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OnlmprovinganApproximateSolution

ofaNonlinearTwoPointBoundaryValueProblem

byDeferredCorrections

Miki KuDo

Takashi YosHIMuRA

1. BasicResultsandDefinitions

Letusconsiderthenonlinear"functionalequation

F(v)=0 （1）

wherethecontinuoUSOperatorFmapsalinearsubspaceDofaBanachspaceEintoa

banachspaceEo.Wewillalwaysassumethat(1)hasauniquesolutionuEDくこE.

Weareinterestedintheapproximatesolutionof(1)bymeansofdiscretizationalgo-

rithms.Adiscretizationof(1)consistsoffamiliesdependingonarealparameter

heH=(0,ho], of
O

(a) BanachspacesEhandE ;
h

o o

(b) linearmappingsAh :E→Eh, A:Eo→E
h h

O

(c) functions(generallynonlinear)Q,:Eh→E
h

(d) argorithms

①h(V)=0. （2）

TheoperatorsF,｡hwillbeassumedtohavethefollowingproperties :

ForeachvEDandhEHthereexistsanexpansion
了

の､(A.v)=A'･{F(v)+=h'｣F,,(v)}+0(hE) （3）
． j＝1

b 、 .､Oc 0b 令.孝

4wheretheoperatorsF":D→E' aregivenindependentlyofh,P>pN.Theexponents
pj

appearingin(3)willbepositiverationalnumberssatisfying

0<p'<p2<、．。<pN.

TheoperatorsFandOhwillalwaysbeassumedtobeatleasttwiceFrbchet-differentiable

onEandEh． ご 一
LetqbeappSitiVenumber'WewillsaythatU(h)EEhisanapproximatesolutionof

(2)ifitsatisfies

|Ph(U(h))II≦Chq :

whereCisapoSitiveconstant.

IfhEH,uisthesolutionof(1),andU(h)isanapproximatesolutionof (2), then

thevector

e(h)=U(h)-AhueEh
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willbecalledtheglobaldiscretizationerrorof(2).

Letubetheuniquesolutionof(1).Property

IIU(h)一Ahull→0ash→0

willbecalledthediscreteconvergenceoftheapproximatesolutionU(h).MorepreCisely

themethod(2)havinganasymptoticexpansion(3)willbeconvergentoforderpiffor

anyheH, lle(h)||<ChpwhereCisapositiveconstant. InthiscaseU(h)will alsobe

calledap-approximatesolutionof(2).

IfforanyeeEh,afixedVEEhandanyheHthereexistsanonnegativeconstantK

(whichmaybedependonV)suchthat

llell≦KIIのh'(V)ell,

thenwewillsaythattheoperatorのb(V) isstableatV.This isequivalent tosaythat

ifのh'(V) isonto, thenithasaninverseand il(のb'(V))-'||≦K・

Adifferentiableoperatorのh(V) issaidtohave themeanvaluepropertyif foreach

V,,V2EEh, thereexistsalinearoperatorM(V,,V2)suchthat

のh(V,)一のh(V2)=M(V1,V2)(V1-V2) , （4）

and

IIM(V,,V2)一のh'(V)ll=0(1)

forV1,V2→V.

T"eo""zZ. Leオ〃加肋esOJ"伽〃"(I)α"αU(")α〃α"''o""@"eso伽加"or(2)

""〃grpo"e"tq≧,2.〃α〃"""sio"(3)"肋Ⅳ=2jS〃α"d,の胞加s肋g加gα〃〃α/"e'"pe"y

α"α肋eM(U,4ん")Qr(4)加sα〃伽ﾉe応e加""〃d伽〃o"",Me〃オルe”e＃肋d(2)is

c0"ひg増g"オ"0γdどγp,.

Wesaythatglobaldiscretizationerrorhasanasymptoticexpansionuptotheorder

pN>0ifthereexistsejEE,independentofhEH,suchthat

|le(h)-Ah急ざjej ll≦C卿F
whereCN>0constant,andP>pN.

T"eoj'e"@2． Le#U(")〃α’,-"'m"伽α"so〃"o〃”肋9≧，2, ""〃〃加肋g〃αc＃

soJ"伽〃"(Z).Letの〃α〃の"'畑〃gα〃αSy畑がO加g幼α"伽"K3)"加ｵ舵o〃eγ′2, @""〃
FD伽d"e"〃"ﾒ”〃．〃の伽 jSs"6彫〃4脚"， 肋g〃肋eglo加ﾉgγγ07'e(")〃sα"@Synflわ"C

l

“'α"sio""幼メルgoγαgγ，,, j､9．

p ‘ﾛ.． －．

lle(")-4九〃'e ll≦C", '>', （5）
1

′ ：‘ ，

加加〃g, jSi""g"de""〃α"dsajiSfies

F'(")e,=-Fx, 〃、
1

Oncetheexpantion(5)hasbeensecured,adeferredcorrectionproceduresareavailable

inordertoobtainamoreaccurateapproximationthanU(h).

