62hn+,en+,}=6n''(GZhp+2+Khq+2).

DenotingbyHthediagonalmatrixwithelementshn (n=1, 2, .…..,N-1),weobtain

(14) (.I+hC+h2BH)e=(GZhp+2+Khq+2)e,、

whereOisavectorwhosecomponentsnumericallydonotexceedl. Asthestepsizeh

satisfies(9), thematrixJ+hC+h2BHsatiSfiestheconditionsofLemma3, and

furthermorewehaveJ+hC+h2BH≧J. FromLemma4, itfollowsthat
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O≦(J+hC+h2BH)-'≦J-'.

IfweputJ-'=(jmn),weobtain

N-1

|enl≦(GZhp+2+Khq+2)Zjmo
n＝1

Throughthefactthat

N－1 (Xm-a)(b-Xm)
Zjmn= 2h2n＝1

,

weget

|eml≦(xm-a¥b-xm) (GZhp+Khq).
2

InadditiontothehypothesesofTheorem3, weshallnowthattheorderp≧2, and

thatK=0.Thenitfollowsthatlel=0(h2)"

Weshallassumethattheexactsolutiony(x)ofBVP(1)is(p+4)timescontinuously

differentiable.

【Theorem4】

Le/e(")加肋esoj"加泥QfBVP

(15) e''(")=g(")e'(")+"(x)e(")-Dp+2y(p+2)(x), e(")=e(6)=0,

""e""=(")=A(x, jﾉ(x)), α"aDp+2 jSα〃0"ZellOcO"s""#.

U"伽γｵﾙeα加"e勿加肋eses, "ediSc"施α伽〃eγ""e7BSα"蛾es

e"=e(茄憾)""+0("p+2), "=1, 2,………,Ⅳ－I.

Proof.Astheorderofthefinitedifferenceoperatorisp,wehave

(16) -y(xn_,)+2y(xn)-y(xn+,)+h{An_,y(xn_,)+Bny(xn)+Cn+,y(xn+,)}

+h2{60f(xn_,,y(xn_,))+6,f(xn,y(xn))+62f(xn+,,y(xn+,))}

=-Dp+2y(p+2)(xn)hp+2+0(hp+3).

Sinceen=0(h2),

(17) f(xn, yn)-f(xn, y(xn))=hnen+O(h4).

Furthermore,by(3)and 60=62

(18)y(p+2)(xn)=60y(p+2)(xn_,)+6,y(p+2)(xn)+62y(p+2)(xn+,).

Ontheotherhand, valuesynsatisfy

(19) --yn_,+2yn-yn+,+h{An_,yn_,+Bnyn+Cn+,yn十,}+h2{6ofn_,+6,fn+62fn+,}=0_

Wesubtract(16)from(19), applying(17)and(18),

(20) -en_,+2en-en_,+h{An_,en_,+Bnen+Cn+,en+,}+h@{60hn_,en_,+6,hnen

+62hn+,en+,}=Dp+2{60y(p+2)(xn_,)+6,y(p+2)(xn)+62y(p+2)(xn+,)}+0(hp+3).

Wenowintroducenewquantity, tobecalledmagnifiederrors, by

en=enoh-p, n==1,2,………,N－1．

Then(20) becomes

（21） 一息n_,+2en-En+,+h{An_,5n_,+Bnen+Cn+,en+,}+h2{60(hn_,en_]

-Dp+2y(p+2)(Xn_,))+6,(hnen-Dp+2y(p+2)(Xn))+A(hn÷1en+1

-Dp+2y(p+2)(Xn+,))}}=0(h3).

Bythefinitedifferencemet伽dthesamerelationwouldresultfromsolvingBVP(15)
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denotingbyentheapproximationtoe(xn).

WemayappealtoTheorem3 toconcludethat

5=e(xn)+O(h2),

i､e. , en=e(xn)･hp+0(hp+2), n=1, 2, .……. ･,N-1.

andthetheoremfollows_

89The
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