T"go""3. U"〃γ肋ghy加ｵ舵sesqfT"go""@2, α"。〃ｵ舵γee"is/so力〃α加γSp s"c"
1

肋α＃

0

4F｡ 〃一Sp (U)=0("*) , （6）
〃 ‐1 1
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""e"ep*="""(,,,j2一"伽, -ｵ舵

",=U一〃plg* （7）
一：~． ．

′sα〃α""o"""esoﾉ"伽〃Q/(1)oro"""か＃加郷s

｣|Ui－4施況ll=0(").

H"9e*jsj"eso/""0〃"仇e〃"e”，γ06彪加

の'ん(U)e*=-Sp(U). (8)
‐ 1

FortheproofofTheoremsl,2,3,see[3].

Remark. SinCetheexactsolUtionof(2)beanapproximationtothesolutionof(1),

itisnousetosolve(2)exactly.Theconditionq≧p, sayshowincompletethiSapproxi-

matesolutioncanbe

2;"#APplicatiOntoNOn-linearTwo-pointBoundaryValueProblem

Wewanttosolvetheproblem

y''=f(x,y,y'); y(a)=0, y(b)=0, （9）

wheref(x)ECoo([a,b]×R2).

Wewillassumethatf(x,y,y') issufficientlydifferentiableasafunctionof its three

arguments,whichinparticularwill implythatthesolutionof(9)hascontinuousderiV_

ativesuptotheordernecessaryinthefollowingdiscussion.Inordertoinsureexistence

anduniquenessofasolutionof(9)wewillassumethat

fy(x,y,z)≧0, lfz(x,y,z)|<K

inacertainboundedregionQ=[a,b]×B×B'・ Letuscallthatsolutiony(x).

LetustakeDtheBanachspaceoftwicecontinuouslydifferentiablefunctionson [a,b]

whichsatisfyhomogeneousboundaryconditions.TheoperatorF(y)=y"一f(X,y,y')will

mapDintoEo=C[a,b]. LetusSubdividetheinterval [a,b] intonequalpartsbydefining

xi=a+ih;h=(b-a)/n. LetEhbethe(n-1)-dimensional linearspaceof (n+1)-comp_

onentvectorsVwithV｡=Vn=0,andletE･=Rn_,.ThenormsinvolvedwillbetheL。｡‐
h

normsforvectorsandmatrices

Nowwe"defineforeveryvEE,wEEothediscretizationmappings

AhV､v(xi)}i=0,1,…,n '
． ． 0

Ahw={w(xi)}i=,,…,n-1 ･h

Wecannowdefineadiscreteversionof(9) :

〔のh(Y)]j=h-2(-Yj_,+2Yj-Yj+,)+f(xj,Yj,(Yj+,-Yj_,)/2h)=0, (10)
(j=1,…,n-1)

whichisdefinedforeveryYEEh.TheFrechetderivativeofのhiS

〔"伽(Y)e)j=h-'(-(1+-f!(Y))ej_[+(2+h'f#(Y)ej-(1--f!(Y))e,") " & (11)
(j=1,…,n－1)

thenotatioilforthepartial derivatiVesoffin(11) isfj(Y)=f"(xj,Yj, (Yj+,-Yj_,)/2h),
Z

andsoon"ForanyvEC｡｡[a,b]こEwehavethefollowingasymptoticexpansion

:{F(v)+gh'｣ ( (2=;)! '""'+g"1 }+0(h…), (12)のh(Ahv)=A (2")! v"")+g,,

WherethefunctionsgZjcanbeobtainedbyreordering
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倉竿薑{て2澤肌v"",}'-h'(f｡F)+h｣(f｡等崎《子舳’…“
Sinceのh(Y)clearlyhasthemeanvalueproperty, ifweareabletoshowthat it isalso

stablethen,byTheoreml,wewillhavethatitisconvergentoforder2.

Now, inordertocaITyoutthefollowingdiscussionweintroducesomedefinitions (see

〔1〕 ）．

LetWbethesetofthefirstnintegers,W={1,2,…,n}.AmatrixA=(aij)iscalled

reducibleifit ispossibletodecomposeWintotwononempty, disjointsubsetsSandT,

suchthataij=0foriESandjET.Amatrixwhichisnotreducibleiscalledirreducible.

Z,e加獅a Z A〃〃jαgひ"α／〃､α"砿A=(α〃)is""""c"2がα"α0"〃が

α‘,‘-,毒0（/＝2,3,…,〃） α"d"i,'+,=0(j==Z,2,…,〃一I)

AmatrixAwithrealelements iscalledmonotone ifAz三O impliesz≧0.Amonotone

matrixisnonsingular.

Le池"@"2 Le〃"e班αかなA=(α"）加〃γ“"ciblea"asα"s力娩ecO"伽加"s

（j) Q'j≦0, jキノ； j,j=Z,…,〃

に::隣協蟹‘
Ⅳ

(") Zα〃
j＝1

T"e"Ajsw@0"0加"9．

Fromlemmasland2it isclearthatforsufficientlysmallhtheoperatorの'h(Y)of (11)

isofmonotonictypeforanyYEEh・ Inordertoobtainthe inverseof thetridiagonal

matrix.k(Y),wecanusetheL-Udecompositionmethod[1],andfromitsprocedur@m
isclearthat

'

｜'（の(Y))-'||三K,
h

andhenceのh(Y) isstable.

Inconclusionのhisstableandconvergentoforder2,andwecanapplythedeferred

correctionargorithms.

Nowforthe linear, one-stepcorrection, whichWillgiveafourthorderapproximate

solution,wewilldevelopesomespecial formulas inorder toapproximatey"'(x)and

y(4)(x)attheinteriorpoints.

LetUbeanapproximatesolutionof(10)withq≧2, anddefine

6fj=6f(xj,Uj,(Uj+,-Uj_,)/2h)

=f(xj+,,Uj+,,(Uj+2-Uj)/2h)-f(xj_,,Uj_,,(Uj-Uj_2)/2h).

Sinceej=Uj-yj=0(h2)wehave

f(x,U,4)-f(x,e+y, '(¥y) )-f(x｡y,y')+f,e+f,,(gg+¥)+0(m2h

Moreover, sincey"(x)=f(x,y(x),y'(x))wehavethat

6xy"(x)=6xf(x,y(x),y'(x))=2hy'"(x)+0(h3).

Ontheotherhand,sinceej=h2e(xj)+O(h4),wehave

6[f(x,U,6U/2h)-f(x,y,y')]=h25(fye(x)+fy'(6e(x)/2h+y'''(x)/6))+0(h4)
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and

Mx)-fj]/2h-h'*[f,.e(x)H,' .(e'(x)+y"'(x))]+0(h4)
andfromthedifferentiabilitypropertiesofall theinvolvedfunctionswehavethat

6f(x)-3fj=0(h3).

Thusafjapproaches6xf(x)asO(h3),andhence

y"'(xj)-(6fj)/2h=0(h2).

Similarlyifwedefine

62fj=f(xj+,,Uj+,,(Uj+2-Uj)/2h)-2f(xj,Uj,(Uj+,-Uj_,)/2h)+f(xj_,,Uj_,,(Uj-Uj_2)/2h)
then y(4)(Xj)一(62fj)/h2=0(h2).

Fromthesewecannowdefine

(s,(U) 1,=I"_$",(U)6!』
whichsatiafiescondition(6)sincealsof;'(U)-fy'(y(xj))=0(h2). Hence, byTheorem3

wecanobtainsolving(8)andusing(7)anapproximatesolutionU,oforder4.

3. NumericalExample

Letusconsiderthetwopointboundaryvalueproblem

-u''=1+0.49(u'/ u(0)=u(1)=0

wh･ses･luti･nisu(x)_O3q!。 {器W;='"l
Usingthedeferredcorrectionmethodinsection2,wecouldobtainthemoreaccurate

valuesthanthevalueswhichweObtainedusingthequasilinearizationmethodthatdiscu-

ssedin[6], [7] .

’
I

Deferred

Correction

Method

Errors

by
D.C.M’

Quasilinearization
Method

Exact

Values’
’X

’I
一

一一

’
0.0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1 .0

0.000000

0.046532

0.082235

0.107483

0.122532

0.127532

0.122532

0.107483

0.082235

0.046532

0.000000

0.000000

0.046578

0.082316

0.107587

0.122649

0.127653

0. 122649

0. 107587

0.082316

0.046578

0.000000

0.000000

0.046571

0.082304

0. 107573

0.122635

0.127639

0. 122635

0.107573

0.082304

0.046571

0.000000

0.000000

0.000007

0.000012

0.000014

0.000014

0.000014

0.000014

0.000014

0.000012

0.000007

0.000000

I １
１
１
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